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Overview

The rank of 3-tensors.
Best rank one approximation.
Perron-Frobenius theorem for irreducible nonnegative tensors.

Diagonal scaling of nonnegative tensors to tensors with given
rows, columns and depth sums.

Analogs of SVD decomposition of 3-tensors.
CUR decompositions for tensors
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Rank of tensor

Fm 0 b= T = [ad Tt 2 Fo.
rank one tensor: X 'y z=[xy;z] =(ax) (by)((ab) 12)
rank T minimal r:

P
T = fe(Xei Y12 XY ze) == 2 X Yi Zis
Xj2 FM:y; 2 F";z; 2 F
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Rank of tensor

Fm 0 b= T = [ad Tt 2 Fo.
rank one tensor: X 'y z=[xy;z] =(ax) (by)((ab) 12)
rank T minimal r: =
..... r .
T= fr(Xl yllzl1" Xth,Zr) - i:lXi yl Zj,
Xj2 FM:y; 2 F";z; 2 F
THM LetT =[tiju] 2 F™ " L Ty = [t,,k]IJ 1k =1;:::51 Then
rankT is the minimal dimension of subspace spanned by rank one

CorForT 2F™ " 'andl mnrankeT  mn (sharp).

Normalization:2 m n | mn
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Generic rank |

generic rank: grank-(m; n;1) - the rank of a random tensor T 2 F™ " |
Thm: grank=(m; n;1) = min(l;mn) for (m 1)(n 1)+ 1 |.

PRF: Generic subspace L C™ Mof dimensionl=(m 1)(n 1)+ 1
intersects R(n;m; 1;C) at mr;"lz , (1), st anyl are linearly
independent

Any generic subspace L C™ "ofdimension] (m 1)(n 1)+ 1
spanned by rank one matrices

Dimension countforF=Cand2 m n | (m 1)(n 1):
fro(cm o chochrr cmnl

granks(m;n;)(m+ n+1 2) mnl) grank(m;n;l) d%e
%zlforlz(m 1H(n 1)+ 1

COR grank-(m;n;(m 1)(n 1))=(m 1)(n 1)+ 1.
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3(2p+1)2
4p+3

Fact: grank-(3;2p+ 1;2p+ 1) = d e+ 1
Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem

Easy to compute grank:(m; n;1):
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Conjecture grank(m; n;1) = dﬁe

for2 m n I<(m 1(n 1and(3;n;)6(3;2p+ 1;2p+ 1)

Fact: grank:(3;2p + 1;2p + 1) = d3(221§)2e+ 1

Conjecture is known in some cases
For symmetric 3-tensors: Alexander-Hirschowitz Theorem

Easy to compute grank:(m; n;1):

Pick at random w; = (X1;Y1;Z1;:: ;% Yr;Zr) 2 (R™ R" R’
The minimalr d ﬁes.t. rankJ(f;)(w;) = mnl

is grank-(m; n;1)

Avoid round-off error:
wy 2 (Z™ z"  Z" nd rankJ(f;)(w,) exact arithmetic
| checked the conjecture uptom;n;l 14
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Formn | grankg(m;n;l) = mn.

For2 m n I<mn 1, thereexistVy;:::;Vemnny RT " :
pairwise disjoint open connected semi-algebraic sets s.t.
Closure([ &T™y;) = rm 0 |

rankT = grank-(m;n;l) foreach T 2 V;

rankT = ;foreach T 2V,

i grank-(m;n;l) fori = 2;:::;¢c(m;n;l)

Forl=(m 1)(n 1)+ 19m;n:
c(m;m; 1) > 1; ¢mnyy grankg(m;n;l)+ 1

Examples [2]

m=n 2;l=(m 21)(n 1)+ 1.
m=n=4;1=11;12

Problem: ; granks(m;n;l)+ 17?
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Upper bounds for generic and maximal rank

L\R (m;n;k;C)) fOgifcodimL < dimR(m;n;k;C)= k(n+ m k).
granKn;m;m) b Jcm+(n  2bJc)(m b p n 1c)ifm 2bpﬁc
grankKn;m;m) n(m b p n 1o ifm< 2bpn lc< 2(m 1),
grankKn;m;m) = min(n;m?)if n  (m 1)2+ 1,
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? Pln @i 1)(m 1)+(m b p n 1c®)(m b p n 1o
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Rank one approximations

P —
R™ " LIPS hABIi = [T, ayjubijuc kTk= P T

tk y zu v wi=(u>x)(vZy)(w”2z)
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P —
R™ " LIPS hABIi = [T, ayjubijuc kTk= P T

tk y zu v wi=(u>x)(vZy)(w”2z)
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Rank one approximations

P —
R™ " LIPS hABIi = [T, ayjubijuc kTk= P T

tk y zu v wi=(u>x)(vZy)(w”2z)

Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?

Best rank one approximation of T:
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Rank one approximations

P E—
R™ " 1 |pS: hA;Bi = {L‘fz"kai;j;kbi;j;k; KTk= " hT;Ti
tk y zu v wi=(u>x)(vZy)(w”2z)
X subspage of R™ " | X;::::: X4 an oghonormal basis of X

Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?
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Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors NIU LA'09 , 14 August, 2009
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X subspage of R™ " | X;::::: X4 an oghonormal basis of X

Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?

Best rank one approximation of T:

. P m;n;l
Equivalent: MmaXiu= kyk=kzk=1 = j=k Gk XiYjZk
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Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?

Best rank one approximation of T:

: P m;n;l
Equivalent: MmaXiu= kyk=kzk=1 = j=k Gk XiYjZk

P
Lagrange multipliers: T 'y z:= i=k=1lijkYjZk = X
T x z= y;T x y= 2
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Rank one approximations
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R™ " 1 |pS: hA;Bi = {L‘fz"kai;j;kbi;j;k; KTk= " hT;Ti
tk y zu v wi=(u>x)(vZy)(w”2z)
X subspage of R™ " | X;::::: X4 an oghonormal basis of X

Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?

Best rank one approximation of T:

- P m;n;l
Equivalent: MmaXiu= kyk=kzk=1 = j=k Gk XiYjZk
o P
Lagrange multipliers: T 'y z:= i=k=1lijkYjZk = X

T x z= y;T x y= 2
singular value, x;y; z singular vectors
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Rank one approximations

P E—

R™ " 1 |pS: hA;Bi = {L‘fz"kai;j;kbi;j;k; KTk= " hT;Ti

tk y zu v wi=(u>x)(vZy)(w”2z)

X subspage of R™ " | X;::::: X4 an oghonormal basis of X

Pu(T)= L hT; XX kPy(T)k2= L, hT;X;i?
KT k2 = KPx(T)k? + KT~ Px(T)k?

Best rank one approximation of T:

. P m;n;l
Equivalent: MmaXiu= kyk=kzk=1 = j=k Gk XiYjZk

o P
Lagrange multipliers: T 'y z:= i=k=1lijkYjZk = X
T x z= y;T x y= 2
singular value, x;y; z singular vectors
How many distinct singular values are for a generic tensor?
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“p maximal problem and Perron-Frobenius

o
k(X1;::7%n)” Kp —( =1 JxijP)?
. P mini UM
Problem: maXiu,= kyky=kzkp=1  i=|j= k lisiskXi¥jZk
P
Lagrange multipliers: T 'y z:= j=k=1TijkYjZk = xP 1
T x z= y LT x y= 7z Y (p=25t;52N)
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“p maximal problem and Perron-Frobenius

o
K(X1;:::5%n)” Kp —( |n 1IXijP)P
. P mini UM
Problem: MaXyxk, = kykp= kzkp= 1 i:j:ktl;j;kxlyjzk
P
Lagrange multipliers: T 'y z:= = k=1 liij; kyjzk = xP 1
T x z= yv 45T x y= 2?2 1(p= ;S 2 N)

251"

p = 3 is most natural in view of homogeneity
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“p maximal problem and Perron-Frobenius

o
k(X1;::7%n)” Kp —( =1 JxijP)?
. P mini UM
Problem: MaXyxk, = kykp= kzkp= 1 i:j:ktl;j;kxlyjzk
P
Lagrange multipliers: T 'y z:= = k=1 liij; kyjzk = xP 1
T x z= yv 45T x y= 2?2 1(p= ;S 2 N)

251"

p = 3 is most natural in view of homogeneity
AssumethatT 0. Thenx;y;z O

For which values of p we have an analog of Perron-Frobenius
theorem?

Yes, forp 3, No, forp < 3,
Friedland-Gauber-Han [3]
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Outline of the proof

Dene:F:R™ R" R'I RMm R R
p 3P | p_ll .
FIGY:2)in = kxky = 2o fijuyize — i =

I
=
3

P an
F((xy;2)j2= kykh ° T L iz " Tii= L

P
FI(XY:2)k3 = kap s i= J 1f|JkX|YJ P k=100
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Outline of the proof

Dene:F:R™ R" R'I RMm R R

P 1
FOGy:2)in = kekB >0 2 figayize © 1=

I
=
3

P an
F((xy;2)j2= kykh ° T L iz " Tii= L

P 1
F((xiyi2)ica = kzkh °° L faoyy P iko= 1o
Assume [ _ 1f”k>0|_|13 """ ;m,

o fiik > 051 = 13005, ity fijx > Ok = 15200
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Outline of the proof

Dene:F:R™ R" R'I RMm R R
p 3P | p_ll .
FIGY:2)in = kxky = 2o fijuyize — i =

I
=
3

P an
F((xy;2)j2= kykh ° T L fixize T Tii= 1

iy
|

P
FYi2)a= kekB °0 ML fiaoqyy P Toko= 1ol

I:)nl .....
Assume jklf|Jk>OI_1 ;m,
m;l

|k1fljk>oj_1 ..... 1Pin;jn:1fljk>0k_1 ..... |

F 1-homogeneous monotone, maps open positive cone R R? R.
to itself.

F =[fi;«] induces tri-partite graph on hmi; ni; Hi:

i 2 hmi connected to j 2 hni and k 2 hli iff i > 0, sim. for j; k
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Dene:F:R™ R" R'I RMm R R
p 3P | p_ll .
FIGY:2)in = kxky = 2o fijuyize — i =

I
=
3

P an
F((xy;2)j2= kykh ° T L fixize T Tii= 1

iy
|

P
FYi2)a= kekB °0 ML fiaoqyy P Toko= 1ol

I:)nl .....
Assume jklf|Jk>OI_1 ;m,
m;l

|k1fljk>oj_1 ..... 1Pin;jn:1fljk>0k_1 ..... |

F 1-homogeneous monotone, maps open positive cone R R? R.
to itself.

F =[fi;«] induces tri-partite graph on hmi; ni; Hi:

i 2 hmi connected to j 2 hni and k 2 hli iff i > 0, sim. for j; k

If tri-partite graph is connected then F has unique positive eigenvector
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Outline of the proof

Dene:F:R™ R" R'I RMm R R
p 3P | p_ll .
FIGY:2)in = kxky = 2o fijuyize — i =

I
=
3

P 1
F((xy;2)j2= kykh ° T L fixize T Tii= 1

.
|

P
FYi2)a= kekB °0 ML fiaoqyy P Toko= 1ol

P n;l

Assume Jklf,Jk>0|—|13 """ ;m,

M1 > 0= Lizzgn, - DL figpe> Ok = 151
F 1-homogeneous monotone, maps open positive cone RT R? R,
to itself.
F =[fi;«] induces tri-partite graph on hmi; ni; Hi:
i 2 hmi connected to j 2 hni and k 2 hli iff i > 0, sim. for j; k
If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors

to positive, nonnegative eigenvector is unique and positive
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Outline of the proof

Dene:F:R™ R" R'I RMm R R
p 3P | p_ll .
FIGY:2)in = kxky = 2o fijuyize — i =

I
=
3

p 3P m
FI(xy:2))j2 = kykp i= k=1 TisjkXi Zk

|
=
S

P
FYi2)a= kekB °0 ML fiaoqyy P Toko= 1ol

P n;l
Assume k=1 fik > 0i=1;:00,m,
= P

mI f > 0 - 1 ..... m;n f > 0 k - 1 ..... I
i=k=1Tijik j= n, i:j:ll]k
F 1-homogeneous monotone, maps open positive cone RT R? R,
to itself.
F =[fi;«] induces tri-partite graph on hmi; ni; Hi:
i 2 hmi connected to j 2 hni and k 2 hli iff i > 0, sim. for j; k
If tri-partite graph is connected then F has unique positive eigenvector
If F completely irreducible, i.e. FN maps nonzero nonnegative vectors
to positive, nonnegative eigenvector is unique and positive

p < 3 numerical counterexamplesm=n=1= 2
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
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row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
p=(riiiiimm)” Cp(cl;::"cn) d p(dg;:iid)” > 0

i ti;j;kzprl>o pktljk c>0; |Jtljk d¢>0
mqli = jnzlcj k 1 dk
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
p=(riiiiimm)” Cp(cl;::"cn) d p(dg;:iid)” > 0
P{;]kti;j;kzpr';o p e = 6> 0 T = di > 0
i=1li= =167 k 1 dk

Find nec. and suf. conditions for scaling:

TO=[t.xeX*¥%* %];x;y; z such that T °has given row, column and
depth sum
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
b= (r1;:tmm)” Cp(cl;::"cn) d p(dg;:iz;d)” > 0
Pjr;]kti;j;kzprln>o pktllk c>0; |jt|Jk d¢>0

i=1li= =167 k 1 dk
Find nec. and suf. conditions for scaling:
TO=[t.xeX*¥%* %];x;y; z such that T °has given row, column and
depth sum
Solution; Convert to the minimal problem:

MiNs = o y=g- =0 fT (X1 Y52); Fr(XYi2) =ty 0 2
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
b= (r1;:tmm)” Cp(cl;::"cn) p(dl;::"do > 0:
ot =1>0; t >0 t de >0
rhl,],k_Pln pkl]k i;j ik = Yk

Dini= 0 Lig= hoidk
Find nec. and suf. conditions for scaling:
TO=[t.xeX*¥%* %];x;y; z such that T °has given row, column and
depth sum
Solution; Convert to the minimal problem:

MiNs = o y=g- =0 fT (X1 Y52); Fr(XYi2) =ty 0 2

Any critical pointof fr on S:= fr’x = ¢y = d”>z = 0ggives rise to a
solution of the scaling problem (Lagrange multipliers)
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
b= (r1;:tmm)” Cp(cl;::"cn) p(dl;::"do > 0:
ot =1>0; t >0 t de >0
rhl,],k_Pln pkl]k i;j ik = Yk

Dini= 0 Lig= hoidk
Find nec. and suf. conditions for scaling:
TO=[t.xeX*¥%* %];x;y; z such that T °has given row, column and
depth sum
Solution; Convert to the minimal problem:
Mine 4= o> y=g> =0 T (X1 Y5 2);  fr(X1y;2) = i;j;kti;j;kexi+yi+zk

Any critical pointof fr on S := fr’x = ¢y = d”>z = Oggives rise to a
solution of the scaling problem (Lagrange multipliers)
fr is convex
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Scaling of nonnegative tensors to tensors with given

row, column and depth sums

0T =[tx]2R™?" ! has given row, column and depth sums:
b= (r1;:tmm)” Cp(cl;::"cn) p(dl;::"do > 0:
ot =1>0; t >0 t de >0
rhl,],k_Pln pkl]k i;j ik = Yk

Dini= 0 Lig= hoidk
Find nec. and suf. conditions for scaling:
TO=[t.xeX*¥%* %];x;y; z such that T °has given row, column and
depth sum
Solution; Convert to the minimal problem:
Mine 4= o> y=g> =0 T (X1 Y5 2);  fr(X1y;2) = i;j;kti;j;kexf'yi*zk

Any critical pointof fr on S := fr’x = ¢y = d”>z = Oggives rise to a
solution of the scaling problem (Lagrange multipliers)

fr is convex

fr is strictly convex implies T is not decomposable: T 6§ T; T ».
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Scaling of nonnegative tensors Il

if f is strictly convex and is 1 on @5, fr achieves its unique minimum

Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.
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Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.

Fact: Forr = 1n;¢ = 1,;d = 1, Sinkhorn scaling algorithm works.
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Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.

Fact: Forr = 1n;¢ = 1,;d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent nding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
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Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.

Fact: Forr = 1n;¢ = 1,;d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent nding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too
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Scaling of nonnegative tensors I

if f is strictly convex and is 1 on @5, fr achieves its unique minimum

Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.

Fact: Forr = 1n;¢ = 1,;d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent nding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too

Are variants of Menon and Brualdi theorems hold in the tensor case?
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Scaling of nonnegative tensors I

if f is strictly convex and is 1 on @5, fr achieves its unique minimum

Equivalent to: the inequalities x; + y; + zx ~ 0if tj;.,x > 0 and equalities
r’x=cy=d>z=0implyx= On;y = 0n;z= 0.

Fact: Forr = 1n;¢ = 1,;d = 1, Sinkhorn scaling algorithm works.

Newton method works, since the scaling problem is equivalent nding
the unique minimum of strict convex function

Hence Newton method has a quadratic convergence versus linear
convergence of Sinkhorn algorithm
True for matrices too

Are variants of Menon and Brualdi theorems hold in the tensor case?
Yes for Menon, unknown for Brualdi
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),

ForacubictensorT 2R" " N

do orthonormal change of coordinates in each three components R":

T1=T 1Q1 2Q2 3Q3
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),

ForacubictensorT 2R" " N

do orthonormal change of coordinates in each three components R":

T1=T 1Q1 2Q2 3Q3

One can have at most 31 1

i <j.

zero entries in Tq: tj;i;i = ti;j;i = ti;i;j for
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),

ForacubictensorT 2R" " N

do orthonormal change of coordinates in each three components R":

T1=T 1Q1 2Q2 3Q3

One can have at most w zero entries in Tyt = b = ;i for

i <j.

Apply QR algorithm to the n columns of the unfolded matrix in mode k
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),

ForacubictensorT 2R" " N

do orthonormal change of coordinates in each three components R":

T1=T 1Q1 2Q2 3Q3

One can have at most 31 1

i <j.

zero entries in Tq: tj;i;i = ti;j;i = ti;i;j for

Apply QR algorithm to the n columns of the unfolded matrix in mode k

trr tioe 0 izt 0t to2n

Example2 2 2: ; :
P t.11 too2 ti2 22 ti:12 22
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Analogs of SVD decomposition: |

Unfolding tensor T = [tj;j] 2 F™ " l'in 1-index: viewing as a matrix
Ay 2 M (),

ForacubictensorT 2R" " N

do orthonormal change of coordinates in each three components R":

T1=T 1Q1 2Q2 3Q3

One can have at most 31 1

i <j.

zero entries in Tq: tj;i;i = ti;j;i = ti;i;j for

Apply QR algorithm to the n columns of the unfolded matrix in mode k

tra1 tro tr1 to. tr1 too
Example2 2 20 w1 tzz ot tap ot bg
t.11 too2 ti2 22 ti:12 22
Do QR on each two columns successively to obtain:

.11 = t1;21 = t1;12 = 0.
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CUR approximation of matrices

ForgivenA2 R™ "F2 R™ P;E2 RA "
minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)
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minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.
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minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.

C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.
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CUR approximation of matrices

ForgivenA2 R™ "F2 R™ P;E2 RA "

minyore ¢ KA EUFkg achieved for U = EYAFY

(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.

C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[l;J] 1
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C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[l;J] 1
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CUR approximation of matrices

ForgivenA2 R™ "F2 R™ P;E2 RA "
minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.

C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[l;J] 1
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA[l; J] is maximal
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CUR approximation of matrices

ForgivenA2 R™ "F2 R™ P;E2 RA "
minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.

C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[l;J] 1
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA[l; J] is maximal

Friedland-Mehrmann-Miedlar-Nkengla 08: U = A[l; J]Y-numerical
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CUR approximation of matrices

ForgivenA2 R™ "F2 R™ P;E2 RA "
minyore ¢ KA EUFkg achieved for U = EYAFY
(EY Moore-Penrose inverse)

CUR approximation C 2 R™ P;R 2 RY " some submatrices of A.

C(CYARY)R bestrank  min(p;q) approximation matrix based on C; R
submatrices of A.

Goreinov-Tyrtyshnikov-Zmarashkin 95: for p = g choose U = A[l;J] 1
(corresponds to best CUR approximation on the entries read)
good approximation when the corresponding detA[l; J] is maximal

Friedland-Mehrmann-Miedlar-Nkengla 08: U = A[l; J]Y-numerical
choose several random choices of I;J set of rows and columns of A
such that A[l; J] has maximal product of signi cant singular values
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Extension to 3-tensors I:

Shmuel Friedland Univ. lllinois at Chicago () Results and problems for 3-tensors NIU LA'09 , 14 August, 2009 15/19



Extension to 3-tensors I:

tni == f1;:::;ng

ForgivenA2 R™ " 'F2R™ P;E2R" 9;G2R' T,
where lpi h ni h li;hgi h mi hli;hri h mi hli

Mminyore ¢ r KA U F E Gkg achievedforU=A EY FY GY
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Extension to 3-tensors I:

tni == f1;:::;ng

ForgivenA2 R™ " 'F2R™ P;E2R" 9;G2R' T,
where lpi h ni h li;hgi h mi hli;hri h mi hli

Mminyore ¢ r KA U F E Gkg achievedforU=A EY FY GY

CUR approximation of A obtained by choosing E; F; G submatrices of
unfolded A in the mode 1;2; 3.
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Extensions to 3-tensors: Il

A =[a;x]2 R™ " - 3-tensor
givenl hmi;J hni;K h’idene
R:= Amigk = [@ijilmigx 2 R™ #I#K)
C = AI;i‘ni;K 2 Rmi (#I#K),
D= Apgpi 2R #1#9
Problem: Find 3-tensor U 2 R# J#K) #1#K) (#1#J)
such that A is approximated by the Tucker tensor
vV=U 1 C 2 R 3 D
where U is the least squares solution
. X 2
Uopt2 arg min ai;j:k (U 1C 2R 3 D)i;j;k

U 2 Rthree tensor .
(k)28

S=(tmi J K)[( hni K@ J h)
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Extension to 3-tensors: Il

For#l=#J=p;#K=p% | hmi;J hni;K h’i
generically there is an exact solution to Ugpt 2 RP® P° P
obtained by unfolding in third direction
View A as A2 R(M) ° py identifying

bmi h ni h mni; I =1 J; J; = K and apply CUR again.

More generally, given #1 = p; #J=q; #K = .

ForL=1 J approximate A by Apmi:mi:k El.xArni

Then for each k 2 K approximate each matrix A pmi:mi:fkg DY
A i3 kg By f g i kg
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