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Conventional Modelling

Conventionalmodelling methodsin structural dynamics make use of mass,
stiffnessand dampingmatrices(M, C, K). Together thesematricesmake the
dynamicstiffness

Z€ =M +sC+K, s=c+io

Thenthedynamicalequationrbecomes force-type equationof the form:

2636 €

For this equationto be completethe displacementsmust be availableat every
coordinate

M, C, K aretypically obtainedfrom FE analysis They containapproximations,
assumptionganderrors
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Receptance Modelling

AReceptancearemeasurablguantitiesavailablefrom modaltests

Aln theory the dynamics stiffness matrix is the inverse of the matrix of

receptancesandvice-versa

~
H€ = €M +sC+K
Thisis rarelytruein practice

AThereceptancequationis adisplacementype equation

HEL€ =x6€

madecompleteby the nonzeroforceterms The displacementslo not haveto be

measurecteverycoordinate
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Receptance Modelling

The receptancematrix may be expressedin terms of the eigenvaluesand
eigenvectorgnaturalfrequencieandmodeshapes)

T £ #T
~ & YeYk |, YkY«k
kl[e_)“k/ ‘_ﬂ“kﬂ

wheren denotegshe numberof modes
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Receptance Method vs. Matrix (M, C, K) Method

Matrix Method:
1) The system matricdd, C, K are required usually determined by the finite
element method. They contain errors, approximations and assumptions.

2) For the statespace equations to be complete the states (displacements and
velocities) must be available at every coordinate. This is impractical and requires
the use of an observer oKalmanfilter.

3) The system of equations is generally very large and model reduction methods must
be applied.

Receptance Method:

1) There is no requirement to know or to evaluate ¥heC, K matrices. Measured
receptances are generally considered to be more accurate than a finite element
model.

2) The receptance equations are made complete with a small number of measured
force inputs. There is no requirement for an observer or for model reduction.

UNIVERSITY OF

LIVERPOOL Northern lllinois University

12-14 August 2009 6




Orthogonality Relationships

Datta,Elhayand Ram (1997):

Y h’j +ﬂkB/' +C§j =0

] #k
YlljﬂkM_KgJ:O

v RAM+Cy, =1
YIlkZM_Kjkzﬂk
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Single-Input State Feedback

Second order matrix equation:
M#H+ CR+ KX = bu(t)

u(t) =—f '#—g'x
In the complex frequency domain:

€V +s(3+bfT;L ¢ +bgT:X€:=p6:

b(sf" +g") is a rankl modification of the dynamic
stiffness matrix
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Modal Controllability and Observability

We write the dynamical equation ,

o el Wl lag farse

When S=4, angremultiplyingby @k K Yk
0O M -M O ||(AY N T
T T k¥ k T T T
A + = — b + of
QkYk YkE k|:M C} [O KD(YKJ (’k } Yk

Yy :b=0 — uncontrolable

Y1 @Q+uf =0 — unobservale
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Receptance Relationships
We are familiar with the receptance matrix written as,
% *T ~
Yi¥j Yi¥ NG
HE>2 <~ 5
‘[“ A ‘ lj
Ne/_ll q }d{ 0 dlag }ll q

6116/ %/

qu::Yk Hq’k_/?“j Ilﬂk_/f; YI @
L x
j=k

rank@ €, rank(kyk =1 when S=4,
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Active Pole Placement
Using Measured Receptances

H(s)b@+sf TH(s)

) =H(E)- 1+ @+ TH(9)b

A The receptance terms are measured only at the actuator and
sensor locations.

A H(s) may be obtained from (io) by fitting a rational fraction
polynomial (or equivalent).
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ClosedLoop Characteristic Equation

Characteristic equation:
<
1+ @+ uf “H(u)b=0

or d(‘ki(”ﬂk _N()b=0 (2)

rank(N(e))=1 if and only if ¢, = &, when either th&" mode isunobservabler else
it is uncontrollable.

y b=0 — uncontrollable

TQ+uf =0 — unobservale
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Pole Placement by the Receptance Method

Given H(s),b ,andacomplexset % b 3 ,Ugn:
closedunderconjugation

Find: geR" feR" suchthat @+ z4f H(1)b=-1

for k=12,...,2n
Solution:
Denote I =H(z4)b

Thenwe needto solve

(hg+ur f=-1 k=12..2n
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4.

T T - -
r Hh (-1) rl o r
T T
o ol [(9) |1 (o fofo
— G =
4 4 |\f 4 4 4
T T T T
| Fon Honlon_ 1 | Fon Honfon |

Matrix G is invertible if the system is controllable angd 1&,, @, are
distinct.

If G is invertible and the set,, 1, @IS closed under conjugation thgn
andf are real.

The number of poles that can be assigeattlycannot exceed the number
of terms ing andf.

In principle the & poles can be assigned using a single actuator.

Further Details:

Y.M. Ram and J.E. Mottershead, The receptance method in active vibration cdmeoican Institute of Aeronautics and
Astronautics Journakd5(3), 2007, 56567.
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ExampleT Pole Placement by the Receptance Method

/] 3
5
7 AW
7w 1 [T 2
Z 1

X X

(o P PR R RO

With b=(1 2) we wish to assign poles to:

a, =—1+10  p, =-1-10 Uy =—2  Hy=-3
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.00102+ 00021
r1:€1+1oflvl+el+10p+r<jlb=( j

-00097+ 00020

-00102 — 00021
r2=¢1—10ij|v|+(1—10i§+|<j“b=( ]

-00097 — 0.0020

~ 01236 ~  (0.0714
-@2°™m 2C+K b= - @3°Mm 3C+K b=
o= 22N+ €28k (o.zsaoj = €3IM €30k (O.llllj
-00102+00021 -00097+0.0020 -00110-01043 -0.0101-0.0989 |
G -00102-00021 -00097-0002G -0.0110+01043 -0.01010.0989
B 01236 0.2360 02472 -04719
| 00714 01111 -0.2143 -03333 |
Solution:

g= }88750 30.3750"
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Solve the eigenvalue problem:  det@ —AB =0

A{—Kgbsf: —‘Plbf& B:R) hﬂ

As requested, the eigenvalues are:

4 =—-1+10 L, =—1-10 [y = —2 U, =—3
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Partial Pole Placement using thé&Jnobservability Condition

Datta Elhayand Ram (1997) partition the opop spectral and modal matrices

so that the poles to be assigned are denoted by,

s, | [diag€; -
T

and those to be retained by,

. ™~
S, dlagﬂj/ _
. | = . L) | =m+1....n
{ 52} [ dlagﬂj !
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The corresponding modes were denoted by,

. <=t 3 v. ¥; 3 v

and, )
b. @o=}F.. 3 v. vi. 3 yi

They showed that for an arbitrary vectprand,

f——m ki, qi?l s*}b; o=k f, aip (3.4

1

22 :
that the pole% S j remained unchanged. U =4 €S,

From theunobservabilitycondition and using equations (3) and (4),

@+/1kijk=bT(—Fl s*}hl a; Ma+ k. ClﬂK]yﬁo
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or,

g"'ikfj\(k:b(_{sl s*:|l11 QIjMYkZ«"'lll Cl;jKYk =0

SinceA €82 Yv€U, it becomes apparent (from orthogonality) that the bracketed
term on the right hand side is the null vector,

—Fl s{*}lll a; My A+ i @Ky =0
1

Theunobservabilitycondition is fulfilled so that theigenvalue g, = A4, remains
unchanged irrespective of the choicébof
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Partial Pole Placement using the&Jnobservability Condition

Advantage:
No need to know the spectrum and eigenvectors.

Disadvantage:

Use of the orthogonality condition has the important practical implication that, in
general, a sensor must be located at every degree of freesioaeb may be

chosen arbitrarily it is not necessary for there to be an actuator at every degree of
freedom. The vectds may be selected to assign the closed loop pales. k=12 ,m
while independently the other op&op polesﬂk,ﬂfz = Ao A, K=m+12 ,n are
retained .
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Partial Pole Placement using the Uncontrollability Condition

We write the vectob in the form,

b(s}bHE
S

which is the case of integral force feedback, described by Preumont (2002) and kn
to produce a stabilising effect.

Then for the retained eigenvalubs$s) is sought that satisfies the expression,

l:lz S Elqz ]jsl] =0
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or,

b,) - a; w€l . 3€ E
v V=nul — nul
[bz) " {Cllszl} nu{ w€ls;  3€lsy

anda allows for flexibility in selecting the columns ®f. For example, it might be
desirable (for reasons of distributing the control effort evenly) for all the terms
in b, to be the same, and all the term$jro be the same. Thenmay be obtained
in the leastsquares sense by,

s « (b
U= v *vT| *
¢ - (sz

which renders the eigenvalué@‘k,ﬂi,k =m+12 ,n uncontrollable.

The gainsg, f may then be selected to assign the cldeegd poles
ﬂk!ﬂ;1k2l2 1m
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Partial Pole Placement using the
Uncontrollability Condition

Advantages:

The complete spectrum may be separated into assigned modes and retained
modes to achieve partial pole placement without using the orthogonality
conditions.

This means that there is no need to know or to evaluate the system nMtrces
K, which is entirely consistent with the receptahesed approach.

In the case of continuous structures such as beams and plates having (in theory)
infinitely many eigenvalues the system matrices are approximations to reality and
the application of partial pole placement to a finite number of modes is generally
unable to guarantee stability without other measures being taken to solve the
problem of spillover in the modes not considered.

Disadvantage:
It is necessary to known the retain@ode eigenvectors at the sensor coordinates.
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Examplei Partial Pole Placement

10
20
12

Openloop poles:

J,, =-0.0108+0.8736
2, , =—0.809+1.6766

Jg ¢ =—0.1336+ 2.5280
2, 5 =—0.3980+ 4.0208
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~30 60 -30
-30 90 -30

I -30 30
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We wish to assign the first two pairs of poles while the remaining

poles are unchanged,
ty, =—0.03%1i
My, =—-0.1%2

The termd, andb, are obtained from the nutlpace of the unassigned ogeap

eigenvectors.
y ¢ = [0.0941- 0.2578i
y » = ]0.0535+0.2107i

o -

o<
— o -
<
T
7 N\
O T
N P
Ne—
I
o

Y7
A _
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-0.0829-0.1727i 0.1056+ 0.2807i
0.0220-0.0613i  -0.0033+0.0077i
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-0.0738-0.1775i _
0.0006- 0.0014i
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null

yT Ys| [yT ¥s
5 5
a s oo s
¢r Yol |yT ¥z
7 7
2 P

[ 0.1996
0.7146
0.2723
-0.5712
0.1143

0.1512
0.0898
| -0.0719

-0.0023
0.0394
0.3580
0.5065
0.1676
0.6275

0.3726
-0.2303

We choose the first column so that,

’&’d UNIVERSITY OF

0.1996
0.7146 | 1

-0.5712

&/ LIVERPOOL

0.2723

0.1143

0.1512

0.0898
—-0.0719

-0.0649
-0.2611
-0.4771
-0.4113
0.0730
0.3787
0.5493
0.2834
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0.0436 ]
0.1725
0.3078
0.2447
-0.0610
-0.2347
0.2839
0.8212 |




Now we use singknput state feedback by the receptance
method to assign the poles usihg

re (1) > @+ 14, ::_1; k=122 ,m

e (4) = H(g )bt )

The control gains are found to be,

10.1513
12.1105
8.1401
7.2688

4.4973
5.4989
6.4880
11.2309
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Sensitivity to the Control Gains.
q€>d€ > ¢+sf TN€D

Perturbation due to a small change in control gains:

od
d(lk_i_dul(/ d%k/ A

7%
oS &

s, O

ON Ol 5
oS S g1, og

The poles of the perturbed system are then given by solving,

d €+ > G+ TIxe + €y + S T NGy +0p D=0

which may be expanded to give,

Nilk+5/uk/ N“kj

~ od 8,uk 8 ~ 8N a,uk
d —| —=d&g+|g+ e + uf +— N b=0
ﬁkjasﬁﬂk o9 2e (9 Yx € + Ly o0 } { \ s 3 o 09 08
% UNIVERSITY OF (5)
7 LIVERPOOL Northern lllinois University

12-14 August 2009 29



Combining equations (2) and (5) and neglectigand higher
orders of smallness

(%)JF O+ pf j@
s—u \ 09 oS

od

;
o (%Jm(a +%f) N, b=0
0s S=H

a9 a9

Sensitivities of the closeldop eigenvalues:

Sg:@uk: -/ N b 5 50
| - ~ :lLl )
og od +g+ykfj8'\' b+f"N€, D o

88 S=4 88 S= 4y

This expression defines the trajectory of the pole on the complex plane.

Eigenvaluee, is insensitive (uncontrollable) when,
N € E’ =0
and is used in partial pole placement.
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Example - Senstivity

200 (0.5
0 0 3 0

The operAoop poles are :

0 0
05 -05
-05 05

2, ,=—0.0165+0.5516
A4, =—0.1889+1.6044
A g = —0.2527+2.2288
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Sensitivity Assignment

b= 111
11y, =—0.02+0.8i

1. Assignment of the first two pairs of poles 4y = —0.3+19

2. Assignment of the sensitivity of the third pair of poles with respect to

the first term ing
ad, =—0.6—0.0001

Solution: ag, =—0.6+0.0001

The opeHoop sensitivities for the third pair of poles are:

S9, = —0.00119-0.03162
S9, = —0.00119+ 0.03162
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where,

Leads to control gains:

The sensitivities of the third pair of poles are:

The closedoop poles:
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