MATH 240 EXAM II SOLUTIONS 10/22/2002
Prof. John Beachy

1 2 3 6
1. (25 pts) Let A be the following matrix. A= ? :g _? 1:
3 1 -1 -2
(a) (8 pts) Find the reduced row echelon form of A.
(b) (4 pts) Find the rank and nullity of A.
(¢) (4 pts) Find a basis for the row space of A.
(d) (4 pts) Find a basis for the column space of A.
(e) (5 pts) Find a basis for the nullspace of A.

Comment: The matriz A is almost the same as the matriz on the first exam, from Example 12 on page
54 of the text (I added a linearly dependent row: row 8 = row 2 - row 1).

1 2 3 6 1 2 3 6 10 -1 =2 10 0 1
A s 0o -7 -4 2 - 01 2 4 —- 0 1 2 4 —- 01 0 -2
0 -7 —4 2 07 4 =2 0 0 —10 =30 0 01 3
0 -5 —-10 —-20 000 0 0 0 0 0 0 00 O
thus A has rank 3 and nullity 4 — 3 = 1; the rows of the reduced matrix form a basis for the row space; the
first three columns of A form a basis for the column space; setting x4 = 1 gives 23 = —3, x5 = —1, and
x1 = —1, and produces a single vector that is a basis for the nullspace of A.

2. (20 pts) Let Msy be the vector space of all 2 x 2 matrices, and let @ = [ _i _} }

(a) (10 pts) Let W be the set of all matrices A in May with AQ = 0. Show that W is a subspace of Ma,.

If ¢; and ¢y are any scalars, and Ap, As belong to W, then (¢1 A1 +¢242)Q = c1A1Q+c2A42Q = 0+0=0,
and this shows that W is a subspace. OR: First find the form of a typical matrix in W, as below.

(b) (10 pts) Find a basis for W, and find the dimension of W.

a

Let A =

and suppose that AQ = 0. Then AQ = [ a—b —a+b ]

0 0
c—d —ctd —{ ]showsthat

b
d 0 0

a="band c=d. Since[g Z}Za[é é}—i—d[? (1)},thesetwomatricesspanW,anditiseasyto

see that they are not linearly dependent, so they form a basis. Conclusion: dim(W) = 2.

3. (15 pts) Let S = {(1,0,0), (1,1,0), (1,1,1)} and T = {(1,—1,0), (0,1, —-1), (0,0,1)} be ordered bases for
Rs. Let v =(3,2,1).

(a) (4 pts) Find the coordinate vector [v]r of v with respect to the basis T
By trial and error, (3,2,1) = 3(1,—1,0) + 5(0,1,—1) + 6(0,0, 1), or solve a system of equations.
(b) (8 pts) Find the transition matrix Pg.p. Note that the vectors go in as columns.

1 1 1 1 0 0 1 0 0 2 -1 0 100 2 -1 0

0 1 -1 1 0~ |01 1|-1 1 0|~]0 1 0]-1 2 -1

10 0 0 -1 1 0 01 0 -1 1 0 0 1 0 -1 1
p

1
1

(c) (3 pts) Use Psr to find the coordinate vector [v]g of v with respect to the basis S.
1

2 - 0 3 1
-1 2 -1 5 | =1 1| Check that this is correct by adding the vectors in S.
0 -1 1 6 1




4. (15 pts) Let May be the vector space of all 2 x 2 matrices. For A, B in Mss, define an inner product by
(A, B) = tr (BT A). (Hint: tr (A) denotes the trace of A, which is the sum of entries on the main diagonal.)

(a) (7 pts) Check that (A, B) = (B, A) for all A, B in Ma,.
Since tr(X) = tr(X7T), we have (A, B) = tr(BTA) = tr((BTA)T) = tr(ATB) = (B, A).
(b) (8 pts) For any 2 x 2 matrix A, check that (4, A) =0 if and only if A = 0.

FA=| @ @2 qp= |t b then (A, B) = tr(BTA) = tr b b || an - an
a21 Aa22 ba1  bao b1z bao a21 A22
b +b *
=tr ([ nan . 21421 brotis -+ baslins = bi1a11 + barasy + bizaiz + bazasgs.

Note: this formula can be used to prove part (a). It shows that this inner product for 2 x 2 matrices
behaves exactly like the ordinary dot product in RA.

In particular, (A4, A) = a2, + a3; + a5 + a3,, and a sum of squares is zero if and only if each of the terms
is zero. Therefore (A, A) = 0 if and only if A = 0.

5. (15 pts) Let W be the subspace of R4 spanned by the vectors (1,—1,1,1) and (1,0,2,1). Use the
Gram-Schmidt process to find an orthonormal basis for W.

Let uy = (1,—1,1,1) and uz = (1,0,2,1).

Then v = (1,—1,1,1), and vy is up minus its projection onto vi.

1 24+1
vy :(17072’1)_M
ViV (1+1+1+41)

Ug -V

(17 _1a la 1) = (17Oa2a 1) - (1’ _17 17 1) = (07 17 170)

Vo = U2 —

1
Finally, divide each vector by its length: wy = 5(1, —1,1,1) and wy = (0,1,1,0).

1
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6. (10 pts) Answer EITHER part A OR part B.

1 1
A. If u and v are vectors in an inner product space V', show that (u, v) = ZHU + V|2 - Z||u — vl

Proof:

lu+v[?=flu=v|[?=(u+v,utv)—(u-v,u-v)

= (u,u) +2(u,v) + (v,v) — ((u,u) — 2(u,v) + (v,v)) = 4(u,v)
Now divide by 4.

Remember that ||x|| = v/(x,x), or more generally that (u,v) = cos@|[u|||v]|, so ||x|]? = (x,x).
B. Let S = {uj, us,...,u,} be an orthogonal set of nonzero vectors in an inner product space V. Show that
S is a linearly independent set.

See the proof of Theorem 3.4 on page 210.

Grades:

Class average: 73; Standard deviation: 15.3.
Grading scale: 85-100 A (8); 75-84 B (4); 60-74 C (10); 50-59 D (3); 40-49 F (2)

Chapter 4 has new material, so it is a good place for a new start. Doing the suggested homework problems is
very important. If you have questions, be sure you ask them in class or come to my office to discuss them.
I have office hours MTF 1-2, but I'm usually in my office after class, often until 6 or 7. You can also ask
questions via email, if you don’t have a chance to stop by my office.



