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For a left R-module M, we identify certain submodules of M that play a
role analogous to that of prime ideals in the ring R. Using this definition,
we investigate conditions on the module M which imply that there is a
one-to-one correspondence between isomorphism classes of indecompos-

able M-injective modules and “prime M-ideals”.

We assume throughout the paper that R is an associative ring with identity, and
that pM is a fixed left R-module. The module rX is called M-injective if each
R-homomorphism f : K — X defined on a submodule K of M can be extended to
an R-homomorphism fA: M — X with f = fi, where ¢ : K — M is the natural
inclusion mapping. We note that Baer’s criterion for injectivity shows that any
R-injective module is injective in the category R—Mod of all left R-modules.

It is well-known that if R is a commutative Noetherian ring, then there is a
one-to-one correspondence between isomorphism classes of indecomposable injective
R-modules and prime ideals of R. Gabriel showed in [1] that this one-to-one cor-
respondence remains valid for any left Noetherian ring that satisfies what he called
“condition H”. In current terminology, a module rpX is said to be finitely annihi-

lated if there is a finite subset x1,...,z, of X with Anng(X) = Anng(z1,...,Zs).



Then by definition the ring R satisfies condition H if and only if every cyclic left
R-module is finitely annihilated. It follows immediately that R satisfies condition
H if and only if every finitely generated left R-module is finitely annihilated. We
note the stronger result due to Krause [2] that if R is left Noetherian, then there is
a one-to-one correspondence between isomorphism classes of indecomposable injec-
tive left R-modules and prime ideals of R if and only if R is left fully bounded (see
Theorem 8.12 of [3] for a proof).

In Theorem 6.7 we show that Gabriel’s correspondence can be extended to M-
injective modules, provided that Hompg(M,X) # 0 for every submodule X of a
homomorphic image of a direct sum of copies of M. In preparation for this result,
we introduce the notion of an M-ideal in Section 1, and the notion of an M-prime
module in Section 2. In Section 3 we define a prime M-ideal to be the annihilator
in M of an M-prime module, and show that if M is Noetherian, then associated
primes exist. In Sections 4 and 5 we show that many of the familiar results for
prime ideals can be extended to prime M-ideals. In particular, we show that certain
simplifications occur if M satisfies a weak form of projectivity.

Just as Baer’s criterion shows that R-injective modules are actually injective in
the category R—Mod, there is a subcategory of R—M od in which M -injective modules
are injective. To define this subcategory we first recall some necessary terminology.
The module rpX is said to be M-generated if there exists an R-epimorphism from a
direct sum of copies of M onto X. Equivalently, for each nonzero R-homomorphism
f X — Y there exists an R-homomorphism g : M — X with fg # 0. The trace of
M in X is defined to be

trM(X) = ZfeHom(M,X) f(M),

and thus X is M-generated if and only if tr™M(X) = X.

The category o[M] is defined to be the full subcategory of R—Mod that contains
all modules rX such that X is isomorphic to a submodule of an M-generated
module. The reader is referred to [4], [5], and [6] for results on the category o[M].
The subcategory o[M] coincides with R—Mod if and only if R belongs to o[M]; this
occurs if and only if M is faithful and finitely annihilated. More generally, if M is
finitely annihilated, then R/ Anng(M) belongs to o[M], and it follows that o[M]



coincides with the class of left modules over R/ Anng(M). It is shown in [5] that
o[M] is closed under taking homomorphic images, submodules, and direct sums.
Injective modules and injective envelopes exist in o[M], since the injective envelope
of X in o[M] is trM(E(X)), where E(X) denotes the injective envelope of X is
R-Mod.

Our first goal is to extend the analogy between o[M] and R—M od by introducing

the notion of an “ideal” of M, and to use this notion in the further study of o[M].

1 M-ideals

The two-sided ideals of the ring R correspond to the annihilators of left R-modules.

Furthermore, for a left R-module X, we have
Amnp(X) ={re R|rz =0 for all z € X} = rcpom(r,x) ker(f) -

More generally, the annihilator of any class of modules is a two-sided ideal of R,

and this motivates the following definition.

Definition 1.1 Let M be any left R-module, let C be a class of modules in R—Mod,
and let Q) be the set of kernels of R-homomorphisms from M into C. That is,

Q={KCM|3IW eC and f € Homr(M, W) with K = ker(f)} .
We define the annihilator of C in M to be

Anny,(C) = mKeQK .

In [7], what we have called the annihilator of C in M is called the reject of C
in M, and is denoted by Rej;;(C). For our purposes, the term annihilator is more
congenial, and is closer to the terminology of [4]. It allows us to draw a clear analogy

with the definition of a two-sided ideal in the ring R.

Definition 1.2 The submodule N of M 1is called an M -ideal if there is a class C of
modules in o[M] such that N = Annps(C).



Note that although the definition of an M-ideal is given relative to the subcat-
egory o[M], it is easy to check that N is an M-ideal if and only if N = Ann;;(C)
for some class C in R—Mod. This also follows immediately from the proof of Propo-
sition 1.3.

A subfunctor p of the identity on R—Mod is called a radical if p(X/p(X)) = (0),
for all modules rX. We say that rX is p-torsionfree if p(X) = (0), and p-torsion
if p(X) = X. If p is a radical, then since X/p(X) is p-torsionfree, it follows that
p(X) = Annx (C), where C is the class of p-torsionfree modules. In addition, p(X)
is the intersection of all submodules X’ of X such that X/X’ is p-torsionfree.

For a class C of R-modules, the radical of R—Mod cogenerated by C is defined
by setting rade(X) = Anny(C), for all modules pX. If the class C consists of a
single module pW, we use the notation rady , and note that rady is the largest
radical for which W is torsionfree. If rV cogenerates W, then rady (W) = (0), so
rady < rady, and therefore Annps (V) C Anny, (W).

If I is any left ideal of R, it is possible to define a radical p of R—-Mod by
setting p(X) = IX, for each module pX. It is evident that p is a subfunctor of the
identity, and p is a radical since p(X/p(X)) = I - (X/IX) = (0). It follows that
IX = Annx(C) for the class C of all modules gIW with /W = (0). Thus for any left
ideal I of R, the submodule I M provides an example of an M-ideal.

The following conditions characterizing M-ideals were obtained in Proposition

3.3 of [8]. A proof is included here for the convenience of the reader.

Proposition 1.3 ([8]) The following conditions are equivalent for a submodule

NCM.
(1) N is an M -ideal;
(2) there exists a radical p of R-Mod such that N = p(M);
(3) g(N) = (0) for all g € Hompg (M, (M/N));
(4) N = Annp;(M/N).

Proof. (1) = (2): Assume that N = Anny,(C) for the class C of modules in o[M].
Then N = rad¢(M) for the radical p = rade cogenerated by the class C.



(2) = (3): Assume that p is a radical of R—-Mod, with N = p(M). Since p is
a radical, we have p(M/N) = p(M/p(M)) = (0). If g € Hompg(M, (M/N)), then
9(N) = g(p(M)) € p(M/N) = (0).

(3) = (4): It is always true that Anny/(M/N) C N. Condition (3) implies that

N C .m—mn ker(f), so we have equality in this case.

(4) = (1): This follows immediately from the definition of an M-ideal. [

It is easy to show that the intersection of any collection of M-ideals is again an
M-ideal. This follows from condition (2) of Proposition 1.3, since the intersection
of any collection of radicals defines a radical. This result can also be shown using
condition (3) of Proposition 1.3, since if N = [ ,c; Na, where each submodule N,
is an M-ideal, then M/N can be embedded in the direct product [],.; M/Nq, and
it follows easily that f(N) = (0) for any homomorphism f : M — M/N.

Let N be a submodule of M. Applying the functor Homg( — , M/N) to the

exact sequence 0 — N — M — M/N — 0 yields the exact sequence
0 — Hompg(M/N, M/N) — Hompg(M,M/N) — Hompg(N,M/N) .

It follows that condition (3) of Proposition 1.3 is equivalent to the condition that the
natural mapping Hompr(M, M/N) — Hompg(N, M/N) is zero. Therefore N is an
M-ideal if and only if the natural mapping Homg(M /N, M/N) — Homgr(M, M/N)

is an isomorphism.

Proposition 1.4 Let K be an M-ideal, and let N C K be a submodule of M.
(a) The factor module K/N is an (M/N)-ideal (in M/N ).
(b) If N is a K-ideal (in K ), then N is an M-ideal.

Proof. (a) If f € Hompr(M/N,M/K), then consider fr, where 7 is the natural
projection from M onto M/N. Since K is an M-ideal, we have fr(K) = (0). Thus
f(K/N) = (0), showing that K/N is an (M /N)-ideal.

(b) If f € Hompg(M, M/N), consider the composition 7 f, where 7 is the pro-
jection of M/N onto M/K. Since K is an M-ideal, we have 7 f(K) = (0), and so
f(K) C K/N. Thus it is possible to define g : K — K/N by setting g(z) = f(x), for



all z € K. Then g(IN) = (0) since N is an K-ideal, and it follows that f(N) = (0),
showing that N is an M-ideal. [

The next step is to define the product of two M-ideals. We give the definition
more generally, constructing a product NV - X for any submodule N of M and any
module rX. As a model we use the fact that if I is a left ideal of R, then for any
module p X we have IX = Annx(C), where C is class of modules gW such that
IW = (0). The condition IW = (0) can be expressed by stating that f(I) = (0) for
all f € Hompg(R, W), and it is this statement that can be generalized.

Definition 1.5 Let N be a submodule of M. For each module pX we define
N-X =Annx(C),

where C is the class of modules RW such that f(N) = (0) for all f € Homp(M,W).

It follows immediately from the definition that N - X = (0) if and only if f(N) =
(0) for all f € Hompg(M, X). It is evident that the class C in Definition 1.5 is closed
under formation of submodules and direct products, and so N - X is the smallest

submodule Y C X such that N - (X/Y) = (0). We also note that

> fettomm,x) f(N) €N - X,

since for any f € Hompg(M, X) we must have 7 f(N) = (0) for the natural projection
m: X — X/(N-X).

Since the functor N - (—) defines a radical, it follows that if X is a submodule
of X, then N-Xg C N X, and if f : X — Y is any R-homomorphism, then
f(N-X)CN-Y.

Proposition 1.6 Let N be a submodule of M. Then for any module g X we have
N - X =(0) if and only if N C Anny/(X).

Proof. We have N - X = (0) if and only if f(N) = (0) for all f € Hompg(M, X),
and this occurs if and only if N C Anny/(X). O

The next corollary is an immediate consequence of condition (4) of Proposi-

tion 1.3.



Corollary 1.7 If N is a submodule of M, then N is an M-ideal if and only if
N-(M/N) = (0).

A class T of modules in R—Mod is a torsion class if it is closed under homomor-
phic images, direct sums, and extensions. A class F of modules is called a torsionfree
class if it is closed under submodules, direct products, and extensions. (See Propo-
sitions 2.1 and 2.2 in Chapter VI of [9].) The smallest torsion class containing M
is constructed by taking F to be all modules gV such that Homp (M, W) = 0, and
then letting the torsion class consist of all modules pX such that Hompg(X, W) =0
for all W in F. It follows directly from Definition 1.5 that the smallest torsion class
that contains M is the class of all modules g X such that M - X = X.

If p is a radical of R—Mod, then p(R)X C p(X), for all modules pX. This result
extends to o[M], since Proposition 3.3 of [8] shows that if N is an M-ideal, and p
is a radical of R—Mod such that N = p(M), then N - X C p(X), for all modules
rX. We give a somewhat more general result, which implies that for any submodule

N C M, the radical N -(—) is the smallest radical p of R—Mod for which N C p(M).

Lemma 1.8 Let N be a submodule of M. If p is a radical of R—-Mod such that
N C p(M), then N - X C p(X), for all modules pX.

Proof. If gW is any module with p(W) = (0), then f(N) = f(p(M)) C (0) for all
f € Homgp(M,W). Thus N-W = (0) for all p-torsionfree modules W, and therefore
N - X C p(X) for all modules pX. O

We next show that some standard results for two-sided ideals of the ring R can
be extended to M-ideals. In particular, the product of two M-ideals is an M-ideal

that is contained in their intersection.

Proposition 1.9 Let N and K be a submodules of M.
(a) If N C K, then N - X C K- X, for all modules X .
(b) If K is an M -ideal, then so is N - K.
(¢) The submodule N - M is the smallest M -ideal that contains N.
(d) If N is an M -ideal, then N - K C NN K.



Proof. (a) If N C K, then K - W = (0) implies N - W = (0), for any module g\,
and therefore N - X C K - X, for all modules pX.

(b) By definition, N - K is a K-ideal (in K). Since K is assumed to be an
M-ideal, it follows from Proposition 1.4 (b) that N - K is an M-ideal.

(c) If K is an M-ideal and N C K, then K = p(M), for some radical p. By
Lemma 1.8 we have N - M C p(M) = K.

(d) We certainly have N - K C K. On the other hand, N- K C N - M = N by

part (c), since N is assumed to be an M-ideal. O

Some results for ideals cannot be extended to this situation. For example, if
A, B, C are ideals of R, with C' C B, then AB C C'if and only if A(B/C') = (0). The
corresponding result, that N - K C P implies N - (K/P) = (0) for M-ideals N, K, P
with P C K, holds if M is projective in o[M], as will be shown in Proposition 5.5.

We can now extend some standard results on annihilators.

Proposition 1.10 Let p X be a module.

(a) Anny(X) = Anny (0™ (X)) = Anny (M - X).

(b) If N is any submodule of M, let T = 3 reyom (v, x) f(N), and let A =
Anny/(X). Then Anng(T) = Anng((N + A)/A).

(c) Anng(tr™ (X)) = Anng(M/ Annp(X)).
Proof. (a) If f € Homp(M, X), then f(M) C tr™(X) C M - X. Tt follows that
Homp (M, X) = Homg(M,trM (X)) = Hompg(M, M - X), and so
ﬂfeHom(M,X) ker(f) = ﬂfEHom(M,trM(X)) ker(f) = ﬂfeHom(M,M~X) ker(f) .

(b) On the one hand, M/ Anny;(X) = M/ Anny (tr™ (X)) can be embedded in
a direct product of copies tr™ (X). It follows that (N + A)/A can be embedded in

a direct product of copies of T', and so
Anng(T) C Anng((N + A)/A) .

On the other hand, T is a homomorphic image of a direct sum of copies of V. Since

each homomorphism in Hompg (M, tr™ (X)) factors through

M/ Annp(X) = M/ Annyy (trM (X)),



it is possible to write 7' as a homomorphic image of a direct sum of copies of

(N + A)/A, and so it follows that
Anng((N + A)/A) C Anng(T) .

This completes the proof.

(c) This follows immediately from part (b), by taking N = M. O

2 M-prime modules

In this section we give the definition of an M-prime module, and then in the next
section we will define an M-ideal to be prime if it is the annihilator in M of an
M-prime module. Recall that the module rpX is said to be a prime module if X
is nonzero and Anng(Y) = Anng(X) for all nonzero submodules Y C X. The
definition of an M-prime module is complicated by the fact that it is possible to

have Homp (M, X) = 0 even though X is a nonzero member of o[M].

Definition 2.1 The module rX is said to be M-prime if Homg(M,X) # 0, and
Annp (YY) = Annyy(X) for all submodules Y C X such that Homp(M,Y') # 0.

In case M = R, we have Homp (M, X) = Hompg(R, X ) # 0 for all nonzero mod-
ules gX, and so the notion of an R-prime module reduces to the familiar definition
of a prime module in R—Mod. For the sake of clarity, for the remainder of the paper
we will use the term “R-prime module” rather than “prime R-module”.

The next proposition gives several characterizations of M-prime modules, ex-
tending the following conditions, which are equivalent for any nonzero module pX:

(1) X is an R-prime module;

(2) IY = (0) implies IX = (0), for any left ideal I of R and any nonzero
submodule Y C X;

(3) for each a € R\ Anng(X) and each 0 # x € X there exists r € R with
arx # 0;

(4) IY = (0) implies IX = (0), for any two-sided ideal I of R and any nonzero
submodule Y C X.



Proposition 2.2 The following conditions are equivalent for any left R-module X

such that Homp(M, X) # 0.

(1) X is an M-prime module;

(2) N-Y = (0) implies N - X = (0), for any submodule N C M and any
submodule Y C X with M -Y # (0);

(3) for each m € M \ Annp(X) and each 0 # f € Homp(M, X)), there ezists
g € Homp (M, f(M)) such that g(m) # 0;

(4) N-Y = (0) implies N - X = (0), for any M-ideal N C M and any nonzero
M -generated submodule Y C X.

Proof. (1) = (2): Let N be any submodule of M, and let Y be any submodule of
X with M -Y # (0). Then Hompg(M,Y) # 0, and so Annps(Y) € Anny/(X) since
X is assumed to be M-prime. It follows from Proposition 1.6 that if N - Y = (0),
then NV - X = (0).

(2) = (3): Let m € M \ Annp/(X) and 0 # f € Hompg(M,X). Then by

assumption we must have N - f(M) # (0) for N = Rm, so Rm is not contained in

Anny(f(M)), and therefore there exists g € Hompg(M, f(M)) with g(m) # 0.

(3) = (4): Let Y be a nonzero M-generated submodule of X, and let N be any
M-ideal with N -Y = (0). If N - X # (0), then there exists m € N \ Anny(X).
Since Y is M-generated, there exists 0 # f € Hompg(M,Y'), and so by assumption
there exists g € Homp(M,Y') with g(m) # 0. Thus Rm -Y # (0), a contradiction.

(4) = (1): Assume Y is a nonzero submodule of X with Hompg(M,Y) # 0,
and let N = Anny/(Y). By assumption there exists 0 # f € Hompg(M,Y), and
then N - f(M) = (0). Since f(M) is certainly M-generated, by assumption we
have N - X = (0), and thus Annp;(Y) = Annjps(X), showing that X is an M-prime

module. O

Corollary 2.3 Let X be an M-prime module. A submodule Y of X is M-prime
if and only if Homp(M,Y) # 0.

Proof.  Condition (2) of Proposition 2.2 is inherited by any submodule. Thus a
nonzero submodule Y is M-prime if and only if Homp(M,Y) #0. O
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Corollary 2.4 The following conditions are equivalent for a module g X such that
Hompg(M, X) # 0.

(1) X is an M-prime module;

(2) M - X is an M-prime module;

(3) trM(X) is an M-prime module.

Proof. Since trM(X) C M- X C X, it follows from Corollary 2.3 that (1) = (2) and
(2) = (3). The implication (3) = (1) follows from condition (4) of Proposition 2.2,

since every M-generated submodule of X is contained in tr(X). O

We note that, in particular, the module rX is M-prime if it has no proper
nontrivial M-generated submodules. If R is a simple ring, then every nonzero left
R-module is R-prime. Similarly, if M has no proper nontrivial M-ideals, then every
module X with Hompg(M, X) # 0 is M-prime.

In the following example, we show that an M-prime module need not be R-prime.

We also show that an R-prime module need not be M-prime.

Example 2.1

Let M = Zp,~, in the category of Z-modules. Every proper factor of M
is isomorphic to M itself, and so no proper nontrivial submodule can be
an M-ideal. It also follows that no proper nontrivial submodule of M
is M-generated. Thus M is M-prime, but each proper submodule has
nonzero annihilator in Z, and so M is not a Z-prime module.

On the other hand, Z itself is certainly a Z-prime module, but it is
not M-prime since Homz(Z,~,Z) = 0. In fact, Homy(Zy~, X) = 0 for

all Z-prime modules.

Proposition 2.5 Let p X be an M-prime module. If Homgr(M,Y) # 0 for all

nonzero submodules Y C X, then tr™ (X) is an R-prime module.

11



Proof. Without loss of generality we can assume that X = tr™(X). Then X is
M-generated, and so it follows from Proposition 1.10 (c) that

Anng(X) = Anng(M/ Anny (X)) .

By assumption, every nonzero submodule X’ of X contains a nonzero M-generated

submodule Y. Since X is M-prime we have Anny/(Y) = Annjs(X), and therefore
Anng(X") CAnng(Y)=Anng(M/ Anny (Y))=Anng(M/ Anny (X)) = Anng(X).
It follows that X is an R-prime module. [

In [10], a nonzero module gpM is called prime if rady = rad,s for all nonzero
submodules N of M. It is shown in Proposition 2.3 of [10] that a nonzero module
M satisfies this definition if and only if it is cogenerated by each of its nonzero
submodules. To relate this notion to our definition of an M-prime module, we
have the following proposition, which shows that such modules are “universally”

M-prime.

Proposition 2.6 The following conditions are equivalent for a nonzero module p X .
(1) Each nonzero submodule of X cogenerates X ;

(2) X is M-prime for each module rRM such that o[M] = o[X] and X is M-

generated;

(3) X is M-prime for each module RM such that Homp(M, X) # 0.

Proof. (1) = (3): If Y is a nonzero submodule of X, then for any module M we
have Annp;(Y) C Annps(X) since Y cogenerates X. Thus X is an M-prime module
if and only if Homp(M, X) # 0.

(3) = (2): This is clear.

(2) = (1): Given any nonzero submodule Y of X, consider the module M =
X @Y. Then X is M-generated, and o[M] = o[X] since Y belongs to o[X]. By
assumption X is M-prime, and so Annj/(Y) = Annps(X) = (0). This implies that
Annx(Y) = (0), and therefore Y cogenerates X. [
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If X is a module for which Hompg(M, X) # 0, then to show that X is an
M-prime module it is only necessary to show that every nonzero M-generated sub-
module of X cogenerates X.

A nonzero module g X is said to be semi-compressible if for each nonzero sub-
module Y C X there exists a monomorphism f : X — Y, for a finite direct sum Y™
of copies of Y. It is clear that any nonzero semi-compressible module is an R-prime
module. Proposition 9.3.3 of [11] implies that any uniform left ideal of a semiprime

left Goldie ring is a semi-compressible module.

Corollary 2.7 If p X is semi-compressible or X =2 R/P for a prime ideal P of R,
then X is an M-prime module if and only if Homg(M, X) # 0.

Proof. The conditions of Proposition 2.6 are satisfied in either case. [J

We now turn our attention to the case in which M itself is M-prime.

Proposition 2.8 The module M is an M-prime module if and only if f(M) cogen-

erates M, for each nonzero endomorphism f € Endg(M).

Proof. Assume that M is an M-prime module. Then for any nonzero submodule
N with Hompg (M, N) # 0 we have Annp/(N) = Anny (M) = (0). It follows that N
cogenerates M.

To prove the converse we can use condition (3) of Proposition 2.2. Let 0 # m €
M, and let 0 # f € Endr(M). By hypothesis, f(M) cogenerates M, and so there
exists g € Homp(M, f(M)) with g(m) # 0. Thus condition (3) of Proposition 2.2

is satisfied, and M is an M-prime module. [I

A module pX is called monoform if each nonzero homomorphism f : Y — X
defined on a submodule Y of X must be a monomorphism. It is clear from the

definition that any monoform module satisfies the hypothesis of Proposition 2.8.

Corollary 2.9 If M is a monoform module, then M is an M -prime module.
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We note that any monoform module must be uniform, and the converse holds
for nonsingular modules. A module X is called a-critical, for the ordinal «, if it has
Krull dimension «, but every proper factor module X/Y has Krull dimension less
than «. Lemma 6.2.13 of [11] shows that any a-critical module is monoform.

The next theorem shows that under certain conditions the properties under

consideration can be translated to properties of the endomorphism ring.

Theorem 2.10 If M is M-prime and quasi-projective, then Endr(M) is a prime
ring. Conversely, if Endr(M) is a prime ring and Hompg (M, K) # 0 for all nonzero
submodules K C M, then M is an M -prime module.

Proof. Assume that M is M-prime and quasi-projective, and let f,g be nonzero
elements of Endr(M). By condition (3) of Proposition 2.2 there exists a homo-
morphism h € Hompg(M, f(M)) with hg # 0. Since M is quasi-projective, the
homomorphism £ can be lifted to h € Endgp(M), with fh = h. Tt follows that
fﬁg # 0, and therefore Endg(M) is a prime ring.

Conversely, suppose that Endg(M) is a prime ring and Hompg (M, K) # 0 for all
nonzero submodules K C M. Let f € Endr(M) be a nonzero endomorphism. Given
any nonzero submodule K C M there exists a nonzero element g € Hompg(M, K),
which we can view as an element of Endr(M). Since Endr(M) is a prime ring,
there exists h € Endr(M) with fhg # 0. It follows that f(M) cogenerates M, since
fh:M — f(M) and fh(K)# (0). O

Proposition 2.11 If P is an M-ideal, then M/P is an M-prime module if and
only if M/P is an M /P-prime module.

Proof.  The factor module M/P is M-prime if and only if Annp(Y) = P or
Anny/(Y) = M, for all nonzero submodules Y C M/P. It is M /P-prime if and only
if Annyz/p(Y) = (0) or Annyy/p(Y) = M/ P, for all nonzero submodules Y C M/P.
Since P is an M-ideal, we have f(P) = (0) for all f € Hompg(M,M/P), and so
Anny(Y) = P if and only if Annyy/p(Y) = (0), and Anny(Y) = M if and only if
Annyy/p(Y) = M/P. Thus M/P is M-prime if and only if it is M/P-prime. [
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3 Prime M-ideals

We will proceed by analogy with the situation for ideals of the ring R. Our next step
is to define the notion of a prime M-ideal. The existence of associated primes, when
M is Noetherian, provides the motivation for the definition of an M-prime module,
and for that of a prime M-ideal. Requiring that the usual proof remains valid in
this more general setting means that the following definition of a prime M-ideal is

weaker than one would hope to have.

Definition 3.1 The M-ideal P is said to be a prime M -ideal if there exists an
M -prime module pX such that P = Annp;(X).

Although the above definition is given in R—Mod, the next proposition shows
that it is actually a definition in o[M].

Proposition 3.2 If P is a prime M-ideal, then P = Annp;(X) for an M -generated
M -prime module pX .

Proof. Let P be a prime M-ideal, and let rY be an M-prime module with
P = Anny(Y). If we let X = tr™(Y), then X is M-generated. It follows from
part (c) of Corollary 2.4 that X is an M-prime module. Finally, it follows from
Proposition 1.10 (a) that P = Anny/(X). O

We next consider prime M-ideals associated to a module.

Definition 3.3 Let P be a prime M-ideal. We say that P is a prime M -ideal
associated to the module X if P = Annp(Y) for an M-prime submodule Y of X.

Proposition 3.4 Assume that M is a Noetherian module, and let X be any left
R-module. If Homp(M, X) # 0, then X has an associated prime M -ideal.
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Proof. Consider the set of all proper M-ideals that are annihilators of submodules
of X. Since Homp (M, X) # 0, this set contains Anny/(X), and so it is nonempty.
Since M is Noetherian, there exists a maximal element P in the set, with P =
Anny (V). If Y’ is any submodule of Y, then Anny;(Y) € Anny,(Y”’), and so by
definition Y is M-prime. 0O

The Jacobson radical of the ring R is generally defined to be the intersection
of maximal left ideals of R, and then this intersection is shown to be the same as
the intersection of all primitive ideals of R. The definition is extended to modules,
by defining the Jacobson radical J(X) of a module g X to be the intersection of all
maximal submodules of X (or just X, if X has no maximal submodules). Equiva-
lently, J(X) = Annx(C), where C is the class of simple left R-modules. Using the
notion of an M-ideal, we can define the notion of a primitive M-ideal, from which

it follows that J(M) is equal to the intersection of all primitive M-ideals.

Definition 3.5 An M-ideal P is said to be a primitive M -ideal if P = Annps(S)

for a simple module pS.

The notion of a maximal ideal of R can also be generalized immediately to

M-ideals, and the next proposition shows that the expected results hold.

Proposition 3.6 Let P be a proper M -ideal.

(a) If P is a mazimal M-ideal, then P is a prime M -ideal.

(b) If P is a primitive M -ideal, then P is a prime M -ideal.
Proof. (a) Suppose that P is a maximal M-ideal. If K/P is any nonzero submodule
of M/P with Homgr(M,K/P) # 0, then P = Annp/(M/P) C Anny (K/P) and
Anny (K/P) # M, so the maximality of P forces Anny;(K/P) = Anny,(M/P).
Thus M/P is an M-prime module with Anny,(M/P) = P.

(b) If P is a primitive M-ideal, then P = Ann;(S) for a simple left R-module
S. It follows immediately from Corollary 2.9 that S is an M-prime module. [J

The next proposition generalizes the well-known result that a simple Artinian

ring is a finite direct sum of minimal left ideals.
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Proposition 3.7 Assume that M is a finitely generated, Artinian module. If (0) is

a mazximal M -ideal, then M is a homogeneous semisimple module.

Proof. Since M is finitely generated, it has a maximal submodule My, and we
can consider the radical radg defined by the simple module S = M/M,. Since
radg(M) # M, by assumption we must have rads(M) = (0), and so (0) is an
intersection of maximal submodules. Since M is Artinian, (0) must be a finite
intersection of maximal submodules, and therefore M is isomorphic to a finite direct

sum of copies of S. [

4 Modules with finite length

Using the notion of an M-ideal, we can obtain some information on modules with
finite length. The definition of the Jacobson radical of M also provides an illustration
of the use of the product of M-ideals.

Let S denote the class of simple modules in o[M], and let J denote the radi-
cal cogenerated by S, so that for a module g X in o[M], the submodule J(X) is
the intersection of all maximal submodules of X. Our first result is a version of

Nakayama’s lemma.

Proposition 4.1 If the module rX is finitely generated and belongs to o[M], then
J(M) - X = X implies X = (0).

Proof. Assume that X is a nonzero finitely generated module in o[M]. Then X
has at least one maximal submodule Xy, and X/Xj is a simple module in o[M],
so J(X) # X. If X is nonzero, then it follows from Lemma 1.8 that J(M) - X C
JX)#X. O

We recall that a submodule Y of the module rX is said to be a small (or
superfluous) submodule if Y + X’ = X implies X' = X, for any submodule X’ of
X.
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Corollary 4.2 Let N be an M -ideal.
(a) If N C J(M), then N -X is a small submodule of X, for all finitely generated

generated modules rX in o[M].

(b) Conversely, if M is finitely generated and N - X is small in X for all finitely
generated modules pX in o[M], then N C J(M).

Proof.  (a) Suppose that Y is a submodule of X such that N - X +Y = X.
Then for the natural projection 7 : X — X/Y we have n(N - X) = X/Y, and so
N-(X/Y)=X/Y. Thus J(M)-(X/Y) = X/Y, and since X/Y is finitely generated,
it follows from Proposition 4.1 that X/Y = (0). Thus Y = X, and it follows that
N -Y is a small submodule of X.

(b) Since M is finitely generated and N is an M-ideal, by assumption N = N -M
is a small submodule of M. Thus N C J(M), since the intersection of all maximal

submodules of M is equal to the sum of all small submodules of M. [

Definition 4.3 If N is an M-ideal, then successive powers of N are defined as
follows. First, N> = N - N. Then by induction, for any integer k > 2, we define
NF=N.Nk1

With the above convention, we obtain the following result.

Proposition 4.4 If M is a module with finite length, and J(M) is the Jacobson
radical of M, then J(M) is nilpotent.

Proof. Since M is Noetherian, every submodule of M is finitely generated, so it
follows from Proposition 4.1 that if J(M)™ # (0), then J(M) - J(M)™ is properly
contained in J(M)™. The descending chain M D> J(M) D --- D J(M)™ D --- must

terminate at (0), since M is Artinian. [

It is well-known that the following conditions are equivalent for a nonzero module
rX (see Proposition 21.3 of [5]): (i) X contains an essential Artinian submodule; (ii)
if a collection of submodules of X has zero intersection, then so does a finite subset

of the collection; (iii) X has a finitely generated essential socle. The module X is
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called essentially Artinian (or finitely cogenerated) if the above conditions hold. Tt
follows that X is Artinian if and only if every factor module is essentially Artinian.
Proposition 5 of [12] shows that the ring R is left Artinian if and only if for each
ideal I of R the ring R/I is essentially left Artinian. This result can be extended to

Noetherian modules (we state a somewhat stronger result).

Proposition 4.5 Assume that each M-ideal is o finitely generated submodule of
M. Then M has finite length if and only if for each M-ideal N the factor module
M/N s essentially Artinian.

Proof. If M has finite length, then every factor module is Artinian.

To prove the converse, let N = (72, J(M)*. Then N is an M-ideal since the
intersection of any collection of M-ideals is again an M-ideal. By assumption,
M/N is essentially Artinian, so N is the intersection of finitely many terms in the
sequence {J (M )k}ZOZl It follows that there exists a positive integer n such that
J(M)* = J(M)™ for all integers k > n. Since J(M)" is assumed to be finitely
generated, this contradicts Proposition 4.1, unless J(M)"™ = (0).

In each factor module J(M)*~1/J(M)¥, the (0) submodule is an intersection of
maximal submodules, and this intersection reduces to a finite intersection. It follows
that J(M)*=1/J(M)* can be embedded in a finitely generated semisimple module,

so it has a composition series. Thus M itself has a composition series. [J

Proposition 4.6 Assume that M has finite length, and that Homg(M, N) # 0 for
every nonzero M-ideal N C M. If M is an M -prime module, then M is semisimple

and homogeneous.

Proof. It follows from Proposition 4.4 that J(M) is nilpotent of some degree,
say n. Then J(M) - J(M)"~! = J(M)™ = (0), but J(M)"~! # (0). By assumption
Hompg (M, J(M)"~1) # 0, and since M is an M-prime module, it follows that J(M) =
(0), and thus n = 1. Since M has finite length, this implies that M can be embedded
in a finite direct sum of simple modules, and hence M is a semisimple module.
Suppose that M contains two non-isomorphic simple modules. Let S and T be

the corresponding homogeneous components of M. Then Hompg(M,T) # 0, and so
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Proposition 2.8 implies that T cogenerates .S, since M is M-prime. This contradicts
the assumption that S and T are generated by nonisomorphic simple modules, and

so it follows that M is homogeneous. [

Example 4.1

This example exhibits a module M of finite length such that M is M-
prime but not semisimple. By construction, M is a finitely generated,
projective module. In addition, the ring R can be embedded in M & M,
and so o[M] = R-Mod.

Let F' be afield, and let R = [ F0

ror ] be the ring of lower triangular

2% 2 matrices over F'. Let M be the left ideal [ F

0
F oo ],andlethethe

subset [ fO? 8

so M is not semisimple. It is easy to check that the simple modules

M/N and N are not isomorphic. Furthermore, Homgr(M/N,N) = 0,

]. The lattice of submodules of M is just (0) C N C M,

which implies that N is not an M-generated submodule. Thus M has
no proper nontrivial M-generated submodules, and so it must be M-
prime. We note, in addition, that Hompg(N, M/N) = 0 implies that N

is an M-ideal.

5 Projective modules

In this section we investigate the simplifications obtained in case M is projective
in the subcategory o[M]. For certain results, the weaker assumption that M is

quasi-projective is all that is necessary.
Proposition 5.1 If M is quasi-projective, then a submodule N of M is an M -ideal
if and only if it is a fully invariant submodule of M.

Proof. Suppose that M is quasi-projective, and N is a fully invariant submodule
of M. If f € Homr(M,M/N), and m : M — M/N is the canonical projection,
then f lifts to f\ € Endgr(M), with f = Trf, since M is quasi-projective. Then
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f(N) C N since N is fully invariant, and so f(N) = 7 f(N) = (0), showing that N
is an M-ideal. [

Example 5.1

Let M = Zp, in the category of Z-modules. Every proper factor module
of M is isomorphic to M itself, and so no proper nontrivial submodule
can be an M-ideal. On the other hand, every submodule of M is fully
invariant in M. Thus a fully invariant submodule of M need not be an

M-ideal.

Example 5.2

If M = R/I, where I is an ideal of R, then o[M] coincides with R/I-
Mod. By Proposition 5.1, the M-ideals coincide with the ideals of R/I,

since they are precisely the fully-invariant submodules of R/I.

Proposition 5.2 Assume that M is quasi-projective, and let K and N be submod-
ules of M.

(a) Assume that N C K and N is an M-ideal. If K/N is an (M/N)-ideal (in
M/N ), then K is an M -ideal.

(b) If N and K are M-ideals, then N + K is an M -ideal.

Proof.  These results clearly hold for fully invariant submodules. Since M is
assumed to be quasi-projective and N is a fully invariant submodule, Proposi-
tion 18.2 (4) of [5] shows that M /N is also quasi-projective. It then follows from
Proposition 5.1 that the desired results hold for M-ideals. [

The modules defined in Example 4.1 show that in the next proposition the
condition that Hompg(M,N) # 0 for all fully invariant submodules N C M is a
necessary condition. In fact, in Example 4.1 the module M is quasi-projective
and M-prime, but it is not R-prime, since for the nonzero submodule N C M we
have Anng(N) # Anngr(M). Note that the submodule N is fully invariant, with
Hompg(M,N) = 0.
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Proposition 5.3 Let M be an M-prime module. If M is quasi-projective and
Homp(M,N) # 0 for every nonzero fully invariant submodule N C M, then M

18 an R-prime module.

Proof. Let I be an ideal of R. If N = {m € M | Im = 0} is nonzero, then by
assumption Hompg(M, N) # 0, since N is a fully invariant submodule. It follows
from Proposition 2.8 that N must cogenerate M, so we may conclude that N = M,

showing that M is an R-prime module. [J

The converse of Proposition 5.3 does not hold. The next example exhibits a
module M that is not M-prime, although it is R-prime and quasi-projective, and

also satisfies the condition that Hompg (M, N) # 0 for all submodules N C M.

Example 5.3

Let R be a simple Noetherian ring that has two nonisomorphic simple
modules S7 and S5. In this case let M = S; & S5. Then M is an R-
prime module, since every nonzero R-module has zero annihilator. On
the other hand, it follows from Proposition 2.8 that M is not an M-prime
module. It is clear that Hompg (M, N) # 0 for the two proper nonzero
submodules of M.

The next results appear to require the stronger hypothesis that M is projective
as an object of the category o[M].

Lemma 5.4 Assume that M is projective in o[M|, and let N be any submodule of
M. Ifp: X — Y is an epimorphism, for any module rpX in o[M], then p maps
> retom(n,x) S (N) onto 3~ repomnryy f(IV)-

Proof. Lety €Y, withy =31, fi(m;), where f; € Homg(M,Y) and m; € N C
M for i =1,...,n. Since M is projective in o[M], each homomorphism f; can be
lifted to f; : M — X with pf; = f;. Thus y = Sy pﬁ(m,) =p (Z?Zl ﬁ(mﬁ),
showing that p maps 3 repom(nr,x) (V) onto 3= repomaryy f(NV). O
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Proposition 5.5 Assume that M is projective in o[M], and let N be any submodule
of M. The following conditions hold for any module rp X in o[M], and any submodule
Y CX.

(a) N-X = ZfeHom(M,X) f(N)
(b) N-(X/Y)=(0) if and only if N- X CY
(¢) If N = Annp(X/Y), then Anny (X/(N - X)) = N.

Proof.  (a) It is always true that > rcpomar,x) f(N) € N - X. To show the re-
verse inclusion, let Y = 3" ccyon v x) f(NV). By Lemma 5.4, f(N) = (0) for all
homomorphisms f € Hompg(M, X/Y), and so by definition N - X C Y.

(b) By definition, if N - (X/Y) = (0), then N - X C Y. On the other hand, if
N-X CY, then 3~ regomn,x) f(V) €Y, by part (a). It follows from Lemma 5.4
that ZfeHom(MX/Y) f(N)=0,and so N - (X/Y) = (0).

(¢) Now suppose that N = Anny/(X/Y), and let Annp (X/(N - X)) = A. Since
M is projective in o[M], it follows from part (b) that N - (X/(N - X)) = (0),
and so N C A. On the other hand, since A - (X/(N - X)) = (0), it follows that
A-X CN-X CY. Then since M is projective in o[M], it follows from part (b)
that A- (X/Y)=(0), and so A C Anny(X/Y)=N. O

As an immediate consequence of Proposition 5.5, we note that if M is projective
in o[M] and N - X = (0), then N - f(X) = (0) for any homomorphic image f(X) of
X. If N is an M-ideal, and X is a direct sum of copies of M /N, then N - X = (0).
It follows immediately that N - X = (0) for any module X in o[M/N].

Under the assumption that M is projective in o[M], it follows from Proposi-
tion 5.5 that if K is any submodule of M, then Anny;(M/K) is the largest M-ideal
contained in K. This provides the first indication that in this situation prime M-
ideals behave more like ordinary ideals. We first show that the multiplication we
have introduced is associative. (The argument used is similar to that in Lemma 2.1
of [10].) We then show that an M-ideal P is prime if and only if M /P is an M-prime

module.

Proposition 5.6 Assume that M is projective in o[M], and let K and N be sub-
modules of M. Then (K -N)-X =K - (N -X) for any module gX in o[M].
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Proof. We use the description of the product given in part (a) of Proposition 5.5.

To show that (K- N)- X C K-(N-X),let x € (K-N)-X. Then for some
positive integer n we have x = 3 1" | fi(m;), for homomorphisms f; € Homp (M, X)
and elements m; € K - N. But each element m; has the form m; = Zf(zjl) 9ij(xij),
where g;; € Homp(M,N) and z;; € K. Thus z = Y ", Zf(zjl) fi9ij(wi;), with
xi; € M. Furthermore, since x;; € K and g;;(M) C N, for each homomorphism g;;,
we actually have fijg;; € Homp(M, N - X). This implies that z € K - (N - X).

To show that (K-N)-X D K-(N-X),let z € K-(N-X). Then for some positive
integer n we have x =Y . ; f;(m;), for homomorphisms f; € Hompg(M, N - X) and
elements m; € K.

We first consider the case of a single element m € K and a single homomorphism
f € Homgr(M, N - X). Let M@ denote the direct sum of I copies of M, taken over
the index set I = Hompg (M, X), and let h : M) — X be the homomorphism whose
component indexed by f € I is f itself. If ¢ is the restriction of h to NU), then
by Proposition 5.5 (a) the image of g is N - X. Since M is projective in o[M], it is
possible to lift f to f : M — N, with gf = f. We have f(m) = 2?21 Ajﬂj(f(m)),
for some finite subset of projections m; : M () = M and inclusions Aj i M — M 0,
We note that 7I‘ijZ M — M, for each index j, with ﬂjf(M) C N. Since m € K,

we can consider 7 f(m) to be an element of K - N. Then hA; : M — X, and so

hAj; f(m) € hAj(K - N), which implies that hA;m;f(m) € (K - N) - X. Finally,
f(m) = hf(m) = Y7, hAjm;f(m), and therefore f(m) € (K - N) - X.

Returning to the element z € K - (N - X), with = "' | fi(m;), for homo-
morphisms f; : M — N - X, the preceding paragraph shows that z € (K - N) - X,

completing the proof. [

Theorem 5.7 Let P C M be an M-ideal, and assume that M 1is projective in o[M].

The following conditions are equivalent.

(1) P is a prime M -ideal;

(2) N-K C P implies N C P or K C P, for all M-ideals N and K such that
K is M-generated;

(8) M/P is an M-prime module.
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Proof. (1) = (2): Suppose that P is a prime M-ideal, and that N - K C P, for M-
ideals N and K such that K € P and K is M-generated. By assumption there is an
M-prime module X with P = Annjs(X), and so there exists f € Homgp(M/P, X)
with f ((K + P)/P) # (0). Since N - K C P, we have N - K C PN K, and so
Proposition 5.5 (b) implies that N - f (K + P)/P) = (0). Then f ((K + P)/P) is
an M-generated submodule of X, since (K + P)/P = K/(PNK) and K is M-
generated. It follows that N - X = (0), since X is M-prime, and thus N C P since
P = Anny(X).

(2) = (3): Let P C K C M, and assume that K/P is a nonzero M-generated
submodule of M/P such that N - (K/P) = (0) for an M-ideal N. Since K/P is
M-generated and M is projective in o[M], there exists an M-generated submodule
L of M such that (L+P)/P = K/P. (The argument is similar to the one used in the
proof of Lemma 5.4.) Since K/P is nonzero, we have L Z P. Since N-(K/P) = (0),
we have N - ((L + P)/P) = (0), which implies that N-L C N - (L+ P) C P.

Now consider the submodule L - M, which is the smallest M-ideal that contains
L. Since M is projective in o[M], and L is M-generated, it follows from Proposi-
tion 5.5 (a) that L - M is M-generated. Furthermore, Proposition 5.6 implies that
N-(L-M)=(N-L)-M. Since N-L C P,and P-M = M since P is an M-ideal,
we have

N-(L-M)=(N-L)-MCP-M=P.
Thus L - M is an M-generated M-ideal with N - (L-M) C P,but L- M < P. The
hypothesis implies that N C P, and therefore N - (M/P) = (0). It follows from
condition (4) of Proposition 2.2 that M /P is an M-prime module.
(3) = (1): If M/P is an M-prime module, then P is a prime M-ideal since
P =Anny(M/P). O

Proposition 5.8 Let N be a submodule of M, and let I be a left ideal of R.

(a) The left ideal N - R is a two-sided ideal of R. If N is an M-ideal, then
(N-R)M C N.

(b) The submodule IM is an M-ideal. If I is a two-sided ideal of R, then
(IM)-RC1.

(¢) If M is projective in o[M], then (IN)-X =I(N - X) for any X in o[M].
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Proof. (a) Since N -(—) defines a radical, it follows that N - R is a two-sided ideal of
R. If N is an M-ideal, then it follows from Lemma 1.8 that (N-R)M C N-M = N.

(b) We have already noted that IM is an M-ideal. If I is a two-sided ideal of R,
let f € Hompg(M, (R/I)). Then for any element m = ;" | a;m; € IM, with a; € I,
we have f(m) =>"1",a;if(m;) =0. Thus IM-(R/I) = (0), and hence (IM)-R C I.

(c) Assume that M is projective in o[M]. By Proposition 5.5 (a), for any module

rX in o[M] we have

(IN) - X = 5 settomurx) FIN) = (S settomoux) F(N)) = T(N - X) .

This completes the proof. [

6 Noetherian modules

Before investigating the correspondence between indecomposable M-injective mod-
ules and prime M-ideals, we show that several familiar results for Noetherian rings

can be extended to modules.

Proposition 6.1 Let M be a Noetherian module, and assume that the module p X
18 a homomorphic image of a finite direct sum of copies of M. Then there exists a

chain of submodules
(O)ZX()CXlC"'CXn_lCXn:X
such that for 1 < i <mn, each factor module X;/X;_1 is an M-prime module.

Proof. Since X is M-generated, we certainly have Hompg(M, X) # 0, and so it fol-
lows from Proposition 3.4 that X has an M-prime submodule X;. The hypotheses
of Proposition 3.4 are also satisfied by X/X1, and so it contains an M-prime sub-
module which we denote by X5/X;. We can continue this process inductively. Since
X is a homomorphic image of a finite direct sum of copies of M, it is Noetherian,
and so the ascending chain X; C X5 C - - must terminate at X after finitely many

steps. O
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Definition 6.2 The prime radical of the module M, denoted by P(M), is defined

to be the intersection of all prime M -ideals.

We note that there is another notion of the prime radical of a module (see
[13], for example), where the prime radical of the module M is defined to be the
intersection of all R-prime submodules of M. The two notions differ, as can be seen
in Example 4.1.

Before proceeding, we make the following useful observation. Since each prime
M-ideal is the annihilator in M of an M-prime module, it follows that P(M) =
rade (M), where C is the class of all M-prime left R-modules. If p X is any module
with a submodule Y such that X/Y is M-prime, then rade¢(X) C Y. In this case it
follows from Lemma 1.8 that P(M)- X C Y.

Proposition 6.3 If M is a Noetherian module, then the prime radical P(M) is a
nilpotent M -ideal.

Proof. Using Proposition 6.1, it is possible to construct a sequence of submodules
(O)ZMnCMn71C"'CM1CM0=M

such that each factor is an M-prime module. Then P(M) C M; since M/M; is an

M-prime module, and in general
P(M)"' =P(M)-P(M)" CP(M)-M; C M;,

for 1 < i < n —1. Using this inductive definition of the powers of P(M) (see
Definition 4.3) we have P(M)" = (0). O

Definition 6.4 The module X in o[M] is said to be finitely M-generated if there
exists an epimorphism f : M™ — X, for some positive integer n. It is said to be
finitely M -annihilated if there exists a monomorphism g : M/ Anny (X) — X™, for

some positive integer m.

Definition 6.5 The module rM 1is said to satisfy condition H if every finitely M-

generated module is finitely M -annihilated.
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Note that if M = R and R is a fully bounded Noetherian ring, then M satisfies
condition H. The same is true if M is an Artinian module, since then M /K has the
finite intersection property.

In the following results on Gabriel’s correspondence, in addition to condition H
we assume that Homp(M, X) # 0 for all modules g X in o[M]. The next example

shows that this assumption is weaker than the assumption that M is a generator in

o[M].

Example 6.1

Let F be a field, let R be the ring of lower triangular 3 x 3 matrices over
F, and let J denote the Jacobson radical of R. We use the following

notation.
1 00 0 0 O 0 0 0
e1=1({0 0 O ea=10 1 0 es=|(0 0 O
0 0 0 0 0 O 0 0 1

Let M be the module M = Rey & (Rez/Jes) @ Res. Since Res is iso-
morphic to a submodule of Req, it follows that R can be embedded in
M?, so M is cofaithful, and therefore o[M] = R—Mod. Each simple left
R-module is a homomorphic image of M, and hence Homp(M, X) # 0
for each left R-module X. On the other hand, M is not a generator for
R-Mod, since Resy is not M-generated. This follows from the fact that
Homp(Rey, Res) = 0, while (Rea/Jez) @ Res is a semisimple module

and therefore cannot generate Res.

Lemma 6.6 Assume that M is a Noetherian module such that Homp (M, X) # 0
for all nonzero modules X in o[M]. Then each nonzero uniform module in o[M]

has a unique prime M -ideal associated to it.

Proof. Let rX be a nonzero uniform module in o[M]. Then X contains an M-
prime submodule since by assumption Hompg(M, X) # 0. Suppose that P and @ are
prime M-ideals associated to X. Then P = Anny/(Y) and @ = Anny, (W), where
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Y and W are M-prime submodules of X. Since X is uniform, we have Y NW # (0),
and so by assumption Hompg(M,Y NW) # 0. Therefore

P=Amy(Y)=Amy (Y NW)=Amy(W)=Q,

which completes the proof. [J

Theorem 6.7 Let M be a Noetherian module. If M satisfies condition H and
Hompg(M, X) # 0 for all modules X in o[M], then there is a one-to-one correspon-
dence between isomorphism classes of indecomposable M -injective modules in o[ M]

and prime M -ideals.

Proof. Let U be an indecomposable M-injective module in o[M]. Then U is
uniform, so Lemma 6.6 implies that U has a unique M-prime ideal P associated to
it. Thus the function that assigns to U its associated prime M-ideal is well-defined.

By Corollary 2.3 we can assume without loss of generality that P = Anny,(U;),
where U7 is an M-prime submodule that is a homomorphic image of M. Since M
satisfies condition H and Uj is finitely M-generated, it follows that U; is finitely
M-annihilated. Thus there exists an embedding

0—-M/P—-U'—-U"

of M/P into a finite direct sum of copies of U. Considering this embedding in
R-Mod gives an embedding

0 — E(M/P) — E(U)"

of the respective injective envelopes. Since U is uniform, the injective module E(U)
is indecomposable, and it follows from the Krull-Schmidt-Azumaya theorem that
E(M/P) is isomorphic to a direct sum of copies of E(U). If X is any indecomposable
M-injective module in o[M] with P as its associated prime M-ideal, we obtain a
similar sequence
0— E(M/P)— EX)™

for some integer m. Since X is uniform, the Krull-Schmidt-Azumaya theorem im-
plies that that F(M/P) is isomorphic to a direct sum of copies of E(X), and hence
E(X)= E(U). It follows that

X = trM(B(X)) 2 ttM(BE(U)) = U ,



and so the correspondence between indecomposable M-injective modules and prime

M-ideals is a one-to-one correspondence. [

The next proposition shows that under the assumptions of Theorem 6.7 the prime
M-ideals can be described more fully. In the proposition the second hypothesis on M
is necessary. This is shown by the module M defined in Example 4.1, which satisfies
condition H since it is Artinian, but although (0) is a prime M-ideal, M itself is not

semi-compressible. Note that in the example we have Hompg (M, N) = (0).

Proposition 6.8 Let M be a Noetherian module such that M satisfies condition H
and Homp(M, X) # 0 for all modules X in o[M]. If P is a prime M-ideal, then

M/P is a semi-compressible module.

Proof. Assume that P is a prime M-ideal, with P = Annj;(X) for an M-prime
module pX in o[M]. By hypothesis, there is a nonzero element h € Homp(M, X),
and h(M) is M-prime by Corollary 2.3. Since Annys(h(M)) = P, we can assume
without loss of generality that X is finitely M-generated. Then X is finitely M-
annihilated since M satisfies condition H, so there is an embedding f : M/P — X",
for some positive integer n.

Now let L be any nonzero submodule of M/P. Since M is Noetherian, L contains
a uniform submodule K, and since by assumption Hompg(M, K) # 0, we can assume
without loss of generality that K is a homomorphic image of M. We must have
N, ker(f;) = (0) for the components {f;}?; of the embedding f : M/P — X",
and thus ker(f;) = (0) for some j, since K is uniform. It follows that K is isomorphic
to a submodule of X, and therefore Anny;(K) = P, since X is an M-prime module
and Homp(M, K) # 0.

Finally, K is finitely M-annihilated since it is finitely M-generated and M sat-
isfies condition H, so there exists an embedding g : M/P — K™ for some positive
integer m. Thus M /P can be embedded in a finite direct sum of copies of L, which
shows that M/P is semi-compressible. [

The next propositions generalize properties of fully bounded Noetherian rings

to Noetherian quasi-projective modules that satisfy condition H.
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Lemma 6.9 Let M be a Noetherian quasi-projective module that satisfies condition
H. If P is a maximal fully invariant submodule of M, then M /P is a homogeneous

semisimple module.

Proof. Let P C M be a maximal fully invariant submodule. Since M is Noetherian,
there exists a maximal submodule K of M with P C K C M. Let f : M —
M/K be any R-homomorphism, and let m : M — M/P and my : M/P — M/K
be the natural projections. Since M is assumed to be quasi-projective, f can be
lifted to f € Endg(M) with momf = f. Then 7r1]?(P) = (0) since P is an M-
ideal, and therefore f(P) = mymif(P) = (0), showing that P C Anny (M/K).
But then P = Anny(M/K), because P is a maximal M-ideal. Since M/K is
finitely M-generated, and M satisfies condition H, it follows that M /K is finitely
M-annihilated. Therefore M /P can be embedded in a finite direct sum of copies of

the simple module M /K, and so M /P is semisimple and homogeneous. [J

Proposition 6.10 Let M be a Noetherian quasi-projective module that satisfies
condition H. If every prime M -ideal is a mazximal fully invariant submodule, then

M has finite length.

Proof. By Proposition 3.4, M contains an M-prime submodule M;. By Corol-
lary 2.3, we can assume without loss of generality that M; is a homomorphic image
of M, and hence a homomorphic image of M /P, for P = Anny;(M;). It follows
from Lemma 6.9 that M/P is a semisimple module, and so M; has finite length
since it is Noetherian and semisimple.

As in the proof of Proposition 6.1, it is possible to construct a sequence of
submodules

(O):M()CMlC"'CMnflCMn:M

such that each factor is an M-prime module with finite length, and therefore M
itself has finite length. [

Proposition 6.11 Let M be any quasi-projective module that satisfies condition H.
If N C M is a fully invariant submodule, then M /N satisfies condition H.
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Proof. Let rpX be finitely M/N-generated, with an epimorphism p : (M/N)¥ — X.
Then X is finitely M-generated, so it is finitely M-annihilated since M satisfies con-
dition H. It suffices to show that N C Annj,(X), since then (M/N)/ Anny;/n(X) is
isomorphic to M/ Anny;(X), and this yields an embedding of (M/N)/ Anny/n(X)
into X" for some positive integer n.

Since M is assumed to be quasi-projective, Proposition 18.2 (2) of [5] implies
that it is MP*-projective. Therefore any R-homomorphism f : M — X lifts to
f: M — MF with prf = f, where 7 : M* — (M/N)¥ is the natural projection.

It follows that 7 f(IN) = (0) since N is an M-ideal, and thus N C ker(f), which
implies that N C Annp/(X). O

The author would like to thank the referee and communicating editor for helpful

suggestions.
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