MATH 520 Homework 11 9/5/2007

Prof. John Beachy Due 9/16/2007

1. (1.3, p 43, #4) Let p, ¢ be distinct prime numbers, and let n = pg. In Z%, let H = {[a]la = 1 (mod p)} and
K ={[b] | b=1 (mod ¢)}. Show that HK = Z.

2. (1.3, p 44, #6) Let a,b be positive integers, and let d = ged(a, b) and m = lem|[a, b].

(a) Write d = sa+1tb, a = a’d, and b = b'd for s,t,a’,b' € Z. Define ¢ : Z, X Ziy — Zg X Z, by ¢ (([2]a, [y]s)) =
([x — yla, [tb'x + sa’y]ym) . Prove that ¢ is an isomorphism.
(b) Use Exercise 1.3.5 to prove that Z, X Zy = Zg X Zy,.

3. (1.3, p 44, #9) Without writing down all 60 elements of As, describe the possible cycle structures and how
many of each kind there are.

4. (1.3 p44, #14) Recall that center of G is Z(G) = {9 € G | ga = ag for all a € G}.

(a) Show that if n > 3, then the center of S, is trivial.
(b) Find the center of D,,.

5. (1.3 p44, #15) Let G be a group with a normal subgroup N, and suppose that G is the semidirect product of
N by the subgroup K. Show that if H is any subgroup with N C H C G, then H is the semidirect product of
Nby HNK.

6. (1.3 p44, #17) Show that in S,, the only elements which commute with the cycle (1,2,...,n) are its powers.

7. (1.4, p 56, #5) Let G, G1, and G5 be groups.

(a) Show that if ¢ : G — G and ¢9 : G — G5 are group homomorphisms, then so is ¢ : G — G X G5 defined
by ¢(z) = (¢1(x), p2(x)), for all z € G.

(b) Show that if ¢ : G — G71 x Gy is any group homomorphism, then there exist group homomorphisms
¢1: G — G1 and ¢9 : G — G4 such that ¢ has the form given in part (a).

8. (1.4, p 57, #13) Let N be a normal subgroup of the group G. Prove that G/N is abelian if and only if N
contains all elements of the form aba='b~! for a,b € G.

9. (1.4 p57, #16) Show that D, is isomorphic to the subgroup of all lower triangular matrices in GL3(Zs).

10. (1.4, p 57, #17) Show that SLy(Z3) is not isomorphic to Sy.
11. (1.4, p 57, #20) Let Fy be the subgroup of GLa(Z5) consisting of all matrices of the form [ slc 2 ] , such that
x,a € Zs and a # 0. This group will be called the Frobenius group of degree 5.
(a) Show that the subset N of all matrices in Fyy of the form { i (1) } , with ¢ € Zs5, is a normal subgroup of
G.
(b) Show that Fyy/N is cyclic of order 4.
12. (1.4, p 58, #24) An infinite group is called periodic if each element has finite order.
(a) Show that Q/Z is a periodic group.
(b) Show that Q/Z contains elements of order n, for each positive integer n.
H||K
13. (1.4, p 58, #27) Let H and K be finite subgroups of the group G. Show that |HK| = M
14. (1.4, p 58, #30) Let G be a group, with normal subgroups H and N such that HN = G. Prove that

G/(HNN)= H/(HNN x (N/(HNN).



