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Conventional Modelling

Conventionalmodelling methods in structural dynamics make use of mass,

stiffnessand dampingmatrices(M , C, K ). Together thesematricesmake the

dynamicstiffness:

Thenthedynamicalequationbecomesa force-typeequationof theform:

For this equationto be completethe displacementsmust be availableat every

coordinate.

M , C, K are typically obtainedfrom FE analysis. They containapproximations,

assumptionsanderrors.
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Receptance Modelling

ÅReceptancesaremeasurablequantitiesavailablefrom modaltests

ÅIn theory the dynamics stiffness matrix is the inverse of the matrix of

receptancesandvice-versa:

This is rarelytruein practice.

ÅThereceptanceequationis adisplacement-type equation:

madecompleteby thenon-zeroforce terms. Thedisplacementsdo not haveto be

measuredateverycoordinate.
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Receptance Modelling

The receptancematrix may be expressedin terms of the eigenvaluesand

eigenvectors(naturalfrequenciesandmodeshapes):

wheren denotesthenumberof modes.
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Receptance Method vs. Matrix (M, C, K) Method

Matrix Method:

1) The system matrices M , C, K are required ïusually determined by the finite 

element method. They contain errors, approximations and assumptions.

2) For the state-space equations to be complete the states (displacements and 

velocities) must be available at every coordinate. This is impractical and requires 

the use of an observer or a Kalmanfilter.

3) The system of equations is generally very large and model reduction methods must 

be applied.

Receptance Method:

1) There is no requirement to know or to evaluate the  M , C, K matrices. Measured 

receptances are generally considered to be more accurate than  a finite element 

model.

2) The receptance equations are made complete with a small number of measured 

force inputs.  There is no requirement for an observer or for model  reduction.
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Orthogonality Relationships
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Single-Input State Feedback

xgxf TTtu #)(
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Second order matrix equation:
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Modal Controllability and Observability

We write the dynamical equation ,
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Receptance Relationships

We are familiar with the receptance matrix written as,
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Active Pole Placement

Using Measured Receptances

Å The receptance terms are measured only at the actuator and 
sensor locations. 

Å H(s) may be obtained from H(i ) by fitting a rational fraction 
polynomial (or equivalent).
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Closed-Loop Characteristic Equation
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Pole Placement by the Receptance Method
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1. Matrix G is invertible if the system is controllable and1, 2,é2n are 
distinct.

2. If  G is invertible and the set 1, 2,é2n is closed under conjugation then g
and f are real.

3. The number of poles that can be assigned exactlycannot exceed the number 
of terms in g and f.

4. In principle the 2n poles can be assigned using a single actuator.
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Further Details:

Y.M. Ram and J.E. Mottershead, The receptance method in active vibration control, American Institute of Aeronautics and 

Astronautics Journal, 45(3), 2007, 562-567. 
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Example ïPole Placement by the Receptance Method

With b=(1   2)T we wish to assign poles to:
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Solution:

T
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33330214301111007140
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Solve the eigenvalue problem: 0det BA

TT
bfCbgK

I0
A

M0

0I
B

As requested, the eigenvalues are:

i1011
i1012 23
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Partial Pole Placement using the Unobservability Condition

Datta, Elhayand Ram (1997) partition the open-loop spectral and modal matrices 

so that the poles to be assigned are denoted by,
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The corresponding modes were denoted by,
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or,
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Partial Pole Placement using the Unobservability Condition

Advantage:

No need to know the spectrum and eigenvectors.

Disadvantage:

Use of the orthogonality condition has the important practical implication that, in 

general, a sensor must be located at every degree of freedom  - since b may be 

chosen arbitrarily it is not necessary for there to be an actuator at every degree of 

freedom. The vector may be selected to assign the closed loop poles  

while independently the other open-loop poles                                                  are 

retained .
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Partial Pole Placement using the Uncontrollability Condition

We write the vector b in the form,
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or,
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in the least-squares sense by,

2

11

b

b
VVVŬ

TT

which renders the eigenvalues                                          uncontrollable.nmkkk ,,1,, 2

The gains, g, f may then be selected to assign the closed-loop poles 

mkkk ,,1,, 2

Northern Illinois University

12-14 August 2009



Linear and Numerical Linear Algebra: Theory Methods and Applications

Partial Pole Placement using the 

Uncontrollability Condition

Advantages:

The complete spectrum may be separated into assigned modes and retained 

modes to achieve partial pole placement without using the orthogonality 

conditions. 

This means that there is no need to know or to evaluate the system matrices M , C, 

K, which is entirely consistent with the receptance-based approach. 

In the case of continuous structures such as beams and plates having (in theory) 

infinitely many eigenvalues the system matrices are approximations to reality and 

the application of partial pole placement to a finite number of modes is generally 

unable to guarantee stability without other measures being taken to solve the 

problem of spillover in the modes not considered.

Disadvantage:

It is necessary to known the retained-mode eigenvectors at the sensor coordinates.
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Example ïPartial Pole Placement

Open-loop poles:

25

12

20

10

3

M

5.15.1

5.17.22.1

2.12.21

13.2

C

3030

309030

306030

3040

K

i0208.43980.0

i5280.21336.0

i6766.1809.0

i8736.00108.0

8,7

6,5

4,3

2,1
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We wish to assign the first two pairs of poles while the remaining 

poles are unchanged,

i21.0

i103.0

4,3

2,1

The terms b1 and b2 are obtained from the null-space of the unassigned open-loop 

eigenvectors.

0.0014i - 0.0006  0.0077i + 0.0033-   0.0613i - 0.0220  0.2107i + 0.0535-

  0.1775i - 0.0738-     0.2807i + 0.1056     0.1727i - 0.0829-    0.2578i - 0.0941-
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We choose the first column so that,
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0.8212    0.2834    0.2303-   0.0719-

0.2839    0.5493       0.3726 0.0898

0.2347-   0.3787      0.6275      0.1512

0.0610-   0.0730    0.1676    0.1143

0.2447    0.4113-   0.50650.5712-

0.3078    0.4771-   0.3580    0.2723

0.1725    0.2611-   0.0394    0.7146    

0.0436    0.0649-   0.0023-   0.1996
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Now we use single-input state feedback by the receptance 

method to assign the poles using  b.
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The poles of the perturbed system are then given by solving,
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Sensitivities of the closed-loop eigenvalues:

Combining equations (2) and (5) and neglecting g2 and higher 

orders of smallness:

Eigenvalue ɛk is insensitive (uncontrollable) when,

and is used in partial pole placement.
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Example - Senstivity

300

010

002

M

5.05.00

5.05.00

005.0

C

321

242

126

K

The open-loop poles are :

i2288.22527.0

i6044.11889.0

i5516.00165.0

6,5

4,3

2,1
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Sensitivity Assignment

T
1111b

1. Assignment of  the first two pairs of poles 

2. Assignment of the sensitivity of the third pair of poles with respect to 

the first term in g

i9.13.0

i8.002.0

4,3

2,1

i0001.06.0

i0001.06.0

61

51

g

g

The open-loop sensitivities for the third pair of poles are:

i03162.000119.0

i03162.000119.0

61

51

g

g

S

S

Solution:
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The sensitivities of the third pair of poles are:

Leads to control gains:

The closed-loop poles:

where,
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