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� LNM+O;PRQRS=TDU�M+VXWDYZO;[9\N];Y+U_^`UR\NWaY+OKb+QcYZO;deO0fKghgJUFS;Y2PiQkjmlon0pZqsrut9vxwzy{wzy}|5~�w	yh•oyu|9\.Y+O;d

wzy`•	y{w;€i•

� ‚0S5QsPi^`YZgzƒ�Y„TaW_^`PiQsU…jmlon0pZq†r}t5v‡w	y‰ˆŠ€)•

� ‹ŒQ†P)TaM+WJY+O;d•ƒ�YZT_Wa^•Ž•O;M+Waƒ�U…j•l	n0p+q†rut9v‘wzy{’;€i•

� LNM+O;d=^‰T_^hM+O“O0fKƒ”]9QRW�j•l	n0p+q†rut9v–•—ˆ˜yh™cY+O;dcˆoy{š;€i•

�œ›)• ž)Ÿ…�Œ
B “¡£¢”¤¥�Œ¦} cŸ

§

Oe¨�©˜ªK«˜qsn2¬­’	\o®�Q�¯;Y±°+Q²d=QsU_PRW_^h]9Q†d­³X´¶µi·+¸R¹•ºZ»)¼‰½†·Z¹}¼uºZ¾eM+VJYcƒ�YZT_Wa^•Ž¶YZO;d?^hO¿¨”©–ª=«–q†nB¬

™o\z®NQ�¯;Y±°+Q—UF¯KM„®ÀO@¯KM„®ÁT_¯;^hUÂVuY+PiT_M2W_^hÃ†YZT_^hM+Oœ^`UÂf5UFQsdœT_McU_M+gh°+Q Ax = b•

§

O£Ta¯K^hUÄPD¯;Y+S=T_Q†W†\

®�QÅd=Q†UaPiWa^h]5QÀTÆ®�M…MZTa¯KQRWN^‰ƒ�S9M+W_TaY+O2TNƒ�YZT_Wa^•Ž—VuY+PiT_M2W_^hÃ†YZT_^hM+O;U†ÇJÈÊÉË·Z¾9Ì”Í5¼{¾0ÎZÏ=Ð‰·Z»•Ñ5·ZÐÒÏ;Ó¥Ô�ÓRÕ

¸Dº„ÖÅ×Kº„Ø)¼{¹}¼uºZ¾ÚÙmÍNÑ9ÔJÛ„•¥ÜŠÝKÓiØRÓ�¹mÞ.ºÄµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾KØX×ŠÐ‰·„ßc¼{ÖÅ×KºZ»)¹•·Z¾;¹À»_ºZÐ‰Ó)Ø—¼{¾kÐ‰ÓD·±Ø)¹mÕ•ØiàRÏ;·„»aÓ)Ø

ØRº„ÐÒÏ=¹m¼uº„¾;Ø�áa¨�©˜ª=«–q†nB¬câ9ã—·„¾ŠÌ�¼{¾äÖ�·Z¾;ß²º„¹åÝKÓR»…¼{ÖJ×;º„»)¹7·„¾5¹NÖ�·„¹m»)¼•æ“·„¾9Ìç·a×2×9ÐÒ¼uÓDÌc¸Dº„ÖÅ×9Ï=¹7·„Õ

¹m¼uº„¾KØ•áa¨”©–ª=«–q†nB¬„•²è?ªKv˜éÚ|0êŠã±•

ë

Q†P†YZghg%T_¯;YZT”YcU_ìBf;Y+W_Q—ƒ�Y„T_Wa^‰Ž O ^`U…UaYZ^`d£TaM“]9Q²YZOíº„»)¹åÝKºaÎBº„¾9·ZÐ.Ö�·„¹m»)¼•æ�^‰V OOT =
OT O = I •…îX^‰°2QRO?YZO m � n ƒ�YZT_Wa^•Ž A T_¯KQ†W_Q�QiŽ=^`UÆTDUÂY+O m � m º„»)¹åÝKºaÎBº„¾9·ZÐŒÖ�·Z¹}»)¼•æ Q

YZO5d£YZO m � n Ïs×+×;Ói»�¹}»)¼u·Z¾BÎ+Ï=Ð‰·„»�Ö�·Z¹}»)¼•æ R U_f;PD¯œTa¯;Y„T A = QR •X‚0f;PD¯@Y²VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O

MZV A ^hUÅPRYZghghQ†d•T_¯KQœÈÊÉïµi·+¸R¹7º„»)¼‰½s·„¹m¼uº„¾­ð

ñ

Q…U_¯;YZghgzSKWaM„°+QÅT_¯KQÄQiŽ=^`UÆTaQRO;PRQÄMZV%ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O²]0ó•Y+PiT_f;Y+g‰ghó²PiM2O;UFT_Waf;P)Ta^‰OKb�T_¯;Q

ƒ�Y„TaW_^`PiQsU Q Y+O;d R ^‰OœU_QR°+Q†WaY+g9dK^•ôŠQRWaQROBTJ®¥Y±ó0U¥U_M—T_¯;YZT A = QR •

§

V m � n \0Y+O;d�^‰V	T_¯;QÂƒ�Y„TaW_^‰Ž Q ^`U.S;Y+WFTa^•Ta^‰M2OKQ†d•Y+U Q = (Q1; Q2) \B®À¯;QRWaQ Q1 ^hUNT_¯;Q

ƒ�Y„TaW_^‰Ž²MZV˜T_¯KQXõ;WDUÆT n PiM+ghfKƒ�O;U�MZV Q \KYZO;d•^•V R1 ^hUÀd=QRõ;OKQsd•]0ó R =
�

R1

0

�
\=®À¯KQ†W_Q R1

^`U n � n fKS;S5Q†WÀT_Wa^hY+OKb+f;ghY+W†\BT_¯;QRO A = Q1R1 •

ö

¯0f;UR\¥^‰V m � n \ A P†YZOï]5Q£VuY+P)TaM+Wa^‰Ã†Q†de^‰OBTaM A = Q1R1 ®À¯KQ†W_Q Q1 ^`U m � n
º„»)¹åÝKºZ¾9ºZ»)Ö�·ZÐ%Y+O;d R1 ^`U n � n Ïs×2×KÓR»…¹m»)¼u·„¾BÎ+Ï=Ð‰·Z»)•

ö

¯K^`UNò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O�^hUŒP†YZghg‰Qsd�Ta¯KQ�÷}ÓD¸Dº„¾9ºZÖ�ß�ØD¼‰½sÓ9ø7\+T_¯KQ�÷å¹åÝ0¼{¾¥ø7\+M2W%T_¯KQÀ¬„n0é–ù˜p2nBé

ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•MZV A • ú+û+ü
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A = Q

R

1

1

0

m � n m � n
n � n

,

r.-5ù˜¬„n@šzy}|5y�/•n0é–ù˜p2n0é102/

,

ªKp+q†t5¬±r.3+ª=qsrut9v

ö

M�d=^`UFT_^hOKb+fK^`U_¯ç]9QiTÆ®�QRQ†OçTa¯KQ†U_QXTÆ®NM—TÆó0S9Q†U¥MZVÊò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+Oo\2Ta¯KQÄVuY+PiT_M2W_^hÃ†YZT_^hM+O

A = QR ^`U.U_M+ƒ�QiTa^‰ƒ�Q†U�PRY+g‰ghQ†d…µDÏ=Ð{Ð%ÈÊÉ­µi·2¸i¹7º„»)¼‰½s·Z¹}¼uºZ¾;•54�ó�Y+PiT_f;Y+g5PiM2O;UFT_Waf;P)Ta^‰M2O;UR\2®NQÅ®À^‰ghg

U_¯KM„®…Ç 6�7

Ói»)ß¶Ö�·„¹m»)¼•æ A 2 Rm � n (m � n) Ý;·±Ø£·�µDÏ=Ð{ÐXÈÊÉ µi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾KØkÙÆ·„¾ŠÌ£ÝKÓR¾9¸DÓ98

·„ÐÒØiº�·—»_ÓDÌZÏ;¸aÓDÌçÈÊÉ­µi·2¸i¹7º„»)¼‰½s·„¹m¼uº„¾+Û+ð;:@ºZ»_ÓDº

7

Ói»<8Ê¼ µ A Ý;·±Ø%µDÏ=Ð{ÐÒÕ7»_·„¾>=?8%¹åÝKÓR¾“¼{¹˜Ý;·±Ø…·”Ï=¾5¼uàiÏ;Ó

»_ÓDÌ„Ï;¸DÓDÌ�ÈÊÉ?µi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾ A = Q1R1 ÞŒ¼{¹{ÝX×Kº„ØD¼{¹m¼

7

ÓÂÌZ¼u·RÎBº„¾9·ZÐ9ÓR¾;¹m»)¼uÓ)ØJºÆµ R1 á�@�©–n0t;¬„nBA

C9D>EGF>EIH

š	yu|0ˆŠã„y

§

V m < n \	T_¯KQ†O@Ta¯KQ�VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O@PRY+Oä]9Q�®ÀW_^‰TFTaQRO¶Y+U A = Q(R1; R2) \	®À¯;QRWaQ

R1 ^hU¥fKS;S5Q†WÀT_Wa^hY+OKb+f;ghY+W¥Y+O;d R2 ^`U¥W_QsP)TDYZOKb2fKghY+W†•

¨�t!A­«–ù˜q†r}vJ-K0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9v

ñ

Q…®À^‰ghg	d=Q†UaPiWa^h]5Q…¯KQ†W_Q2Ç

� NÅM+f;U_QR¯;M+g`d=QRWPO U�ƒ�QiTa¯KM=dká�QSR.-5t5¬„råqs©JA

T

D>EGU>EGU

š	y`w9ã

� îX^h°+Q†O;U�O=ƒ—QRT_¯KM=dká�QVRM-9t;¬„ruq†©�A

T

D>EXWYEGZ

šzy{’5ã

�
ö

¯;Q�LNg`Y+UaU_^hP†YZgÊá_¨\[œl–ãÅY+O;d^]œM=d=^•õ5Q†dcîXWaY+ƒ ‚=PD¯Kƒ�^hd=T�á`_a[œl–ãJƒ�QRT_¯KM=dKU”á`QSR.-5t�b

¬„ruq†©�A­•

T

D>EGF>EIH

š	y`š“Y+O;d

T

D>EGF>EGU

šzy`â9ã

ö

¯KQ%c”ºZÏ0ØRÓaÝ;º„Ð‰Ì2Ói»ÄYZO;ded¥¼

7

Ói¾;ØJÖ�ÓR¹{Ý;º†Ì„ØJPiM+ƒ�SKfKT_Q¥T_¯;QÊµDÏ=Ð{ÐoÈÊÉ¶µi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾kjuY+O;d

T_¯;QRWaQiVåM+WaQ+\5T_¯;Q�WaQ†d=f5PiQ†d@ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O5€)\9®À¯K^hg‰Q”T_¯KQef�d�Í­·Z¾9ÌV:Kd�Í ƒ�QRT_¯KM=dKUXPiM2ƒhg

SKf=TaQÄT_¯KQ•»_ÓDÌ„Ï;¸DÓDÌœÈÊÉïµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾9ð

ö

¯KQ†U_QÄƒ—QRT_¯KM=dKUÅYZWaQ�d=Q†UaPiWa^‰]9Q†dç^hOäl	n0pZqsrut9v˜•²š	y`w	~

š	y‰ˆ˜~˜ªKv–é‡šzy{’z\=WaQ†U_S9Q†P)Ta^‰°2QRghó+•

ö

¯KQX‚=^‰OKb2fKg`YZW�‹ÊYZghfKQjiÂQ†PRM+ƒ�S5MBUF^‰T_^hM+O?á_llkVmœãÀM+V˜Y�ƒ�Y„TaW_^‰Ž A 2 Rm � n
^hU�Y…VuY2P)TaM+Wng

^hÃ†Y„Ta^‰M2OçM+V A ^hO“T_¯KQÄVåM2W_ƒ

A = U� V T ;

®À¯KQ†W_Q U 2 Rm � m
\JY+O;d V 2 Rn � n

YZWaQœM+W_T_¯KM2b+M+O5YZgÀYZO;d � 2 Rm � n
^`U•dK^hY+b+M+O5YZgm•

ö

¯KQ•‚0‹oi ¯5Y+U…]9Q†PRM+ƒ�Q²YœPiM2ƒ—S;f=TaYZT_^hM+O;Y+g‰ghó@°0^`YZ]KghQ�T_M0M+g.VåM+W”U_M+gh°0^‰O;bcYc®À^`d=Q²°„Y+W_^hQiTÆóäMZV

SKWaM+]KghQRƒ�UÊY+W_^`U_^‰OKb…^hO²ƒ�YZO0ó—SKWDY+P)Ta^hP†YZg;Y+SKSKgh^hP†Y„Ta^‰M2O;UŒ^hO;Pighf;d=^hOKb²Ø)¼•Î+¾9·ZÐŠ·Z¾9Ì—¼{Ö�·RÎBÓN×9»_ºs¸DÓ)ØDØ)Õ

¼{¾BÎp8�qR¼uº„Ö�ÓDÌ„¼u¸D·„ÐÀÓR¾BÎ+¼{¾9ÓDÓi»)¼{¾0Î�8…¸Dº„¾;¹m»_ºZÐNÓi¾0ÎZ¼{¾ŠÓDÓi»)¼{¾0Î�8NY+O;d?MZTa¯KQRWDUR•

§

O¿l	n0pZqsrut9v š	yhâo\o®�Q

^hO2TaW_M=d=f5PiQœ‚0‹ji Y+O;d d=^hUaPif5U_U�^‰TaU�];Y2UF^`P“SKWaM+S9QRW_T_^hQ†U�YZO;d YZS;SKg‰^`PRYZT_^hM+O;U†•

ö

¯KQ?ÍNÑ9Ô ÞŒ¼{Ð{Ð

qDÓ—»_Ó

7

¼`Ø)¼{¹7ÓaÌ“¼{¾¿LN¯;Y+S=T_Q†WhrPsK•otÅUXY²SKWaQRS;Y+WaYZT_^hM+OcVåM2WÂd=^`U_PRf;UaUF^hOKb•ghQ†Y2UÆTÄU_ìBf;Y+W_QsUÅU_M+ghf=T_^hM+O5U

T_QsPD¯KOK^`ìBfKQ†U†\.®À¯K^`PD¯ ®À^‰ghgJ]9QcdKQ†UaPiWa^‰]9Q†de^‰O‡¨�©–ª=«˜qsnB¬ âo\N®�Qç^hOBT_WaM=d=f;PiQ“Ta¯KQ£PiM2O;PiQ†S=T�MZV

t5¬sqs©˜t�-9t5v–ªYRÀ«–¬„t#usn0pZqsrut9veY+O;dœ^‰TaUXPiM+ƒ�SKfKTaY„Ta^‰M2O£f;U_^‰O;b“ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O£YZO5d@‚0‹ji ^hO

lonBp+q†r}t5v‘š	y`šäªKv–é‡šzy`â	y}|0êo\0W_QsUFS9Q†PiT_^h°+QRghó+•

�œ›`v wÚ c¢yx–���� ^z•¡��”

{|x~} �…�Œ
;¦•¤À�oxx�²Ÿ�¡€•‚• ƒ”�”¤¥�	 �
;¦I„À�…�Œ¦} cŸ

…;†ˆ‡%†Š‰ ‹•Œ•Ž‘•5’”“B’”•&•—–�•+˜š™›–•œ�’Xž ŸL¡¢•&£¤Œ+¡n“B’XŒlœ

m“n¦¥%v–råq†r}t5víš	yu|9y¨§ª©!«
¬�­¦®l©�¯ˆ°�­¦±³²—´�µ`±�¶|·¸´!¹º°K§ª©!«
¬�­¦®l©�¯ˆ°�­¦±¼»+­P½#µ¢©�±

¾�¿�ÀÁ¿
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Î

Ö�·„¹m»)¼•æçºFµ…¹åÝKÓNµiº„»)Ö

H = I �
2uuT

uT u
; jIÏ=•Ðr±€

Þ˜ÝKÓR»_Ó u ¼`Ø�·²¾Šº„¾=½†ÓR»_º

7

ÓD¸R¹•ºZ»<8N¼`Ø�¸D·„Ð{ÐhÓaÌc·2§ª©�«J¬�­¦®•©�¯ˆ°Ñ­¦±³ÒK´�µ�±¦¶|·¶·ÆµD¹7ÓR»�¹{Ý;Ó�¸aÓRÐ‰ÓPqi»a·„¹7ÓaÌ

¾;Ï=Ö�ÓR»)¼u¸a·ZÐo·„¾Š·„ÐÒß±Ø)¹

Î

ÐÒØD¹7º„¾^c”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»`Ó2ð�ÜŠÝKÓ

7

Óa¸R¹7º„» u Ì+ÓR¹7Ói»)Ö—¼{¾;¼{¾0Î²¹åÝKÓjc”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»

Ö�·„¹m»)¼•æ H ¼`Ø”¸D·„Ð{ÐhÓaÌ•¹åÝKÓy§•©!«J¬�­�®l©�¯ˆ°Ñ­¦±ªÔY­?½¦µ¢©!±Bð

t NÅM+f;U_QR¯KM2ghdKQRWÅƒ�YZT_Wa^•Žc^hUÂYZg`UFM•[BO;M„®ÀO£Y+UÅY+O

6

Ð‰ÓRÖ�ÓR¾;¹7·„»)ß�ÉÅÓ.ÕÀÓa¸R¹7º„»ÀM+WÂYVc”ºZÏ0ØRÓiÕ

ÝKºZÐ‰Ì+ÓR»“¹}»_·Z¾KØåµiº„»)Ö�·„¹m¼uº„¾5•

ñ

QçOKM„® b+^h°+Q²Yœb2QRM2ƒ—QRT_Wa^hP�^hOBT_Q†W_SKWaQiTDY„Ta^‰M2O?M+VJY•NJM2f;UFQ†¯KM+g`d=Q†W

T_WDYZO5UÆVåM2W_ƒ�Y„Ta^‰M2O	•JÖ;M+WNT_¯KQÄUaYZ[+QÅMZV˜PRM+O0°+Q†OK^‰Q†O;PiQ2\+^hO²Ta¯KQÂb2QRM2ƒ—QRT_Wa^hPJ^‰OBT_Q†W_S;W_QRTaY„Ta^‰M2O�]5Q†g‰M„®…\

®�QÄY2U_U_fKƒ�QXT_¯;YZTÀT_¯KQ

7

ÓD¸i¹7º„» u ¼`ØÄØDÏ;¸DÝc¹åÝK·Z¹ uT u = 1 ð

P

x

u

u(uT x)

� 2u(uT x)

H x = (I � 2uu)T x
= x � 2u(uT x)

,

rM-9ùo¬„näš	y`w2g�îXQ†M+ƒ�QiTaW_^`P

§

OBT_QRWaSKWaQiTDY„T_^hM+OçMZV•NJM+f5UFQ†¯KM+g`d=QRW

ö

WDYZO;UFVåM+Waƒ�Y„T_^hM+O

ñ

^•Ta¯cT_¯K^`UÀb2QRM+ƒ�QRT_Wa^hPÂ^‰OBTaQRWaSKW_QRTaYZT_^hM+O²Ta¯KQÄVåM+ghghM„®À^‰OKb�WaQ†U_fKg‰TaU¥]9Q†PiM2ƒ�QÄPRg‰QsYZWsÇ

� kH xk2 = kxk2 VåM2WÀQR°2QRWaó x 2 Rn
•

Î

»aÓMÕÀÓD¸i¹m¼uº„¾?Ì+ºsÓ)Ø�¾Šº„¹�¸DÝK·Z¾BÎBÓ�¹{Ý;Ó�Ð‰ÓR¾BÎ+¹åÝ£ºÆµÄ¹åÝKÓ

7

Óa¸R¹7º„»Rð

� H ^`UÀYZOcM+W_T_¯KM2b+M2O;YZg9ƒ�Y„T_Wa^‰ŽŠ•

kH xk2 = kxk2 µiºZ»”Ó

7

ÓR»)ß

7

ÓD¸R¹•ºZ» x ¼{ÖÅ×9ÐÒ¼uÓiØ�¹åÝK·„¹ H ¼`Ø�º„»)¹åÝKºaÎBº„¾9·ZÐ‰ð

� H 2 = I •

×¢ØjÙÛÚ�ÜnÝ¦ÞSß%Ý¦àBÚ`áPâ#Ý¦ÙÐãBá�äjå.æ`ç�è<é<êIæ`ç�ç�ë9ìŠí¦î<ï�ðJñ&ò`óMô�õ`î<ïoñ;î¢ö.÷?ò�ñ;î¢öIô�õ�ôøî<ï#íPùlî<úJûpü�óMï‘ô�ï�ýlü�õIþÁÿÐü�ó��¦í�������ô ê

ï?ü�ô�ú��
	Jò+ùlî<úlö.÷?ò5ÿÐü�óMñ&ò`ó���ô�óMò�õŠöIü�óJü<ÿ�ö.÷?ò�
‘î¢ö.÷?ò�ñ;î¢öIô�õ�ú•î<ï����Ñü�ñ����Pö.ò`ó���õ�ô�ò�ï?õ�ò��Jô �Pô�ú.ô�ü�ïjü<ÿYö.÷?ò��•î<þ

ýlô�����ò���î¢ö.ô�ü�ï�î��! >î<ûpü�ó.î¢öIü�ó#"Lî¢ö��•î<þ¨ýlô�����ò�í%$>ò�ï?ï?ò�úIú.ò`ò%î<ï��›îjÿÐü�ó.ñ&ò�ó'&!óMü<ÿÐò`ú.úIü�ó5ü<ÿ�
‘î¢öI÷Pò`ñ;î¢ö.ô�õ�ú5î¢ö

ö.÷?ò)(Jï?ô �9ò�óMúIô ö�"\ü<ÿ�$>ò�ï?ï?ò�ú.úIò�ò�í!*•ï?ü�+,��ô�����ò-�‘ð ó.ò�úIò`î<óMõ|÷2õ�ü�ïPÿ”ò�óMò�ï?õ�òoü�ï. Bô�ïPònî<ó¤î<ï��/���?ñ&ò�ó.ô�õ`î��! #ô�ï?ò`î<ó

ð�����ò�û?ó.î��?ò0�?ô�õ`î¢öIò0�yöIü1��ó0�2	
ü-�?úIò�÷?ü-���Pò`ó�íBõ`î�����ò0��3<ß%Ý#àBÚ�áPâ#Ý#ÙÛãBáPä5426%798YÝ�Ú;:Ðà%75<#í�ô�ú�÷?ò0���‘ò=�9ò�ó>"‘ö.÷?óMò�ò

"9ò`î<ó.úºî<óMü-�?ï��‘ö.÷?ò¤ùÑü�ó����2��ð õ�ü�ñ�����òŠöIò5û?ô�ü-��ó.î��?÷?"‘ü<ÿ
	
ü-�?úIò�÷?ü-���?ò�ó+î�����ò`î<óMúºô�ïoöI÷Pò��,�Gð�
@�
òŠùJú���òŠö.ö.ò�ó`í

��õŠöIü�ûpò�óºæ`ç�ç�ë



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú+û

A

þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

H x »_Ó.ÕÀÓa¸R¹}Ø x ¹•ºç¹åÝKÓ�º„¹åÝKÓR»�ØD¼uÌ2Ó²ºÆµ P 8;qiÏ=¹ H 2x = H (H x) »_Ó.ÕÀÓa¸R¹}Ø�¼{¹

qD·+¸<=�¹7º x ð

� H y = y VåM2WÀQR°2QRWaó y VåM+WÀ®À¯K^`PD¯ vT u = 0 •

Ñ5ÓD¸R¹•ºZ»DØX¼{¾ P ¸D·Z¾;¾9ºZ¹�qDÓ�»_ÓMÕÀÓD¸R¹•ÓDÌ•·ZÞ.·„ß+ð

4�QRghM„®k®NQ¥UFf;ƒ—ƒ�Y+W_^hÃRQ�UFM2ƒ—QNMZVKTa¯KQ¥YZ]9M„°+Q.^hOBT_Q†W_QsUÆTa^‰OKbÂSKWaM+S9QRW_T_^hQ†U˜MZV5YoNJM2f;UFQ†¯KM+g`d=Q†W

ƒ�Y„TaW_^‰ŽçYZO5d•b2^‰°2QÄY+O;YZghóBT_^`PRY+g9S;W_M0MZVuU¥M+V–U_M+ƒ�QÄMZV–T_¯KQ†ƒc•

@�©–n0t;¬„nBA šzy{wzyCBy±P©EDl­¦±¦µ�¶`­¦¬ ©�F•´ §ª©!«
¬�­¦®l©�¯ˆ°�­¦± ² ´�µ�±¦¶|·ŠðN³˜ÓR¹ H = I �
2uuT

uT u
qDÓ�·

G

*
HJI!HLK

c”ºZÏ0ØRÓaÝ;º„Ð‰Ì2Ói»�Ö�·„¹m»)¼•æ0ð—ÜŠÝ;Ói¾

Ù•¼ Û H ¼`ØXØ)ß„Ö—Ö�ÓR¹m»)¼u¸

Ù•¼{¼ Û H ¼`Ø�ºZ»)¹{Ý;º_ÎBº„¾Š·„Ð

Ù•¼{¼{¼ Û H 2 = I

Ù•¼

7

Û H u = � u

Ù

7

Û H v = v ¼ µ vT u = 0 ð

Ù

7

¼ ÛNMuµ u ¼`Ø�¸DÝKº„ØiÓR¾�¹7ºoqDÓ¥·ÂÏ=¾;¼{¹

7

Óa¸R¹7º„»z×;·„»a·„Ð{Ð‰ÓRÐ=¹•º x� y 8zÞ˜Ý;Ói»_Ó y 6= x qiÏ=¹ jj yjj2 = jjxjj2 8

¹åÝKÓR¾ H x = y ð

By±P©B©�FPO

ö

¯KQÄSKWaM0MZVuUÀYZWaQÄd=M+OKQ…]0ó•dK^‰WaQ†PiT¥°2QRWa^•õ9PRY„Ta^‰M2O	•RQ	QRT � =
2

uT u
•

S

¬„t	tUTÀtVT”áFrmã„y H T = (I � � uuT )T = I � � uuT = H •

ö

¯0f;UR\ H ^`UXØ)ß„Ö�Ö�Ói¹m»)¼u¸R•

S

¬„t	tUTÀtVT”áFrur•ã±y H T H = (I � � uuT )( I � � uuT )
= I � 2� uuT + � 2(uT u)uuT

j>WJM+T_QÄTa¯;Y„T uT u ^`UJY�U_P†YZg`YZW)€)•

= I � 2� uuT + � 2 �
2
�

uuT
j�WJM+T_QÄT_¯5Y„T uT u =

2
�

€)•

= I � 2� uuT + 2� uuT = I :
ö

¯Bf5UR\ H ^`U”º„»)¹åÝKºaÎ2ºZ¾9·ZÐÒ•

S

¬„t	tUTÀtVT”áFrur}rmã±y¥‚0^hO;PiQ H = H T
\K®�QÄ¯;Y±°+Q H 2 = H � H = H T H = I \

]0óYXŒYZW_TaU…ju^`€¥Y+O;däju^‰^{€

S

¬„t	tUTm•�tUT”áÆr>Z˜ã�ªKv˜éÚá0Z˜ã±~	Y+W_QXg‰QRV{TÅY+U�[1\	nB¬±p2ru•snäš	yu|9•

S

¬„t	tUTÀtVT”á0Z	rmã„•NLN¯KM0M2U_Q u = x � y •RWJM„® ®ÀWa^•TaQ

x =
1
2

(x + y) +
1
2

(x � y)

ö

¯KQ†O

H x =
1
2

H (x + y) +
1
2

H (x � y) =
1
2

H (x + y) +
1
2

(y � x) jIÏ0•�]+€ ^�_

*!HJI!HJI

jå]0ó²S;W_M2S5Q†WFTÆó@ju^‰°K€_€)•

tJbBYZ^hO	\KUF^hO;PRQ

(x + y)T (x � y) = xT x � xT y + yT x � yT y

= jjxjj2
2 � jj yjj2

2 = 0 ( U_^hO;PiQ jj xjj2 = jjyjj2);



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

	��

ú

�(Â�ÃYÄ?Å`�

ÿ

ÃYÆ Ç¦�p�ŠÈ ÅjÉ

�

���ˆÊ ËÁ�ÁÅ

�

Ì?Ç^
��K�

�

Ë���ÃB�MÊ Í

�

�¢Ê Ã�Ì

ú+û

`

]0ó²SKWaM+S9QRW_TÆó (v) \K®�QÄ¯;Y±°+Q

H (x + y) = x + y:
ö

¯0f;U†\0VåW_M2ƒ j a�b

D>EGU>EGU

Ï=• ]2€)\=®�QÄ¯;Y±°+Q

H x =
1
2

(x + y) +
1
2

(y � x) = y:

,

t5¬�A­ruv�-L_Úª=q†¬±r>\Ñbnk…n0pZqst;¬ÄªKv–éª_Úª=q†¬„r#\Ñb¢_Ëª=qR¬„r#\

S

¬„t	é–ù˜p+q†•)c ruq†©œª/dœt9ù˜•sn¦b

©–t!R}é˜nB¬2_Úª=q†¬„r#\

t¿WaQRƒ�Y+W_[„YZ];g‰Q�PiM+ƒ�SKfKTaY„Ta^‰M2O;YZg0Y+dK°±Y+OBTaYZb2QÊ^hOB°2M+gh°0^‰OKbjNJM+f5UFQ†¯KM+g`d=QRW–ƒ�Y„TaW_^`PiQsUo^`U˜T_¯;YZT

¾9ÓR¼{¹åÝKÓR»À·XÖ�·„¹m»)¼•æ2Õ

7

ÓD¸R¹•ºZ»	×Š»_ºsÌ„Ï;¸R¹	ÞŒ¼{¹{Ý²·&c”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»ÀÖ�·Z¹}»)¼•æ H ¾9º„»�¹åÝKÓ¥Ö�·„¹m»)¼•æ�×Š»_º†ÌZÏ;¸i¹

H A ÙÆºZ» AH Û—¾ŠÓDÓaÌ„ØX¹7º2qDÓ—Ó_æi×9Ð•¼u¸i¼{¹mÐÒßJµiº„»)Ö�ÓDÌ„•

ö

¯;^hU†\KY+U¥PRY+Oç]9Q…UFQ†QRO•VåW_M2ƒ T_¯KQXVåM2g‰ghM„®À^‰O;b

PiM2ƒ�SKf=TaYZT_^hM+O;U†•eQ	QiT A 2 Rm � n
\0Y+O;d x 2 Rn

YZO5d H ]5QÄYZO n � n NJM+f5UFQ†¯KM+g`d=QRWNƒ�Y„T_Wa^‰ŽŠ•

Q	QRT � =
2

uT u
•

ö

¯KQRO

|9y H x =
�

I � 2
uuT

uT u

�
x = x � � u(uT x) •

w	y H A = (I � � uuT )A = A � � uuT A = A � � uvT ; ®À¯KQ†W_Q v = AT u •

•oy AH = A(I � � uuT ) = A � � wuT
\=®À¯KQRWaQ w = Au •

,

Rut5«
bDp+t9ù˜vŠq�T•t;¬j_Úª=qR¬„r>\Ñb¢_Úª=q†¬„r#\•ªKv–é _Úª=q†¬„r#\ÑbLZ9n0pZq†t5¬

S

¬„t	é–ù˜p+q†•�f�råqs©gdœt5ù–•†n¦b

©–t!R}é˜nB¬2A­ª=q†¬„rup+n0•

ÖKWaM+ƒ Ta¯KQ…YZ]9M„°+QÂUFTaYZT_Q†ƒ—Q†OBTaU†\=^•TÀ^`U�UFT_WDYZ^hb+¯BTNVåM+Wa®�Y+Wad�TaM�°+QRWa^‰Våó�Ta¯KQih;M+SYg•PRM+fKOBTaUNVåM2W

T_¯;QÄVåM+ghg‰M„®À^hOKb�PiM+ƒ�SKfKTaY„Ta^‰M2O;U¥®À^‰T_¯ NJM2f;UFQ†¯KM+g`d=Q†W`g•ƒ�Y„T_Wa^`PiQ†U1j [)\	nB¬„p+r}•†näš	yh•lk••

� ]£Y„TaW_^‰ŽBgm‹ŒQsP)T_M2W�XÊW_M=d=f5P)T H x Ç 3n h;M+S5UR•

� ]£Y„TaW_^‰ŽYXÊWaM0dKf;P)T H A M2W AH Ç 4mn h5M+S;U…j�mÅU_^‰OKbçl	q†ªKq†nBA­n0vŠq�w?t5¬ç•?ª%n.tPZ9n=€)•

� oŒŽ=SKg‰^`Pi^‰TXLNM+ƒ�SKfKTaY„Ta^‰M2OçM+V˜Ta¯KQpXÊWaM=d=f;P)TJM+V�NÅM+f;U_QR¯KM2ghdKQRW¥ƒ�Y„T_Wa^`PiQ†U†•

Q	QiT H i ; i = 1; : : : ; r ]5Q r NJM+f5UFQ†¯KM+g`d=QRW.ƒ�YZT_Wa^hPRQ†UŒQsY+PD¯�M+VŠM2WadKQRW n •

ö

¯KQ†O²PiM+ƒ�SKfKT`g

^‰OKb Q = H1H2; : : : ; H r W_Qsì2f;^‰WaQ†U 4(n 2 r � nr 2 +
r 3

3
) q%t;«%•2•

� ]£Y„TaW_^‰ŽrXÊWaM=d=f;PiT QT C Ç�QoQiT C 2 Rn � p
Y+O;d Q ]9Q”Y+UÂYZ]9M„°+Q2•

ö

¯KQROcTa¯KQ”SKWaM=d=f;P)T

QT C W_Qsì2f;^‰WaQ†U†Ç

(
2pr(2n � r )(Q b2^‰°2QRO“^‰OsT•ªKpZqst;¬„n0étT•t5¬?A Y+UÀY+]5M„°2Qs€

2pn2(Q n2\z«�R}rup2råq�R>u­¬„nB«˜¬„n0•†n0vŠqsnBé )
v

Ó�ÓRÖJ×;ÝK·±Ø)¼‰½sÓ”Ý;Ói»_Ó—¹åÝK·Z¹¥¼{¾²×Š»_·+¸R¹}¼u¸DÓ�·çÖ�·„¹m»)¼•æ+Õ7Ö�·„¹m»)¼•æcº„»�Ö�·Z¹}»)¼•æ2Õ

7

Óa¸R¹7º„»¥×Š»_º†ÌZÏ;¸i¹

ÞŒ¼{¹åÝ¿·^c”ºZÏ0ØiÓDÝKºZÐ‰Ì+ÓR»•Ö�·„¹m»)¼•æ@Ø_ÝKº„Ï=ÐhÌeqDÓc¸Dº„ÖÅ×9Ï=¹7ÓDÌ@·±Ø�Ø_Ý;º„ÞŒ¾í·�qDº

7

Ó�8…ÞŒ¼{¹åÝKºZÏ=¹…Óaæi×9ÐÒ¼u¸R¼{¹mÐÒß

µiº„»)Ö—¼{¾BÎç¹åÝKÓoc”ºZÏ0ØiÓDÝKºZÐ‰Ì+ÓR»�Ö�·„¹m»)¼•æ H ð

w

ùJA¿n2¬„r}p+ªYR¥lzqsª%n–r.Ruruq;uRx

ö

¯KQXVåM+ghghM„®À^‰OKb—WaM+fKO;d>gmM+ô£SKW_M2S5Q†WFTa^‰QsU¥UF¯KM„®‘T_¯;YZTÅPiM+ƒ�SKfYg

TaYZT_^hM+O;UN®À^‰T_¯SNÅM+f;U_QR¯KM2ghdKQRW.ƒ�YZT_Wa^hPRQ†U.Y+W_QÅ°+QRWaó�UÆTDYZ]KghQ”j

ñ

^hgh[B^hO;U_M+O@j`r,yEzE{+€i\2S;S	•�r�{|]�g¢r�zE]2€)•

Q	QRT Ĥ dKQROKM+T_QÄT_¯;Q�PiM+ƒ�SKfKT_Q†d^NJM2f;U_QR¯KM2ghd=Q†WÀƒ�Y„T_Wa^‰ŽŠ•

ö

¯KQ†Oc^•TJ^`UÀUF¯;M„®ÀO•Ta¯KQRWaQ+Ç
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� jj Ĥ � H jj = O(� )

� f l (Ĥ A) = H (A + E); jjE jj2 = O(� jjAjj2)

� f l (AĤ ) = (A + E)H ; jjE jj2 = O(� jjAjj2)

¨”¬±n0ª=qsruv�-•~ÊnB¬„t9•—r}víª€Z9n0pZq†t5¬•f�ruq†©ïª‚dœt5ù–•†n0©–t!R}é˜nB¬L_Úª=q†¬„r#\

tï°+Q†W_ó�f5UFQRVåfKg;SKWaM+S9QRW_TÆó�M+VÑNÅM+f;U_QR¯KM2ghdKQRWŒƒ�Y„TaW_^`PiQsU%^hU%Ta¯;Y„Ts\+b2^‰°2QRO�YXOKM+OKÃ†QRWaMÄ°+Q†PiT_M2W

x \zY^c”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»�Ö�·Z¹}»)¼•æ H ¸D·„¾¿·„Ð•Þ.·„ß±Ø\qDÓ¥µiºZÏ=¾9ÌçØ)Ï;¸aÝ@¹åÝK·Z¹Å¸aÓR»)¹7·„¼{¾¶Øm×KÓD¸R¼ ƒNÓDÌœÓR¾;¹m»)¼uÓ)Ø

ºÆµ x ¸D·„¾�qaÓ•Ö�·+Ì+Ó�½sÓR»_º±ØRð

ö

¯KQ�VåM2g‰ghM„®À^‰O;b“WaQ†U_fKg‰T”UF¯;M„®JUÄ¯KM„®ÚTaMœõ;O;däT_¯;QSNJM2f;UFQ†¯KM+g`d=Q†W

°+QsP)TaM+W u UFf5PD¯•Ta¯;Y„T H x ^`UÀY�ƒ”f;g•Ta^‰SKghQ…MZV e1 •

@�©–n0t;¬„nBA š	yh•oy d¥¼

7

ÓR¾¶·•¾9ºZ¾0½sÓR»_º

7

ÓD¸i¹7º„» x 6= e1 8.¹åÝKÓoc”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»”Ö�·„¹m»)¼•æ H Ì+Ó�ƒÊ¾ŠÓaÌ

qRß�¹{Ý;Ó

7

ÓD¸i¹7º„» u = x � kxk2e1 ¼`ØÄØ)Ï;¸aÝœ¹{Ý;·„¹ H x = �k xk2e1 ð

By±P©B©�FPO

ö

¯KQ…SKWaM0MZV˜VåM+ghg‰M„®JU¥^hƒ�ƒ—Qsd=^`Y„T_Q†g‰ó²VåW_M2ƒ„XŒYZW_T�jå°0^`€�M+V

ö

¯;QRM+WaQRƒ

C9D>EGU>EIH

Ï0•�]=\=]0ó•PD¯KM0M2U_^hOKb

y = �jj xjj2e1 •)WJM+T_Q”T_¯;YZTÂ®À^‰T_¯œTa¯K^hUXPD¯KM2^hPRQ+\ y 6= x YZO5d jj yjj2 = jjxjj2 •

ö

¯0f;UR\9]0óçS5YZW_T

jå°0^{€�MZV

ö

¯KQRM2W_Q†ƒ

C9D>EGU>EIH

Ï0•�]=\=®�QÄ¯;Y±°+Q

H x = y = �jj xjj2e1:

Q•v†…9R.Ruù–•Rq†¬„ª=q†r}t5v‡x

x =

0

B
B
B
B
B
@

�
�
�

•

•

•

�

1

C
C
C
C
C
A

H
� � � � � ! H x =

0

B
B
B
B
B
@

�
0
0

•

•

•

0

1

C
C
C
C
C
A

= �jj xjj2e1:

¨�©˜t	t9•sruv�-cq†©–n••srM-9v�x

ñ

¯;^‰ghQÅVåM2W_ƒ�^hOKb u = x � jjxjj2e1 \B^•T¥^`U.Y+dK°B^`UaYZ]KghQÀT_M—PD¯KM0M2U_Q

U_^‰b2O (x1) ^hO­SKg`Y+PRQ²MZV � \˜T_MäY±°2M+^`d¶PRY„TDY+UFT_WaM+SK¯;^hP�P†YZO;PRQRghghYZT_^hM+O¶^‰OePiM+ƒ�SKfKT_^hOKbœT_¯;Q²õ;WDUÆT

PiM2ƒ�S5M2OKQROBTÀMZV u •

ö

¯0f;U�Ta¯KQ…°+QsP)T_M2W u UF¯KM2fKg`dç]9QÄVåM+Waƒ�Q†d“Y+U†Ç

u = x + UF^hb+O (x1)jjxjj2e1
§

V x1 ^`U¥ÃRQ†W_M5\�ˆÆf;UÆTÅPD¯;MBMBUFQÄU_^‰b2O (x1) = + •

w

t5q†nUx

ö

¯KQ�°2Q†PiT_M+W u Y+]5M„°2Q—d=^‰ôŠQRWDUÄVåW_M2ƒ x M+O;g‰ó£^hO?T_¯KQ�õ5WaUFT�PiM+ƒ�S9M+OKQ†OBTogÀTa¯KQ�MZTa¯KQRW

PiM2ƒ�S5M2OKQROBTaUÀY+W_QÂT_¯;Q�U_Y+ƒ—Q2•

l	p2ªYRur}vJ-­q†©–n‰Z5n0p+q†t5¬ x xjtÅOBó“S9M2UaUF^h]K^hg‰^‰TÆó•M+V%M„°2QRWLh;M„®‡M2WJfKO;dKQRWLh;M„® ^hOcT_¯;Q”PiM2ƒhg

SKf=TDY„Ta^‰M2O“M+V kxk2 PRY+O“]9Q”Y±°2M+^`d=Q†dç]0óçUaPRYZgh^hOKb—T_¯KQ�°2Q†PiT_M+W x •�Š˜º„»—Ó_æ0·„ÖÅ×9ÐhÓ—¹{Ý;Ó

7

ÓD¸i¹7º„» u

¸Dº„Ï=Ð‰Ì›qDÓÄÌ+ÓR¹•ÓR»)Ö�¼{¾ŠÓDÌNµD»aº„Ö ¹åÝKÓ

7

ÓD¸R¹•ºZ»

x
maxi fj x i jg

»_·„¹åÝKÓR»J¹åÝK·„¾…µD»_ºZÖ ¹{Ý;Ó

7

ÓD¸i¹7º„» x ¼{¹}ØRÓiÐ µið
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A­ªKqR¬„r#\Œy

š

*!HJI!HLK

…iv˜«%ùoq2y�t�O;M+OKÃ†QRWaM n g•°+QsP)T_M2W x
›

ùoq†«–ù˜q+y�t�°+QsP)T_M2W u UFf5PD¯•Ta¯;Y„T

�
I �

2uuT

uT u

�
x = (� ; 0 : : : 0)T

l	q†nB«Á|9y�Ö–^hO;dçT_¯KQ�UaPRY+g‰^hOKb—VuY+PiT_M+W m = max(x1; : : : ; xn ) •

l	q†nB« w	y¥‚=P†YZghQXT_¯KQ…°2Q†P)TaM+W x Y+U�VåM2g‰ghM„®JU†Ç

ÖKM2W i = 1; : : : ; n d=M

x i �
x i

m
oÊO;d

l	q†nB«‡•oyÀLNM2ƒ—S;f=T_QÄTa¯KQyNJM2f;UFQ†¯KM+g`d=Q†W�°2Q†PiT_M+W u = (u1; : : : ; un )T
Ç

u1 = x1 + jjxjj2 U_^‰b2O (x1)
Ö;M+W i = 2; : : : ; n dKM

ui = x i

oÊO5d

[1\	ªYAk«•Run£šzyhˆœQ	QRT x =

0

@
0
4
1

1

A :
•p¿

H�žŸHLK

l	q†nB«Á|5y m = 4

l	q†nB« wz• x1 � 0; x2 � 1; x3 � 0:25

l	q†nB«‡•	y u1 = x1 + jjxjj2 = 0 + 1:0308= 1:0308;u2 = x2 = 1 \ u3 = x3 = 0:25•

u = (u1; u2; u3)T = (1:0308; 1; 0:25)T •

k…nB¬±r�T uRx

�
I �

2uuT

uT u

�
x = (� 4:1231; 0; 0)T

•
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HG6V¢

£;¤
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6P¦¨§%4Æ6V¢5CB4•A�©

ª

LNW_QsY„Ta^‰OKbÄÃ†QRWaM2U–^‰O�YX°+QsP)T_M2WŒ]0ó”Y�NJM+f5UFQÁg

¯KM2ghd=Q†WÀƒ�Y„T_Wa^‰Ž•^hUÀY�PD¯KQsYZScYZO;d“O0fKƒ�QRWa^`PRYZghghó²UÆTDYZ]KghQÄSKW_M=PRQ†d=fKWaQ+•

§

T¥TaYZ[2Q†U.M+OKghó••;v«q%t;«%•JTaM—PRW_QsY„TaQÅÃRQ†W_MBUÊ^hO•Ta¯KQXS5MBUF^‰T_^hM+O;U�]�T_¯KWaM+fKb2¯ n ^hOçY”°+Q†PiT_M2W

]0ócf;UF^hOKb^tJghb+M+Wa^‰T_¯Kƒ

T

D>EGU>EIH

Ï0•”r”Y+O;dœ^‰TÄP†YZO£]9Q�U_¯KM„®ÀO¿j

ñ

^‰gh[0^‰O;U_M+Oej�r,yEzE{2€)\9SKS	••r�{E]?g<r,zE]2€.T_¯;YZT

^‰V

bH ^`U�T_¯KQ�PRM+ƒ�SKf=TaQ†d NJM2f;UFQ†¯KM+g`d=Q†W�ƒ�YZT_Wa^•Žz\0T_¯;QRO

kH � bH k � 10�:

]œM2W_Q†M„°+QRWs\

h ( bH x) = H (x + e); jej � cn2� kxk2;

c ^hUÀY�PRM+O;UFTaY+O2TÀM+V–M2Wad=Q†W¥fKOK^‰TÆó+\;Y+O;d � ^`U�T_¯KQ…ƒ�Y+PD¯;^‰OKQÄSKWaQ†PR^hU_^hM+O	•
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›

^‰ƒ�SKghQRƒ�Q†O2TDU\tJghb+M+Wa^‰T_¯Kƒ

T

D>EGU>EIH

Ï0•”r+•

…;†ˆ‡%†ˆ‡ ¯V•�°•œ¦Œ'±�•�²X˜5Œº¡´³Xœtµ Œ•“%±�•&˜·¶�•¤¡s¸†¹»º+–+ž�“p•¤¡Á’½¼Ñ–J“B’X•&•

ñ

QÀ®À^‰ghg;OKM„®ïU_¯KM„®¿¯KM„®eT_¯;QJ^hdKQ†YÄMZVŠ^hO2TaW_M=d=f5Pi^hOKb…ÃRQ†W_MBU%^‰O²YÄ°2Q†P)TaM+WŒf;U_^hOKb�Y‘NJM2f;UFQ†¯KM+g`d=Q†W

ƒ�Y„TaW_^‰Ž•PRY+O•]9QXQRŽ0T_QRO5d=Q†d•T_M�PiM2ƒ�SKf=T_Q…Y9T•ùJR.R�0L/¾T•ªKpZqst;¬„rM32ª=q†r}t5v­MZV–Y+O m � n ƒ�YZT_Wa^•Žz•

ö

¯KQÄSKWaM=PiQ†UaU¥®À^hg‰gzó0^hQRg`d“Y�VuY2P)T_M2W_^hÃ†YZT_^hM+O

A = QR

®À¯KQ†W_Q Q ^hU m � m Y+O;d@º„»)¹åÝKºaÎBº„¾9·ZÐ˜Y+O;d R ^hU m � n Ïs×+×;Ói»X¹m»)¼u·„¾BÎ+Ï=Ð‰·Z»)•¥j

ë

Q†P†YZghg9T_¯;YZT�YZO

m � n f;SKS5Q†W.TaW_^`YZO;b+fKg`YZWÊƒ�YZT_Wa^•Ž�^hUÊT_¯KQXƒ�Y„TaW_^‰Ž—®À¯;M2U_QJQROBT_Wa^hQ†UÊ]9QRghM„® T_¯KQXƒ�YZ^hO²d=^`YZb+M2O;YZg

YZWaQXÃRQRWaMB€i•

A = Q R
0

..
.

. .
.

m � n
m � m

m � n
,

r.-5ù˜¬„n@šzy`•¿dœt9ù–•†n0©–t!R}é˜nB¬S0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9v

ö

¯KQÊSKWaM=PiQsU_Uz®¥Y+U	^‰OBT_WaM=d=f;PRQ†dX]0óoNÅM+f;U_QR¯KM2ghdKQRW	^hOLr,y2{�ÀK•

§

O�PiM+OBTaWaY2UÆTz®À^‰T_¯�îÄY+f;U_U_^`YZO

QRgh^hƒ—^hO;YZT_^hM+OäUaPD¯KQ†ƒ—Q2\ŠT_¯KQ/dœt9ù˜•sn0©˜t�Rué–nB¬ç«–¬„t	p+n0•s•cp+ªKvÁªYR>f”ªEu	•gn.nkp+ª=¬±¬„run0éÁt9ùoq“q†t

p+t�Ak«•RunBq†r}t5vN•”Š˜º„»Â·Z¾ m � n Ö�·Z¹}»)¼•æ�8˜¹åÝKÓÊ×Š»_º†¸DÓiØDØJÞŒ¼{Ð{Ð5»_ÓDàRÏ=¼{»_Ó s = min(m � 1; n) Ø)¹•Ó7×5ØRð

Q	QRT A 2 Rm � n
Y+O;d m � n •

ö

¯KQRO s = n •

ö

¯KQ”^hd=QsY�^hUÀT_M²b2QROKQ†WaYZT_Q…UFf5PRPiQsU_U_^h°+QRghó

NJM2f;U_QR¯KM2ghd=Q†W¥ƒ�YZT_Wa^hPRQ†U H1; H2; : : : ; Hn U_f;PD¯“T_¯;YZT

Hn Hn � 1 : : : H2H1A = R;

®À¯KQ†W_Q R ^`U¥fKSKS9QRWÀTaW_^`YZO;b+fKg`YZWs•

@�©–nB¬±n@ª=¬„n n •†q†nB«–•

l	q†nB«�|5y A
H 1� ! H1A =

0

B
B
B
@

� � : : : �
0 � �

•

•

•

•

•

•

•

•

• �
0 � : : : �

1

C
C
C
A

= A (1)

l	q†nB«‡wzy A (1) H 2� ! H2A (1) = H2H1A =

0

B
B
B
B
B
B
@

� � � � � � � � �
0 � � � � � � � �

•

•

• 0 � � � � �
•

•

•

•

•

•

•

•

•

•

•

•

0 0 � � � 0 �

1

C
C
C
C
C
C
A

= A (2) :

� � �
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l	q†nB«‡vNy A (n � 1) H n� ! Hn A (n � 1) = Hn Hn � 1 : : : H2H1A =

0

B
B
B
B
@

� � : : : �

0
•

•

• �
•

•

•

•

•

•

•

•

•

0 0 : : : �

1

C
C
C
C
A

=

A (n ) = R •

,

t5¬�A­ruv�- 0sx?‚0QRT Q = H1H2 : : : Hn \=Ta¯KQRO“VåWaM+ƒ Y+]5M„°2Q

QT A = R:

‚0^hO;PiQ�QsY+PD¯ NJM+f5UFQ†¯KM+g`d=QRWÄƒ�Y„TaW_^‰Ž H i ; i = 1; : : : ; n ^`U…YZO?M+W_T_¯;M+b+M2O;YZg–ƒ�Y„TaW_^‰Žz\oUFMc^`UXT_¯KQ

ƒ�Y„TaW_^‰Ž Q Ùm¾Šº„¹7Ó�¹åÝK·Z¹.¹åÝKÓÀ×9»_ºsÌ„Ï;¸R¹¥ºFµ”º„»)¹åÝKºaÎBº„¾9·ZÐoÖ�·„¹m»)¼u¸DÓ)Ø…¼`Ø”·„¾¶º„»)¹åÝKºaÎ2ºZ¾9·„Ð˜Ö�·Z¹}»)¼•æRÛ„•

‚0M;\;SKW_QÁgmƒ�fKg‰T_^hSKg‰ó0^hOKb QT A = R ]0ó Q ®�QÄ¯;Y±°+Q A = QR •

ö

¯KQÂPRM+O;UFT_Waf;PiT_^hM+O�MZVlNJM2f;U_QR¯KM2ghd=Q†W.ƒ�Y„TaW_^`PiQsUŒ^`UÊ^hg‰ghf;UFT_WDY„T_Qsd�®À^•Ta¯ m = 4 YZO;d n = 3
^hOçTa¯KQÄVåM+ghghM„®À^‰OKb5Ç

¨�t5v–•†qR¬„ù˜p+q†r}t5vïtUT�dœt5ù–•snB©–t�Rué–n2¬L_ÚªKqR¬„rup2nB• (m = 4; n = 3) :

l	q†nB« |5y ¨”t9v–•Rq†¬±ù–pZqsrut9v�tVT H 1 x—LNM+O5UÆTaW_f;PiTÄY 4 � 4 NÅM+f;U_QR¯KM2ghdKQRWXƒ�YZT_Wa^•Ž H1 U_f;PD¯

H1

0

B
B
@

a11

a21

a31

a41

1

C
C
A =

0

B
B
@

�
0
0
0

1

C
C
A •ºÖ;M+Waƒ rMAk«•Rur}p+ruq�R#u H1A =

0

B
B
@

� � �
0 � �
0 � �
0 � �

1

C
C
A = A (1)

•

l	q†nB« w	y ¨�t5v–•†qR¬„ù˜p+q†r}t5v tVT H 2 x LNM+O5UÆTaW_f;PiT@Y 3 � 3 NÅM+f;U_QR¯;M+g`d=QRW£ƒ�YZT_Wa^•Ž Ĥ2

U_f;PD¯£Ta¯;Y„T Ĥ2

0

@
�
�
�

1

A =

0

@
�
0
0

1

A
•¨Ö;M+Waƒ rMAk«•Rur}p+råqPR#u H2A (1) =

0

B
B
@

1 0
0
0 Ĥ2

0

1

C
C
A A (1) =

0

B
B
@

� � �
0 � �
0 0 h�
0 0 h�

1

C
C
A = A (2)

•

l	q†nB«Ú•	y ¨”t9v–•Rq†¬±ù–pZqsrut9v�tVT H 3 x—LNM+O5UÆTaW_f;PiTÄY 2 � 2 NÅM+f;U_QR¯KM2ghdKQRWXƒ�YZT_Wa^•Ž Ĥ3 U_f;PD¯

T_¯5Y„T Ĥ3

� h�
h�

�
=

�
�
0

�
•

ÖKM2W_ƒxrMAk«•Rur}p+råqPR#u H3A (2) =

0

@
1 0 0
0 1 0
0 Ĥ3

1

A A (2) =

0

B
B
@

� � �
0 � �
0 0 �
0 0 0

1

C
C
A = A (3) = R •

ö

¯KQ…SKWaM=PiQsU_U�^`U�VuYZ^hW_ghó²b+Q†OKQRWDYZgm•Ê‚0QiT A (0) = A •

l	q†nB«†ÂŒy

� LNM+O;UFT_Waf;P)T%YjNÅM+f;U_QR¯;M+g`d=QRW–ƒ�Y„T_Wa^‰Ž Ĥ k MZV5M+WDd=QRW m� k+ 1 TaMXY+OKOK^h¯K^hghYZT_QNT_¯KQ¥QROBTaW_^hQ†U

(k + 1; k) T_¯KWaM+f;b+¯ (m; k) MZV–T_¯;QXƒ�YZT_Wa^•Ž A (k � 1)
Y„TÀT_¯;Q…SKW_Q†°0^‰M2f;U¥UÆTaQRS	•

� ÖKM+Waƒ H k A (k � 1) = A (k )
rMAk«•Rur}p+råqPR#uŒ\=®À¯KQ†W_Q H k = dK^hY+b (I k � 1; Ĥ k ) •�j>WJM+T_Q”T_¯;YZT

®À¯KQRO k = 1; H k = Ĥ k €)•
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A
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HJI!HJI

l	q†nB«�|5y LNM2ƒ�SKf=T_Q H1 Ç H1 = I � 2u1uT
1 =uT

1 u1 :

u1 =

0

@
1
0:0001
0

1

A +
p

1 + (0:0001)2

0

@
1
0
0

1

A =

0

@
2
0:0001
0

1

A

LNM+ƒ�SKf=TaQÄr.Ak«•Rurup2råqPR#uÊÇ A (1) = H1A = (I �
2u1uT

1

uT
1 u1

)A =

0

@
� 1 � 1
0 � 0:0001
0 0:0001

1

A

l	q†nB«‡wzy LNM2ƒ�SKf=T_Q H2 Ç H2 = I � 2u2uT
2 =uT

2 u2 :

û2 =
�

� 0:0001
0:0001

�
�

p
(� 0:0001)2 + (0:0001)2

�
1
0

�
= 10� 4

�
� 2:4141
1:0000

�

Ĥ2 =
�

1 0
0 1

�
� 2

û2ûT
2

ûT
2 û2

=
�

� 0:7071 0:7071
0:7071 0:7071

�
; H2 =

0

@
1 0 0
0 � 0:7071 0:7071
0 0:7071 0:7071

1

A ;

LNM+ƒ�SKfKT_Q…rMAk«•Rur}p+ruq�R#u.Ç A (2) = H2A (1) = H2H1A =

0

@
� 1 � 1
0 0:0001
0 0

1

A = R

Ä

©!±¦ÒÆÅ ´!¹º° R Ç

Q = H1H2 =

0

@
� 1 0:0001 � 0:0001

� 0:0001 � 0:7071 0:7071
0 07071 0:7071

1

A = (Q1; Q2):

w

t5q†nUx�M)¾”×9»_·2¸i¹m¼u¸DÓ�8%¹åÝKÓÂÖ�·Z¹}»)¼•æ Q ØFÝ;º„Ï=Ð‰Ì\qDÓ–µiº„»)Ö�ÓDÌ›qRß�¼{ÖÅ×9ÐÒ¼u¸R¼{¹ÊÖ�·„¹m»)¼•æ—Ö�Ï=Ð•¹}¼ ×ŠÐÒ¼u¸D·„¹m¼uº„¾Y8

·±ØÄØ_ÝKºZÞŒ¾eqDÓ}µiº„»_Ósð

R =

0

@
� 1 � 1
0 0:0001
0 0

1

A =
�

R1

0

�
®À¯;QRWaQ R1 =

�
� 1 � 1
0 0:0001

�

@�©–n‰T•ùJR.R�02/

,

ªKpZqst;¬„rM32ª=q†r}t5v‡tVT A x A = QR

A Q R

0

@
1 1

0:001 1
0 0:0001

1

A =

0

@
� 1 0:0001 � 0:0001

� 0:0001 � 0:7071 0:7071
0 0:7071 0:7071

1

A

0

@
� 1 � 1
0 0:0001
0 0

1

A

@�©–nœ¬„nBé–ù–p+n0é 0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9v‘tUT A x

Q1 R1

A = Q1R1 =

0

@
� 1 0:0001

� 0:0001 � 0:7071
0 0:7071

1

A
�

� 1 � 1
0 0:0001
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,

ª;pZq†t5¬„rM32ª=q†r}t5vÁy

š

*!HJI!HJI

…iv˜«%ùoqEx�tÅO m � n ƒ�Y„T_Wa^‰Ž A(m � n) •

›

ùoq†«–ù˜q†•Ex

jå^{€

ö

¯KQ‘NJM2f;UFQ†¯KM+g`d=Q†WÀ°+Q†PiT_M2WaU u1; : : : ; un •

ju^‰^{€ tJOcfKSKS9QRW¥TaW_^`YZO;b+fKg`YZW¥ƒ�Y„TaW_^‰Ž R U_f;PD¯“T_¯;YZT A = QR

l	q†t5¬„ªY-5nUx

jå^{€ R ^`UÀUÆTaM+WaQ†dçM„°+QRW A ^hOçTa¯KQ…fKSKS9QRW¥TaW_^`YZO;b+fKg`YZW¥S;Y+WFTs•

ju^‰^{€

ö

¯KQçPRM+ƒ�S9M+OKQ†O2TDU uk+1 ;k Ta¯KWaM+fKb2¯ umk M+VÅQ†Y2PD¯ uk YZWaQçUFT_M2W_Qsdk^‰O¿T_¯KQ

W_QsUFS9Q†PiT_^h°+Q…S9M2U_^•Ta^‰M2O;UÀM+V A YZO;dçTa¯KQ�õ;WDUFTÅPiM+ƒ�S9M+OKQ†OBT ukk ^hUÂUÆTaM+WaQ†d“^‰O£Y

UFQ†S;YZWDY„TaQÂM2OKQ9g7d=^hƒ�QRO;U_^‰M2O;YZgzY+W_WDY±ó+•

Ö;M+W k = 1; 2; : : : ; n d=M

Ê

O�Ö–^hO;d—T_¯KQÂ°+QsP)T_M2W uk = (ukk ; : : : ; umk )T
d=QRõ;OK^hOKb…T_¯;Q%NJM2f;UFQÁg

¯KM2ghdKQRWÀƒ�Y„TaW_^‰Ž Ĥ k MZV˜M2WadKQRW m � k + 1 UFf;PD¯çT_¯5Y„T

Ĥ k

0

B
@

ak ;k
•

•

•

amk

1

C
A =

0

B
B
B
@

r kk

0
•

•

•

0

1

C
C
C
A

Ë

O…‚BTaM+WaQ r kk M„°2QRW akk Ç akk � r kk
Ì

O…‚BTaM+WaQXT_¯KQ…°2Q†P)TaM+W uk Y2U�VåM+ghg‰M„®JU†Ç

aik � uik ; i = k + 1; : : : ; m
vk � ukk :

Í

O�LNM2ƒ—S;f=T_Q � =
2

uT
k uk

Î

O5mÅS9dKYZT_QÂT_¯KQXQROBTaW_^hQ†UNMZVzTa¯KQXU_fK]Kƒ�YZT_Wa^•Ž�MZV A PRM+OBTaY+^‰OK^hOKb�WaM„®JU

k T_¯KWaM+f;b+¯ m Y+O;dçPRM+ghfKƒ�O;U k T_¯KWaM+fKb2¯ n \Kd=Q†OKMZTaQ†dç]0ó A(k :
m; k : n) \oY+O;däUFT_M2W_Q”T_¯KQsUFQ�Q†O2TaW_^hQ†UXM„°2QRWÂT_¯KQ�PiM2W_WaQ†U_S9M+O;d=^hOKb

Q†O2TaW_^hQ†U¥M+V A Ç

A(k : m; k : n) �
�

I m � k+1 � 2
uk uT

k

uT
k uk

�
A(k : m; k : n)

= A(k : m; k : n) � � uk uT
k A(k : m; k : n):

oÊO5d
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ö

¯KQ�Y+g‰b2M+Wa^•Ta¯Kƒ d=M0QsU¥OKMZTJSKWaM=d=f;PRQÄT_¯KQ…ƒ�Y„TaW_^‰Ž Q QiŽ=SKgh^hPR^•Tag‰ó2•

§

V%OKQRQsd=Q†dz\;^•T

¯;Y2U�T_M�]5QÄVåM2W_ƒ�Qsd•M2f=TJMZV˜T_¯KQ�UaY±°+QsdSNJM2f;U_QR¯KM2ghd=Q†WÀ°+QsP)T_M2WaU u1; : : : ; un •

[1\	ªYAk«•Run£šzy`™

•p¿

H�žŸHJI

Q	QRT

A =

0

@
0 1 1
1 2 3
1 1 1

1

A :

k = 1 ÇäLNM2O;UÆTaW_f5P)T�T_¯KQ•NÅM+f;U_QR¯;M+g`d=QRW�°2Q†P)TaM+W u1 UFf;PD¯ Ta¯;Y„T

�
I 3 �

2u1uT
1

uT
1 u1

�
0

@
0
1
1

1

A =

0

@
�
0
0

1

A
Ç

u1 =

0

@
0
1
1

1

A +
p

2

0

@
1
0
0

1

A =

0

@

p
2

1
1

1

A

®

«Né˜ª=qsnUx

A � A (1) = H1A =

0

@
� 1:414 � 2:1213 � 2:8284

0 � 0:2071 0:2929
0 � 1:2071 � 1:7071

1

A

k = 2 LNM+O;UFT_Waf;P)T¥Ta¯KQyNJM2f;UFQ†¯KM+g`d=Q†WÀ°+Q†PiT_M2W u2 UFf5PD¯•Ta¯;Y„T

�
I 2 �

2u2uT
2

uT
2 u2

� �
� 0:2071
� 1:2071

�
=

�
�
0

�

u2 =
�

� 0:2071
� 1:2071

�
� 1:2247

�
1
0

�
=

�
� 1:4318
� 1:2071

�

®

«.é˜ªKq†nUxÏmJSŠdKYZT_Q—T_¯KQ�U_fK]Kƒ�Y„TaW_^‰Ž£^hO£T_¯;Q—]9M±ŽzÇ A(2 : 3; 2 : 3) � (I 2 � 2� u2uT
2 )A(2 :

3; 2 : 3) :

A(2 : 3; 2 : 3) �
�

1:2247 1:6330
0 � 0:5774

�

,

t5¬�A /‰x A � A (2) = H2H1A = R =

0

@
� 1:4142 � 2:1213 � 2:8284

0 1:2247 1:6330
0 0 � 0:5774

1

A :

w

t5q†nUx

§

O—SKWDY+P)Ta^hP†YZg=PiM2ƒ�SKf=TaYZT_^hM+O;U–f;U_^hOKbXT_¯KQÀYZ]9M„°+Q�UÆTaM+WDYZb2QNYZWaWDYZOKb2QRƒ�QROBTaU†\sT_¯KQ¥Q†O2TaW_^hQ†U

a21; a31 \%YZO;d a32 M+VNTa¯KQ•Y+]5M„°2Q—ƒ�YZT_Wa^•Žeju®À¯K^`PD¯­YZWaQ—Ã†QRWaM2UÄOKM„®Å€Â®À^hg‰gN]5Q�õ5g‰ghQ†d¶^hO¶®À^•Ta¯

u12 = 1; u13 = 1 \+Y+O;d u23 = � 1:2071\†®À¯K^hghQNTa¯KQÀQROBTaW_^hQ†U u11 =
p

2 YZO5d u22 = � 1:4318
®À^hg‰gz]9Q�UÆTaM+WaQ†dç^‰OœY—°+QsP)TaM+W v d=QRõ;OKQ†d“]0ó v = (

p
2; � 1:4318)T •

,

t5¬�A Q = H1H2 ]0ó²S5Q†WFVåM2W_ƒ�^hOKb—T_¯KQ…ƒ�YZT_Wa^•Ž•ƒ�fKg‰T_^hSKg‰^`PRYZT_^hM+O?¼{ÖJ×ŠÐÒ¼u¸R¼{¹}ÐÒß5Ç

Q =

0

@
0 0:8165 0:5774

� 0:7071 0:4082 � 0:5774
� 0:7071 � 0:4082 0:5774

1

A
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,

Rut5«Jb)¨�t5ù–vŠq+y

ñ

¯KQRO m = n \�tJghb+M2W_^‰T_¯;ƒ

T

D>EGU>EGU

Ï0•�]�W_QsìBfK^‰WaQ†UÀY+SKSKWaM±Ž=^‰ƒ�Y„TaQRghó

4
3 n3

h;M+S5UeˆÆf;UFT

T_M�PRM+ƒ�SKf=TaQÄT_¯KQÄTaW_^`YZOKb2fKg`YZW¥ƒ�Y„T_Wa^‰Ž R •

ö

¯;^hUJP†YZO“]5Q�U_QRQ†O“Y2U�VåM+ghg‰M„®JU†•

,

t5¬•n0ªKp±© k Ç

� tJ]9M+f=T 4(n � k) h;M2S;U�T_M�PiM2O;UFT_Waf;P)T Ĥ k ^hOœ‚0T_QRS r2•

� tJ]9M+f=T 4(n � k)2
h;M+S5U�VåM+WÀfKSŠdKY„Ta^‰O;b�^‰O£‚BTaQRS‰]=•

@�t;qsªYR¥vzùJA¿n.nB¬²tUT�q–t5«%• = 4
n � 1X

k=1

[(n � k)2 + (n � k)]

= 4[(n � 1)2 + (n � 2)2 + � � � + 12] +

4[(n � 1) + (n � 2) + � � � + 1]

= 4
n(n � 1)(2n � 1)

6
+ 4 �

n(n � 1)
2

�
4n3

3
j�WJQ†b+ghQ†P)Ta^‰O;b O(n2) TaQRWaƒ�Ua€i•

WJM+T_Q+Ç@ÜŠÝKÓ“·�qDº

7

Óc¸Dº„Ï=¾5¹ÂÌ+ºsÓ)Ø�¾9ºZ¹Å¼{¾Š¸iÐÒÏ;Ì2Ó²¹åÝKÓçÓ_æi×ŠÐÒ¼u¸i¼{¹…¸Dº„¾;ØD¹m»)Ï;¸R¹}¼uºZ¾¿ºÆµ Q ð

ö

¯KQ

ƒ�Y„TaW_^‰Ž Q ^`UÊY±°„YZ^hghY+]Kg‰Q¥M2OKg‰ó�^‰O�VuY2P)T_M2W_Qsd�VåM2W_ƒc•

§

TNU_¯KM+fKg`d—]5QÅOKMZTaQ†d�T_¯;YZT.^hO�YÄƒ�Y�ˆÆM+Wa^•TÆó�M+V

SKWDY+PiT_^`PRYZg˜YZSKSKgh^`PRY„Ta^‰M2O;U†\K^•TÂ^hUÂUFf%Ð²PR^‰Q†O2TÅT_M�¯;Y±°2Q Q ^hOcT_¯K^`UÀVuY2P)TaM+WaQ†dçVåM+Waƒ Y+O;dz\5^‰Oœƒ�YZO0ó

YZS;SKg‰^`PRYZT_^hM+O;U†\ Q ^`UNOKMZT.O;QRQ†dKQ†d²Y„T�YZghg}•RMåµ Q ¼`ØÅ¾ŠÓDÓaÌ2ÓDÌ�Ó_æi×9Ð•¼u¸i¼{¹mÐÒß?8.·„¾Šº„¹åÝKÓR»

4
3 n3

Õ¥ºD×5ØXÞŒ¼{Ð{Ð

qDÓ�»aÓaàRÏ=¼{»_ÓDÌ„•

@�©–n£ª=«–«˜¬„tP\	rMA¿ª=q†nsq%t5«
bDp+t9ù˜vŠq�ruv qs©˜n£p2ªK•sn m 6= n x

|9y 2n 2
�
m � n

3

�
h;M2S;U¥^‰V m � n •�j [1\	nB¬„p+ru•sn@š	yh™–áÆª5ã„• k

w	y 2m 2
�
n � m

3

�
h5M+S;U¥^‰V m < n •

•oy 4(m 2n � mn 2 + n 3=3) h;M2S;U¥T_M�PRM+ƒ�SKf=TaQ Q QiŽ=SKgh^`Pi^‰T_ghó€j [)\	nB¬„p+r}•†n@š	yh™–áÆª5ã�km•

¥–698;:=<

£

6P¦„§Œ476V¢5C04•A0©k-K:=<†ÑŠA)-lÒKEÒHÒEGA0©

ª

Mi¾e¹åÝKÓ”×Š»_ÓiØiÓR¾9¸DÓcºÆµ•»_º„Ï=¾ŠÌ„ÕFº�ÓxÓR»)»_º„»DØ•¹åÝKÓ

·„Ð Î2ºZ»)¼{¹{Ý=Ö ¸DºZÖJ×ŠÏ=¹•ÓiØ“ÈÊÉ Ì+ÓD¸Dº„ÖÅ×;º±Ø)¼{¹}¼uºZ¾ïºFµ•·“Ø)ÐÒ¼•Î±Ý0¹mÐÒß�×;Ói»)¹mÏ=»ÁqDÓDÌcÖ�·Z¹}»)¼•æ0ðç‚0S5QsPi^‰õ5PRY+g‰ghó+\

^‰TÀP†YZOç]5Q�U_¯KM„®ÀO@j

ñ

^‰gh[0^‰O;U_M+O¶j�r�y|z2{+€.S	•Ž]�ÔEz2€%Ta¯;Y„TÀ^‰V

bR dKQROKM+T_Q†UNTa¯KQ…PiM+ƒ�SKfKT_Q†d R \0T_¯KQ†O

T_¯;QRWaQXQRŽ=^hUFTaUJY+OçM2WFTa¯KM+b2M+O;Y+g

bQ U_f;PD¯“T_¯;YZT

A + E = bQ bR:
ö

¯KQ…Q†W_WaM+W�ƒ�Y„T_Wa^‰Ž E U_YZT_^`UÆõ;QsU

kEkF � � (n)� kAkF ;

®À¯KQ†W_Q � (n) ^`UÀY�•�R}tPf\R>u -5¬±tPf�r}vJ-“VåfKO5P)T_^hM+OcM+V n YZO;d � ^`U¥Ta¯KQ…ƒ�Y+PD¯K^hOKQÄSKWaQ†Pi^`U_^‰M2O	•

_ Q�@�¨

›

_

w

t5q†nUx

ö

¯KQS]ªt

ö

L�¬o] SKW_M2b+WDYZƒÕd

›Y®

l�[�02/

w

PiM2ƒ—S;f=T_QsU�ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+OœMZV.Y+O m � n ƒ�YZT_Wa^•Ž A •�]ªt

ö

L�¬o]�SKWaM+b2WaY+ƒ Ni¬imX‚;ò

ë

PRM+ƒ�SKf=TaQ†UÂT_¯KQ

ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•MZVŒYZO n � n ƒ�YZT_Wa^•Žz•
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�œ›�Ö �ï g× �2z}�)Ø

QR
ƒ”�”¤¥�	 �
5¦.„À�…�Œ¦m “Ÿ

§

V x 2 Cn
\+Y+O;d x1 = rei�

\ZT_¯KQ†O�^‰T–^`U%Q†Y2UFóXTaMXU_QRQNT_¯;YZT%T_¯KQ�NJM2f;UFQ†¯KM+g`d=Q†W˜ƒ�Y„TaW_^‰Ž

H = I � � vv�
\=®À¯KQRWaQ v = x � ei� k x k2 e1 YZO;d � =

2
v� v

\;^hUÀU_f;PD¯“T_¯;YZT

H x = � vei� k x k2 e1: jIÏ0• Ô2€ ^�_

*!H Ù
H Ù

mÅU_^‰O;b�T_¯;QÂYZ]9M„°+QJVåM+Waƒ”fKg`YK\2T_¯KQoNJM2f;UFQ†¯KM+g`d=Q†W QR VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O�ƒ�QiT_¯;M0d�VåM+W¥Y�WaQ†YZg

ƒ�Y„TaW_^‰Ž A \Kd=QsU_PRW_^h]5Qsd²^hO²Ta¯KQÂg`Y+UFTÀUFQsP)T_^hM+Oo\0P†YZOç]5QXQ†Y2UF^hg‰ó�Y2dKYZS=TaQ†d²T_M�Y�PRM+ƒ�SKghQiŽ�ƒ�Y„T_Wa^‰ŽŠ•

§

O“T_¯K^`UÅP†Y+U_Q+\ Q ^`UÅù–v˜ruq†ª=¬�u¿Y+O;d R ^`UÅp+t�Ak«•Run2\¿ù˜«˜«Nn2¬çqR¬„ruª;vJ-9ùJR}ª=¬0•

ö

¯;Q�d=QiTDYZ^hghUÂYZWaQ

ghQiV{TÀT_M—Ta¯KQ…W_QsY+d=Q†WaU†•Œ‚0QRQ”îXM2g‰fK]cYZO5dç‹ÊY+OÚQoM2Y+O?j`r,y|yEzK\0S	•�]|Ô|Ô2€i•

ö

¯KQ¥SKWaM0PRQ†UaU%MZVÊp+t�Ak«•Run2\ QR T•ªKpZqst;¬„rM32ª=q†r}t5v£MZVzYZO m � n ƒ�Y„T_Wa^‰ŽŠ\ m � n \+f;UF^hOKb

NJM2f;U_QR¯KM2ghd=Q†W�O U�ƒ�QiT_¯;M0d“WaQ†ìBfK^hW_QsU 8n 2 (m �
n

3
) WaQ†YZg!h5M+S;U†•

_ Q�@�Û¤Q•Ü

w

t5q†nUx�îX^‰°2QROkYœPiM2ƒ�SKg‰QRŽ m � n ƒ�Y„TaW_^‰Ž A \•]•t

ö

QJt%4 SKW_M2b+WDYZƒ ^hO?T_¯KQ

VåM+Waƒ [Q; R] = ÝŠ¬ (A) \zPRM+ƒ�SKf=TaQ†UÅY+O m � n PiM2ƒ�SKg‰QRŽœfKSKS9QRWJTaW_^`YZO;b+fKg`YZWJƒ�YZT_Wa^•Ž R YZO;d

YZO m � m fKOK^‰TaY+W_óœƒ�YZT_Wa^•Ž Q U_MçT_¯;YZT A = QR •

§

V A ^hUXWaQ†YZgm\ Q YZO5d R YZWaQ�Y+ghU_M•WaQ†Y+g

YZO5d Q ^hUJM+W_T_¯KM2b+M+O5YZgm•

�œ›JÞ ß ¦>àÄ��Ÿ¨x } ���Œ
;¦m¤J�jx �²Ÿ”¡€•‚• ƒ”�”¤¥�	 �
5¦.„À�…�Œ¦m cŸ

…;†½áo†Š‰ ‹•Œ•Ž‘•5’”“B’”•&•—–�•+˜š™›–•œ�’Xž ŸL¡¢•&£¤Œ+¡n“B’XŒlœ

m“n¦¥%v–råq†r}t5víš	y`š	y

Î

Ö�·Z¹}»)¼•æ“ºÆµ…¹åÝKÓNµiº„»)Ö

¾�¿�À?â

J (i; j; c;s) =

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1 0 0 � � � � � �
#

i th

� � �
#

j th
¸DºZÐÒÏ=Ö�¾;Ø

� � � 0
0 1 0 � � � � � � � � � � � � 0

ð

ð

ð

ð

ð

ð

ð

ð

ð � � �
ð

ð

ð

0 0 0 � � � c s � � � 0
ð

ð

ð

ð

ð

ð

ð

ð

ð � � �
ð

ð

ð

0 0 0 � � � � s c � � � 0
ð

ð

ð

ð

ð

ð

ð

ð

ð � � �
ð

ð

ð

0 0 0 � � � � � � 0 � � � 1

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

 i th

»_ºZÞ%Ø

 j th

Þ˜ÝKÓR»_Ó c2 ã s2 äæå

8–¼`ØX¸D·ZÐ{Ð‰ÓDÌ—·‘[“r>Z5n0v˜•‘A¿ª=qR¬„r#\•8%·ÆµD¹7Ói»Â¹{Ý;ÓÅ¾5Ï=Ö�ÓR»)¼u¸D·„Ðz·„¾Š·„ÐÒß±Ø)¹
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� s c

�
^`UJU_f;PD¯çT_¯;YZT J (1; 2; � )x =
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t;qsncq†©–ª=q²p+t�Ak«%ùoqsª=q†r}t5v–•�tUT s ªKv–é t é–tkv˜t5q�ruv!Z5t�R#Z9n � y`ã



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú+ú2û þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

[1\	ªYAk«•Run£šzy`â x =
�

1
1
2

�

•p¿

H

¿

HLK

‚0^hO;PiQ jx1j > jx2 j \K®NQXTDYZ[+Q t =
1
2

; c =
1

q
1 + 1

4

=
2

p
5

ÿ s =
1

p
5

•

k…nB¬„r>T uRx

�
c s

� s c

�
x =

0

B
@

2
p

5

1
p

5

�
1

p
5

2
p

5

1

C
A

 
1
1
2

!

=

0

@

p
5

2
0

1

A :

4�Q†P†YZf;U_Q.M+VKT_¯KQÀU_S5QsPi^`YZg0UÆTaW_f5P)T_f;W_Q�MZVKTa¯KQJîX^‰°2QRO;U–ƒ�Y„TaW_^‰Ž J (i; j; � ) ®À¯K^`PD¯�dK^•ôŠQRWDU˜VåW_M2ƒ�T_¯KQ
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Ö;M+W k = 1; : : : ; n d=M

a � aik
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°+QsP)TaM+Ws•

ö

¯0f;UR\9^‰V x = (x1; x2; : : : ; xk ; : : : ; xn )T
\9Y+O;dœ^‰V.®�Q�d=QsUF^hW_Q�T_M•Ã†QRWaM xk M+OKghó+\9®�Q

PRY+OäPRM+O;UFT_Waf;P)TXT_¯;Q—WaMZTDY„Ta^‰M2O J (i; k; � ) (i < k) UFf;PD¯@T_¯;YZT J (i; k; � )x ®À^‰ghgŒ¯;Y±°2Q�Ã†QRWaM•^hO

T_¯;Q kth
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ö

M�]9QÅSKWaQ†PR^hU_Q+\

T_¯;Q”SKWaM=PiQ†UaUJWaQ†ìBfK^hWaQ†UJM2OKghó 11
2 Ta^‰ƒ�Q†UXY+UÂƒ�YZO0órh;M+S;UXY+UjNJM2f;UFQ†¯KM+g`d=Q†W�O UR\9]Kf=TÄ^‰TÂWaQ†ìBfK^hW_QsU

O( n 2

2 ) U_ìBf;Y+W_Q�W_M0M+TaU†\9®À¯;QRWaQ†Y+UJT_¯KQ\NJM2f;U_QR¯KM2ghd=Q†WÂƒ�QRT_¯KM=däW_Qsì2f;^‰WaQ†U O(n) U_ìBf;Y+W_Q�W_M0MZTDUR•

ÜŠÝKÓÀ×9»_ºs¸DÓ)ØDØ…¼`Ø”·±ØÄØ)¹•·¦qiÐhÓ—·„Ø…¹{Ý;Ójc�º„Ï0ØRÓaÝ;º„Ð‰Ì2Ói»”Ö�ÓR¹{Ý;º†Ì2ð

¨�¬„n0ª=qsruv�-•~ÊnB¬„t5•�r}v‡lz«.n0p2rˆ¥%nBé

S

t5•sråqsrut9v˜•—tVTÅª³_ÚªKqR¬„r#\

ö

¯KQÀ^`d=Q†YXM+VŠPRW_QsY„T_^hOKbÄÃRQ†W_MBU–^‰O²U_S5QsPi^‰õ;Q†d—S9M2U_^•Ta^‰M2O;U%MZVzYÄ°+QsP)TaM+WŒPRY+O—]9Q¥T_Wa^h°B^`YZghghó”QiŽ0TaQRO;d=Qsd

T_M�PiWaQ†YZT_QXÃRQ†W_MBUN^hOcUFS9Q†PR^•õ;Qsd•S9M2U_^‰T_^hM+O;U�MZV%Y—ƒ�YZT_Wa^•Ž•Y2U�®NQ†g‰gm•

ö

¯Bf5UR\=^‰V–®�QX®À^hU_¯•TaM�PiWaQ†Y„TaQ

Y…Ã†QRWaM…^‰O�Ta¯KQ (j; i )[( j > i )] S5MBUF^‰T_^hM+O²M+V	Y…ƒ�Y„T_Wa^‰Ž A \0M2OKQJ®¥Y±ó”TaM”d=M…Ta¯K^hUN^`UÊTaM”PiM2O;UÆTaW_f5P)T

T_¯;Q�WaMZTDY„T_^hM+O J (i; j; � ) Y„ôŠQ†PiT_^hOKb•Ta¯KQ i th
Y+O;d j th

W_M„®JUÂM+O;g‰ó2\ŠU_f;PD¯@T_¯;YZT J (i; j; � )A ®À^‰ghg

¯;Y±°2QXY—ÃRQ†W_M�^hO•Ta¯KQ (j; i ) S9M2U_^•Ta^‰M2O	•

ö

¯KQ…SKWaM=PiQsd=fKWaQÅTa¯KQROc^`UJY+U�VåM2g‰ghM„®JUR•
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¨”¬„n0ª=q†r}vJ-s~ÊnB¬„t9•Âr}v@ª“l	«.n0p+rM¥–n0é

S

t9•†ruq†rut9v@tUT%ª2_ÚªBb

q†¬±r>\

®

•†r}vJ-�[“r>Z5n0v˜•L/çt;qsª=q†r}t5v–•2y

š

*!H�žŸHJI

…iv˜«%ùoq2y�tÅO n � n ƒ�Y„TaW_^‰Ž

›

ùoq†«–ù˜q+y

ö

¯KQ…ƒ�Y„TaW_^‰Ž J (i; j; � )A ®À^‰T_¯cÃRQ†W_M—^‰O“Ta¯KQ (j; i ) S9M2U_^•Ta^‰M2O	•

ö

¯KQ…ƒ�YZT_Wa^•Ž J (i; j; � )A ^`UJUFT_M+WaQ†d•M„°+Q†W A •

r2••Ö–^hO;d“T_¯;Q”îX^‰°2QRO;U¥S;Y+WaY+ƒ�QiT_Q†WaU c = cos� YZO;d s = sin � UFf;PD¯çT_¯5Y„T

�
c s

� s c

� �
aii

aj i

�
=

�
�
0

�

]K•eÖ;M+Waƒ J (i; j; � )A ¼{ÖÅ×9ÐÒ¼u¸R¼{¹}Ð•ß­YZO;d­UFT_M2W_Q²T_¯K^`U—M„°+QRW A •íá

®

•†n1QVRM-9t;¬„ruq†©�A

T

D>EXWYEIH

š	yh•Šã±y

/•nBA­ª=¬�ÂRx�WJMZTaQÅTa¯;Y„T¥Ta¯KQRWaQXY+W_QÂMZTa¯KQRW¥®¥Y±ó0U.T_M�d=M�T_¯K^`UÀY+UN®�QRghg}•ºÖ;M+W�QiŽKYZƒ�SKghQ+\0®�Q

PRY+OcVåM+Waƒ J (k; j; � ) YZô9QsP)Ta^‰OKb²T_¯KQ kth
Y+O;d j th

WaM„®JUR\5UFf;PD¯“Ta¯;Y„T J (k; j; � )A ®À^hg‰g˜¯;Y±°+Q…Y

ÃRQ†W_M—^hOçTa¯KQ (j; i ) S9M2U_^•Ta^‰M2O	•

[1\	ªYAk«•Run£šzy}|5| Q	QiT

•p¿

H

¿

H

¿

A =

0

@
1 2 3
2 3 4
4 5 6

1

A :

LNWaQ†Y„TaQ…Y�Ã†QRWaM�^hO“T_¯KQ²j�ÔK\”rs€NS9M2U_^•Ta^‰M2O“f5UF^hOKb J (2; 3; � ):

r2•;Ö˜^hO;d c YZO;d s U_f;PD¯•Ta¯;Y„TsÇ

�
c s

� s c

� �
2
4

�
=

�
�
0

�
ÿ c = 2p

20
; s = 4p

20

]K•;ÖKM+Waƒ A (1) = J (2; 3; � )A =

0

@
1 0 0
0 2p

20
4p
20

0 � 4p
20

2p
20

1

A

0

@
1 2 3
2 3 4
4 5 6

1

A =

0

B
@

1 2 3p
20 26p

20
32p
20

0 � 2p
20

� 8p
20

1

C
A

_ Q�@�¨

›

_

w

t5q†nUx%tÅg‰b2M+Wa^•Ta¯Kƒ

T

D>EXWYEGU

Ï=• ��¯5Y+UJ]9QRQ†Oœ^‰ƒ�SKghQRƒ�Q†O2TaQ†dœ^hOª]•t

ö

L�¬o] S;W_M�g

b+WDYZƒ [Ú…9kcl�~'[o/

›

•

‚0^hO;PiQ”îX^h°+Q†O;U¥ƒ�Y„T_Wa^`PiQ†U¥P†YZO“]5Q�PRM+O0°+Q†OK^‰Q†OBT_ghó�f;UFQsdçT_M�PiWaQ†YZT_QÄÃRQ†W_MBUN^hOcY�°2Q†PiT_M+Ws\=^‰T

^`UÊO;YZT_fKWDYZg0TaM…T_¯K^hOK[�T_¯;YZTÊT_¯;Q†U_QÀƒ�YZT_Wa^hPRQ†UÊP†YZO�YZg`U_M…]5QJf5UFQsd—T_MÄõ;O;d—Ta¯KQXò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+O

MZV�Y•ƒ�Y„TaW_^‰Žz•¨@�©–n­rué–n0ª¿r}•ousù–•Rq Rur>Â5n dœt9ù˜•sn0©˜t�Rué–nB¬��h•+y

ö

¯KQ—M+OKghó£d=^‰ô9Q†W_Q†O;PiQ—^`UXT_¯;YZT

jåf5UFf;Y+g‰ghóK€Jƒ�M2W_Q”T_¯;Y+O£M+OKQ�îX^h°+QRO5UÅƒ�Y„TaW_^`PiQsUÅ®À^hghg˜]9Q�O;QRQ†dKQ†dœTaM“PRW_QsY„TaQ�ÃRQ†W_MBUÅ^hOäd=QsUF^hWaQ†d

S9M2U_^•Ta^‰M2O;U¥^‰OœY�PiM2g‰f;ƒ—OcM+V A •
	¥¾ŠÓ…Þ.·„ß•¹•ºçÌ+º�¹åÝ0¼`Ø…¼`Ø”·±Ø.µiºZÐ{Ð‰º„Þ%ØRð

…;†½áo†ˆ‡ ¸t¹—º+–+ž�“p•¤¡Á’½¼�–�“B’X•&•��2œY’I•�
�� ’��
Œº•�œtµ—–�“>¡�’XžÑŒlœ

Q	QRT A 2 Rm � n
•

ö

¯KQRWaQ…YZWaQ s = min (m � 1; n ) UÆTaQRS;U†•

l	q†nB«‘|9y�Ö;M+Waƒ Y+O�M+W_T_¯KM2b+M+O5YZgKƒ�Y„TaW_^‰Ž Q1 = J (1; m; � )J (1; m � 1; � ) : : : J (1; 2; � ) UFf5PD¯

T_¯5Y„T A (1) = Q1A ¯;Y2U¥ÃRQRWaM2U�]9QRghM„®‘Ta¯KQ (1; 1) QROBT_Waó²^hO“T_¯KQLrsUÆTJPiM2g‰f;ƒ—Oo•
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l	q†nB« w	y¤ÖKM2W_ƒ Y+O�M+W_T_¯KM2b+M+O5YZg=ƒ�Y„TaW_^‰Ž Q2 = J (2; m; � )J (2; m � 1; � ) : : : J (2; 3; � ) UFf5PD¯

T_¯5Y„T A (2) = Q2A (1)
¯;Y+UÀÃ†QRWaM2U�]9QRghM„®‘T_¯;Q (2; 2) QROBT_Waó²^hO“T_¯KQ�U_Q†PRM+O;d“PiM2g‰fKƒ�O	•

l	q†nB« ÂŒy Ö;M+Waƒ Y+O­M+W_T_¯;M+b+M2O;YZg.ƒ�YZT_Wa^•Ž Qk = J (k; m; � ) : : : J (k; k + 1; � ) U_f;PD¯kTa¯;Y„T

A (k ) = Qk A (k � 1)
¯;Y+U¥Ã†QRWaM2U¥]9QRghM„®‘Ta¯KQ (k; k) QROBT_Waó²^hO•Ta¯KQ k T_¯œPRM+ghfKƒ�O	•

ö

¯KQ�ƒÊ¾Š·„Ð	Ö�·„¹m»)¼•æ A (s)
^hUÄÏs×2×KÓR»…¹}»)¼u·Z¾BÎ+Ï=Ð‰·„»)•

›

n˜qsªKruv–ruv�- Q ªKv–é R

‚=QiT R � A (s)
j

®

«–«.nB¬•qR¬„r}ªKvJ-9ù�Ruª=¬Z€

‚0QiT Q = QT
1 QT

2 : : : QT
s j

›

¬±q†©–t�-5t9v˜ª�R}€

®À¯KQ†W_Q Qi = J (i; m; � )J (i; m � 1; � ) : : : J (i; i + 1; � ) (
›

¬±q†©–t!-9t5v–ªYR ):

ö

¯KQRO QT A = QsQs� 1 : : : Q2Q1A = R

Q•v†…ÁRMRuù–•†qR¬„ª=q†r}t5v‡xtQ	QRT m = 4; n = 2 •

A
J (1 ;2;� )

� � � � � !

0

B
B
@

� �
0 �
� �
� �

1

C
C
A

J (1 ;3;� )
� � � � � !

0

B
B
@

� �
0 �
0 �
� �

1

C
C
A

J (1 ;4;� )
� � � � � !

0

B
B
@

� �
0 �
0 �
0 �

1

C
C
A = A (1)

J (1; 2; � )A J (1; 3; � )J (1; 2; � )A J (1; 4; � )J (1; 3; � )J (1; 2; � )A

A (1) J (2 ;3;� )
� � � � � !

0

B
B
@

� �
0 �
0 0
0 �

1

C
C
A

J (2 ;4;� )
� � � � � !

0

B
B
@

� �
0 �
0 0
0 0

1

C
C
A = A (2) = R

J (2; 3; � )A (1) J (2; 4; � )J (2; 3; � )A (1)

R = A (2) ; Q = QT
1 QT

2 = J T (1; 2; � )J T (1; 3; � )J T (1; 4; � )J T (2; 3; � )J T (2; 4; � )
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[“r#Z5n0v–•S0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9vNy

š

*!H�žŸH Ù

…iv˜«%ùoqEx�tÅO m � n ƒ�Y„T_Wa^‰Ž A
›

ùoq†«–ù˜q|x�tJO n � n fKSKS9QRWÀTaW_^`YZOKb2fKg`YZW¥ƒ�Y„T_Wa^‰Ž R U_f;PD¯•Ta¯;Y„T A = QR •

ö

¯KQ…ƒ�YZT_Wa^•Ž R ^hUÀUFT_M2W_Qsd•M„°2QRW A •

Ö;M+W k = 1; 2; : : : ; minf m � 1; ng d=M

ÖKM2W l = k + 1; : : : ; m dKM

|9yoÖ–^hO;d@Y 2 � 2 îX^h°+Q†O;UÅWaMZTDY„Ta^‰M2O£Y+P)Ta^‰O;b•M+O akk Y+O;d ak l U_f;PD¯

Ta¯;Y„T ak l = 0 Ç

�
c s

� s c

� �
akk

ak l

�
=

�
�
0

�
:

w	yÄ‚=Y±°2QXT_¯KQ…^hO;d=^`PiQsU k Y+O;d ` YZO;dçTa¯KQ…O0fKƒ”]9QRWDU c Y+O;d s •

•oyoÖ;M+Waƒ Ta¯KQ m � m îX^h°+Q†O;U²WaMZTDY„T_^hM+O J (k; l ; � ) YZO5dïfKS9d;Y„T_Q

A � J (k; l ; � )A jnqRß—¼{ÖJ×ŠÐÒ¼u¸i¼{¹mÐÒß²¸Dº„¾;ØD¹m»)Ï;¸R¹}¼{¾0Î—¹{Ý;ÓN×9»_ºsÌ„Ï;¸R¹ŒÏ0Ø)Õ

¼{¾0Î

Î

Ð ÎBº„»)¼{¹åÝ0Ö

T

D>EXWYEIH

Ï0• Ô2€i•

o.O;d

oÊO5d

/•nBA­ª=¬�Â	•Exäju^`€

ö

¯KQçY+g‰b2M+Wa^•Ta¯Kƒ d=M0QsU”OKM+T”QiŽ=SKgh^`Pi^‰T_ghó?S;W_M=d=f;PRQ�T_¯;Qçƒ�Y„TaW_^‰Ž Q •

§

V

OKQ†Q†d=Qsdz\5^‰TÄ¯;Y+UJT_M•]9Q�VåM2W_ƒ�Qsd“VåW_M2ƒ îX^h°+Q†O;UJWaMZTDY„Ta^‰M2O;UÀM+fKTÂMZVŒTa¯KQ—îX^h°+Q†O;UJS5YZWDYZƒ�QiTaQRWDU c
YZO5d s YZO;d•T_¯KQ…^hO;d=^`PiQsU k \KYZO5d l •

jå^h^`€ÀîX^h°+Q†O;UÀYZO5dVNÅM+f;U_QRM2ghd=Q†WÀò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O;U¥YZWaQX^‰OBT_^hƒ�Y„TaQRghó²W_Q†ghYZT_Qsdz•Ê‚0QRQp[1\Ñb

nB¬„p+ru•sn@š	y`’“YZO5dr[1\	ªYAk«•Run

�9F>EGF>E��

š	yu|Kwzy

¡

HG6V¢

£;¤

698;:0A

ª

ö

¯KQkYZghb+M+Wa^‰T_¯Kƒ WaQ†ìBfK^hW_QsU 3n 2
�
m � n

3

�
h;M2S;UR•

ö

¯K^`UœPiM2fKOBT†\XMZV

PiM2fKWDUFQ2\Kd=M0Q†U¥OKM+TJ^‰O;PRg‰f5d=Q”PiM2ƒ�SKf=TaYZT_^hM+O“MZV Q •

ö

¯0f;U†\	¹{Ý=¼`Ø”·„Ð ÎBº„»)¼{¹åÝ0Ö ¼`Ø”·�qDºZÏ=¹ 11
2 ¹m¼{Ö�Ó)Ø

·±Ø”Óaæi×KÓR¾KØ)¼

7

Ó�·„ØÄ¹åÝKÓoc”ºZÏ0ØRÓaÝ;º„Ð‰Ì2Ói»�·ZÐ ÎBº„»)¼{¹åÝ0ÖÚµiº„»�ÈÊÉïµi·2¸i¹7º„»)¼‰½s·„¹m¼uº„¾ïÙ

Î

Ð ÎBº„»)¼{¹åÝ0Ö

T

D>EGU>EGU

�

ð��RÛZð

/•t9ù˜v–é
bat��

S

¬„t5«.nB¬sq�uŒy

ö

¯KQXYZghb+M2W_^‰T_¯Kƒ ^hUJØ)¹•·¦qiÐ‰ÓR•

§

T�P†YZO�]9QÅUF¯;M„®ÀO£j

ñ

^hg‰[0^hO;UFM2O

j�r�y|z2{+€)\0S	•�]��#s2€.T_¯5Y„TÀT_¯;Q�PiM+ƒ�SKfKT_Q†d

bQ YZO;d

bR UaY„Ta^hUFVåó

bR = bQT (A + E);

®À¯KQ†W_Q

kEkF � ckAkF ; c ^hUÀY�PiM2O;UFTaYZOBTÀMZV%M+WDd=Q†W�f;OK^•TÆó2•

[1\	ªYAk«•Run£šzy}|=w

•p¿

H

¿

H

â

Ö–^‰O;d�T_¯KQ…ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O�M+V A VåW_M2ƒ·[1\	ªYAk«•Run

�9F>EXWYEGU

š	yh™�f;UF^hOKbL[“r#Z5n0v–•y/•t5q†ªKq†rut9v–•

YZO5dçd=QRT_Q†W_ƒ�^hOKQ…^•TDUÀWaQRg`Y„T_^hM+O5UF¯K^hS•®À^‰T_¯“Ta¯;Y„TJM2]=TaY+^‰OKQsd•]0ó^NJM+f5UFQ†¯KM+g`d=QRWPO UNƒ�QRT_¯KM=dz•

k = 1 •ÂLNW_QsY„T_QÄîX^‰°2QRO;UNWaMZTaYZT_^hM+O;U J (1; 2; � ) Y+O;d J (1; 3; � ) U_f;PD¯²Ta¯;Y„T J (1; 2; � )J (1; 3; � )A
¯;Y+U¥Ã†QRWaM2U�^‰O“Ta¯KQ (1; 2) YZO5d (1; 3) S9M2U_^•Ta^‰M2O;U†Ç



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú+ú2ý þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

|5y�Ö–^‰O5d c Y+O;d s UFf;PD¯çT_¯5Y„T

�
c s

� s c

� �
0
1

�
=

�
�
0

�
; c = 0; s = 1

A � J (1; 2; � )A =

0

@
0 1 0

� 1 0 0
0 0 1

1

A

0

@
0 1 1
1 2 3
1 1 1

1

A =

0

@
1 2 3
0 � 1 � 1
1 1 1

1

A

wzy�Ö–^‰O5d c Y+O;d s UFf;PD¯çT_¯5Y„T

�
c s

� s c

� �
1
1

�
=

�
�
0

�
; c =

1
p

2
; s =

1
p

2

A � J (1; 3; � )A =

0

@

1p
2

0 1p
2

0 1 0
� 1p

2
0 1p

2

1

A

0

@
1 2 3
0 � 1 � 1
1 1 1

1

A =

0

B
@

p
2 3p

2
2
p

2
0 � 1 � 1
0 � 1p

2
�

p
2

1

C
A

k = 2 •JLNWaQ†YZT_QœYkîX^‰°2QRO;U�WaMZTDY„Ta^‰M2O J (2; 3; � ) U_f;PD¯eT_¯;YZT J (2; 3; � )A ¯;Y+U�Ã†QRWaM2U—^‰O (3; 2)
S9M2U_^‰T_^hM+O	•

�
c s

� s c

� �
� 1
� 1p

2

�
=

�
�
0

�
; c = �

p
2

p
3

; s = �
1

p
3

J (2; 3; � )A =

0

B
@

1 0 0
0 �

p
2p
3

� 1p
3

0 1p
3

�
p

2p
3

1

C
A

0

B
@

p
2 3p

2
2
p

2
0 � 1 � 1
0 � 1p

2
�

p
2

1

C
A

=

0

@
1:4142 2:1213 2:8284

0 1:2247 1:6330
0 0 0:5774

1

A = R
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ªKpZqst;¬„rM32ª=q†r}t5v‡xÏWÅMZT_Q—Ta¯;Y„TXT_¯KQ R g•ƒ�YZT_Wa^•Ž

^`U¥T_¯KQ�YZ]9M„°+Q…QiŽKY+ƒ—S;g‰Q…M2]=TaY+^‰OKQsd“]BóœîX^h°+QRO5UÁOKƒ�QRT_¯KM=dc^`UÅn0•†•sn0vŠq†r}ªYRMR>u@Ta¯KQ”UaYZƒ�Q�Y+U¥Ta¯;Y„T

MZV˜T_¯KQhNJM+f5UFQ†¯KM+g`d=QRW¥ƒ�QiTa¯KM=dkáÆ•snBn€[)\	ªYA­«�R}n

�9F>EXWYEGU

š	yh™Šã±\=^hO“T_¯KQÄVåM2g‰ghM„®À^hOKb�UFQ†O;UFQ2Ç R � � !#"%$'& =
DR (*),+

&�"%-
)/. 0

"%1 ; ®À¯KQRWaQ D = d=^`YZb (� 1; � 1; : : :) •

_ Q�@�¨

›

_ ¨”t�A�A­ª;v˜é‡xºtJghb+M2W_^‰T_¯Kƒ

T

D>EXWYEGZ

Ï=• {”¯;Y2UN]9QRQ†Oç^hƒ�SKghQRƒ�QROBT_Qsd•^hO ]•t

ö

L�¬o] S;W_M�g

b+WDYZƒ [Ú…9k202/£•

…;†½áo†�2 3 ±�Œ ¸†¹—ºº–•ž�“p•¤¡�’ ¼Ñ–�“B’”•&•¼•R¶V– ¯SŒlœ#œ#Œ+•54¤Œ+¡/
 µ—–�“>¡�’�67�Lœ�’.•8
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§

OçU_QR°2QRWDYZg9YZSKSKgh^`PRY„Ta^‰M2O;U†\2M2OKQÂO;QRQ†d;U.TaM”õ5O;d�Ta¯KQ”ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O²MZV–YhNÅQ†UaUFQ†OB]9QRWab�ƒ�Y�g

T_Wa^‰ŽŠ••ÖKM2W.QRŽ=Y+ƒ�SKg‰Q2\ZTa¯KQ•ÈÊÉÁ¼{¹7ÓR»_·„¹m¼uº„¾£·„Ð Î2ºZ»)¼{¹{Ý=Ö j{T_M”]5QXd=Q†UaPiWa^‰]9Q†d�g`Y„TaQRW)€–VåM+WXÓi¼•ÎBÓi¾
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ÓR»)ßk¼{¹•ÓR»_·„¹m¼uº„¾

jmlon0pZqsrut9v‘è	y`â5€i•

‚0^hO;PiQ�YZO?fKSKS9QRWyNÅQ†UaUFQ†O0]5Q†W_b“ƒ�Y„T_Wa^‰Ž£¯;Y+U…YZTÄƒ�MBUÆT (n � 1) OKM+O;ÃRQRWaMçU_fK]Šd=^hY+b+M2O;YZg

QROBTaW_^hQ†U†\N®�QœPRY+OeTaW_^`YZO;b+fKg`YZWa^‰Ã†Q A ]0óef;UF^hOKb¶M+O;g‰ó (n � 1) îX^h°+QRO5U�W_M+TaY„Ta^‰M2O;U†•

ö

¯;^hU�^`U

^hg‰ghf;UFT_WDY„T_Qsd•®À^‰T_¯ n = 4 •

0

B
B
@

� � � �
� � � �
0 � � �
0 0 � �

1

C
C
A

J (1 ;2;� )
� � � � � !

0

B
B
@

� � � �
0 � � �
0 � � �
0 0 � �

1

C
C
A

J (2 ;3;� )
� � � � � !

0

B
B
@

� � � �
0 � � �
0 0 � �
0 0 � �

1

C
C
A = A (1)

A J (1; 2; � )A J (1; 2; � )J (2; 3; � )A = A (1)

A (1) J (3 ;4;� )
� � � � � ! =

0

B
B
@

� � � �
0 � � �
0 0 � �
0 0 0 �

1

C
C
A = R •

‹€ŒŽ•�•'•‡‘0’”“)•È–�˜?>R˜

[“r>Z5n0v˜•/dœn0•s•†n0v!n.nB¬�-K0L/

,

ªKp+q†t5¬±r.3+ª=qsrut9v

š

*!H

â'@

…iv˜«%ùoqEx�tÅO n � n Ïs×2×KÓR»%c”ÓiØDØiÓR¾�qDÓR»}Î�ƒ�YZT_Wa^•Ž

›

ùoq†«–ù˜q|x�tJO²fKS;S5Q†WÊT_Wa^`YZOKb2fKghY+WÊƒ�Y„TaW_^‰Ž R UFT_M+WaQ†d�M„°2QRW A U_f;PD¯�Ta¯;Y„T A = QR •

l	q†nB«Á|9y�Ö;M+W k = 1; 2; � � � n � 1 d=M

lzqsnB« |9yu|2Ö–^hO;d c = cos� YZO;d s = sin � U_f;PD¯çT_¯;YZT

�
c s

� s c

� �
akk

ak+1 ;k

�
=

�
�
0

�
:

lzqsnB« |9y`wc‚KY±°+QÂT_¯KQ…^hO;d=QRŽ k YZO;d•T_¯;Q…OBf;ƒ”]9QRWDU c YZO5d s •

lzqsnB« |9yh•gmÅS9d;Y„T_Q A : A � J (k; k + 1; � )A •

oÊO;d

l	q†nB« w	y¥‚0QRT R � A:

,

Rut5«
bDp+t9ù˜vŠq2y5tJghb+M2W_^‰T_¯;ƒ

T

D>E��/A

Ï=• zÅW_QsìBfK^‰WaQ†U˜YZ]9M+f=T 3n 2
q–t5«%•+~0PiM2ƒ—S5YZWaQ†dXT_M 3n 3

q–t5«%•

WaQ†ìBfK^hW_Qsd²VåM2WJYZOcYZWa]K^•TaWaY+W_ó�ƒ�Y„TaW_^‰Žz•

�œ›%B C ��� ßË
B�Y×ED Fc¤��Y× ¦m¡�� �²Ÿ”¡ }  “¡c¦HG“�Ä¡

ßË
2�•×ED Fc¤…�Y× ¦•¡��JI zHK� �
;¦}�Ê�Y×~xMLB �
a•‚•

ƒ���¤¥�	 �
;¦I„À�…�Œ¦} cŸyx

ö

¯KQ2f%Ð‰·„ØDØD¼u¸D·ZÐ�d¥»_·ZÖ Õ•ÍŠ¸DÝ0Ö—¼uÌ„¹9×9»aº†¸DÓiØaØÀjmL¥î…‚;€–TaY+fKb+¯BT.Y„T�YZO�QRghQRƒ�QROBTDYZWaó”gh^‰OKQsYZW.Y+g‰b2QR]KWDY

PiM2fKWDUFQ2\0õ;O;dKU†\5UFTaY+WFTa^‰OKb�VåWaM+ƒ Y�UFQRTJMZV n g‰^hOKQ†Y+W_ghó²^hO;d=Q†S5Q†O;d=QROBTÅ°2Q†PiT_M+WDU f ak g \;Y�UFQRTÅMZV n
º„»)¹åÝKºZ¾9ºZ»)Ö�·ZÐ

7

Óa¸R¹7º„»DØ f qk g U_f;PD¯“T_¯5Y„T

spanf q1; q2; : : : ; qi g = spanf a1; a2; : : : ; ai g; i = 1; 2; : : : ; n:
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ö

¯KQÄ°+QsP)TaM+WDU q1; : : : ; qn Y+W_QÄd=QiTaQRWaƒ�^‰OKQsdcY+U�VåM+ghghM„®JURÇ

lzqsn2«�|9y

q1 =
a1

ka1k2
=

a1

r11
: jIÏ=• �0€ ^�_

*
H

¿

HLK

lzqsn2«‡w	yoÖ–^hO;dcY”°2Q†PiT_M+W q2 ^hOcUFf;PD¯cY�®�Y±ó�Ta¯;Y„T q2 ^`U¥MZV˜fKOK^‰TJg‰Q†OKbZTa¯“Y+O;d•M2WFTa¯KM+b2M+O;Y+gKTaM q1 ÿ

Ta¯;Y„T…^`UR\ kq2k = 1 YZO;d qT
1 q2 = 0 •

§

T…^`UÂQsY+U_^‰ghóœUFQ†QRO@T_¯;YZTXTa¯K^`UÂ®À^hghgŒ¯;YZSKS9QROä^•V�®NQ

õ5WaUFTJd=Qiõ;O;QÄT_¯KQ�Y+f=Ž=^‰gh^hY+W_ó�°2Q†PiT_M+W

q̂2 = a2 � r12q1; r12 = qT
1 a2

Y+O;dçT_¯KQ†OcOKM+Waƒ�YZgh^‰Ã†QÅTa¯K^hUJ°+Q†PiT_M2WNTaM�M+]=TDYZ^hO

q2 =
q̂2

jj q̂2 jj2
=

q̂2

r22
: jIÏ=• {2€ ^�_

*
H

¿

HJI

lzqsn2«‘•oyoÖ–^hO;dœY—°+QsP)T_M2W q3 U_f;PD¯çT_¯;YZTÅ^‰TJ^hUÀM+V–f;OK^•TÂg‰Q†OKbZTa¯cY+O;d“M+W_T_¯KM2b+M2O;YZg9T_M�]9MZTa¯ q1 Y+O;d

q2 •ºtÅb2YZ^hO	\K^‰TJ^`U¥Q†Y+U_ó�TaM�U_QRQXTa¯;Y„TÀTa¯K^hUJ®À^‰ghgoYZbBYZ^hO•¯;Y+SKS9QROc^•V%®�QÄdKQiõ;OKQ

q̂3 = a3 � r13q1 � r23q2;

®À¯;QRWaQ r13 = q1aT
3 \;Y+O;d r23 = q2aT

3 \5YZO;d•T_¯KQ†O“TaYZ[2Q

q3 =
q̂3

kq̂3k2
=

q̂3

r33
: jIÏ=• zB€ ^�_

*
H

¿

H Ù

ö

¯;Q�SKWaM0PRQ†UaU¥^hUÀVuYZ^hW_ghó•b2QROKQ†WaY+g	YZO;dcPRY+Oc]5Q”PRM+OBT_^hO0fKQ†d“fKOBTa^‰goY+g‰goT_¯KQ…°2Q†PiT_M+WDU¥fKScTaM

qn Y+W_Q…PRM+ƒ�SKf=TaQ†dz•

l	q†nB«†ÂŒyoÖ–^hO;d q̂k = qk �
k � 1X

i =1

r ik qi \;YZO5d²Ta¯KQROcOKM2W_ƒ�YZgh^hÃRQXT_M�M+]KTaYZ^hO

qk = q̂k =rkk jIÏ=•�Ï+€ ^�_

*
H

¿

H�ž

0L/

,

ª;pZq†t5¬„rM32ª=q†r}t5v†Tm¬„t!A q†©–nä¨hRuªK•s•srup+ª�R�[ç¬„ªYA bil	p±©�A­rué˜q

S

¬„t	p2nB•s•

ÜŠÝKÓ^f�d�Íç×Š»_ºs¸aÓiØDØON)Ï0Ø)¹JÌ+ÓiØi¸R»)¼MqDÓDÌ²ÎZ¼
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ÓiØ—·ç»_ÓDÌ„Ï;¸DÓDÌ@ÈÊÉ‡µi·+¸R¹•ºZ»)¼‰½†·Z¹}¼uºZ¾¿ºÆµ�·çÖ�·Z¹}»)¼•æ

A Þ˜Ý;º±ØRÓ—¸aºZÐÒÏ=Ö—¾KØ”·„»_Ó a1; a2; : : : ; an ÿ0Ta¯;Y„TJ^`U A = (a1; a2; : : : ; an ) 2 Rm � n
•

ö

M�U_QRQXT_¯;^hU†\KOKM+T_QÄT_¯5Y„TÀQ†ìBf;YZT_^hM+O;U…j
a�b

D>EGF>EIH

Ï0• �B€|g)j
a�b

D>EGF>EXW

Ï=•�Ï+€�PRYZO“]9Q…W_Q†®ÀW_^‰TFTaQROcY+U†Ç

a1 = q1r11

a2 = q1r12 + q2r22

•

•

•

ak = q1r1k + q2r2k + : : : + qk r kk ; k = 3; 4; : : : ; n:
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Ocƒ�YZT_Wa^•Ž•VåM+Waƒ“\=®�Q…PRY+OçTa¯KQROc®ÀWa^•TaQ

(a1; a2; : : : ; an ) = (q1; q2; : : : ; qn )

0

B
B
B
@

r11 r12 � � � r1n

0 r22 � � � r2n
•

•

•

•

•

•

•

•

•

•

•

•

0 0 � � � rnn

1

C
C
C
A

M+W A = Q1R1 \K®À¯KQ†W_Q Q1 = (q1; q2; : : : ; qn ) \9YZO;d R1 ^hU�Ta¯KQ�ƒ�Y„TaW_^‰Ž•^hO“T_¯KQ�S5YZWaQROBT_¯KQsUFQsU

M+OçT_¯;Q…W_^hb+¯BT†•

WJM+T_QXT_¯;YZT R1 ^hUÀY+O n � n ùo«–«.nB¬�qR¬„ruªKv�-9ùJR}ª=¬”YZO5d Q1 ^`U m � n t;¬±qs©˜t9v˜t5¬�A­ªYRF•

Q•v†…9R.Ruù–•Rq†¬„ª=q†r}t5v‡x m = 4; n = 2 •

A =

0

B
B
@

� �
� �
� �
� �

1

C
C
A =

0

B
B
@

� �
� �
� �
� �

1

C
C
A

4� 2

�
� �
0 �

�

2� 2
= Q1R1

,

rM-9ù˜¬±n@š	yh•e/çnBé–ù–p+n0é 0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9výn
u‘¨›[œl

‹€ŒŽ•�•'•‡‘0’”“)•È–�˜ –�˜

jGLNg`Y+UaUF^`PRY+g	îXWaY+ƒQP;gÆ‚=PD¯Kƒ�^`d0TSRÂj•L¥î…‚K€&]œQRT_¯KM=dçVåM+WÂò

ë

Ö;Y2P)TaM+Wa^‰ÃsY„T_^hM+Olk

š

*!H

¿

HLK

…iv˜«%ùoqEx A = (a1; a2; : : : ; an ) 2 Rm � n ; WaY+OK[ (A) = n •

›

ùoq†«–ù˜q|x¥ÉÅÓDÌ„Ï;¸DÓDÌ²ÈÊÉ¿µi·+¸R¹•ºZ»)¼‰½†·Z¹}¼uºZ¾UÇ A = QR; Q 2 Rm � n
YZO5d R 2 Rn � n :

ÖKM2W k = 1; 2; : : : ; n d=M

ÖKM+W i = 1; 2; : : : ; k � 1 d=M

r ik � qT
i ak

oÊO;d

qk � ak �
k � 1X

i =1

r ik qi

r kk = kqk k2

qk �
qk

r kk
:

oÊO;d
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ü�ó>��ò�ï�&Yò0�?ò�óMúIò�ï�ð�ó.î<ñ åMæ�ú-î�è¢ê|æ`çPæWV9ìlùlî<ú
ûpü�ó.ïoô�ïi��ò�ï?ñ;î<óMþ��!��ò�ú��?ô öIò+÷Pô�úJõ`î<óMò`ò�ó
ùJô ö.÷

î<ï�ô�ï?ú��?óIî<ïPõ`ò¤õ�ü�ñ���î<ïï"9íp÷?ò����?óMú �Pò��‘ñ;î¢ö.÷?ò�ñ;î¢ö.ô�õnî��>óMò�úIò`î<óMõ|÷yô�ï�úIò=�9ò�óIî���î<óMò`î<ú•ü<ÿU���?ó.ò¤î<ï��

î�������ô�ò0��ñ;î¢ö.÷?ò�ñ;î¢ö.ô�õ`ú`í�ô�ï?õ0�����?ô�ï��e�?óMü�û�î<û?ô���ô ö�"5öI÷?ò�ü�ó#"9í�ïï�?ñ&ò�óMô�õnî��?î<ï�î�� "Pú.ô�úní9î<ï���ïï�?ñ�ûpò�ó>öI÷?òŠê

ü�ó>"YX¦î<ï���ñ;î<ï�î���ò0�oö.ü&ô�ï[Z´�Pò`ïPõ`òºö.÷?ò���î<ï?ô�úI÷i
‘î¢öI÷?ò�ñ;î¢ö.ô�õ`î��>úIüÁõ`ô�òŠö�"oô�ï�î��pü�úIô ö.ô �9ò+ùlî�"?��	Jò

ô�úlû�ò�úMöJþÁï?ü`ùJïjÿ”ü�ó•ö.÷?ò�ð�óIî<ñ�ê#��õ|÷?ñ&ô��Pölü�óˆö.÷?ü-�9î<ï?ô]\`î¢öIô�ü�ïp�Pó.üÁõ�ò`ú.úL�

^`_

ó.÷?î<ó��C��õ|÷Pñ&ô��Pö�åMæ�úba#V¢ê|æ`ç-î�ç9ìJùlî<ú+î)ð�ò�óMñ;î<ï‘ñ;î¢öI÷?ò�ñ;î¢ö.ô�õ�ôøî<ï2�e	
ò¤ü�û�ö|î<ô�ï?ò0�y÷?ô�úe�Pü�õŠê

öIü�ó.î¢ö.òlÿÐóMü�ñ•ö.÷?òŸ(
ï?ô �9ò�ó.ú.ô ö�"ºü<ÿ|ð�c<ö.ö.ô�ï���ò�ï��?ï��?ò�óBöI÷?ò•ú����pò�ó>��ô�úIô�ü�ï5ü<ÿ�	Jô���ûpò�óˆö�î<ï��5ö.÷?ò�ï�dMü�ô�ï?ò0�

(Jï?ô �9ò�óMúIô ö�"‘ü<ÿ*eÑò�ó���ô�ïyî<ú+î&ñ;î¢ö.÷?ò�ñ;î¢öIô�õ�ú”�?ó.ü<ÿÐò�úIú.ü�ó��' >î¢ö.ò�ó•÷?ò5ùlî<ú+î����pü�ô�ï9öIò0�¨î<ú�ö.÷?ò���ò`î<ï

î<ï��›ö.÷?ò�ï2î<ú¤ö.÷?ògf•ô�õ�òŠê>�Ñ÷�î<ï?õ�ò0����ü�ó�ü<ÿlö.÷�î¢ö��?ïPô �9ò`óMúIô ö�"?�C	Jò%î���ú.üoÿ”ü-�Pï��?ò0�\öI÷Pò%ô�ïPú.ö.ô ö �Pö.ò%ü<ÿ

î�������ô�ò0��ñ;î¢ö.÷?ò�ñ;î¢öIô�õ�úJî¢öe(
ï?ô �9ò�ó.ú.ô ö�"oü<ÿ�eÑò�ó>��ô�ï2�Ÿ	Jô�úlñ;î<ô�ï%ó.ò�ú.ònî<óMõ|÷yô�ï9öIò�óMò`úMöIúJù•ò�ó.ò5ô�ïÁö.ò0��óIî��

ò`h,��î¢ö.ô�ü�ï?ú•î<ï���	Jô���ûpò�óMö!ú �?î<õ`ò-�l�Gïoæ`ç�èba�íÁô�ï¤ü�ï?òJü<ÿ�÷?ô�ú�ü-�Pö.ú.öIî<ï��?ô�ï��'��î��pò�óMúÑü�ï�ô�ï9öIò0��ó.î���òWhï��î¢ê

öIô�ü�ïPúní?÷Pò5ò�úMö|î<û���ô�ú.÷?ò0�jù
÷�î¢ö
ô�úlï?ünù•õ`î�����ò0�jö.÷?ò‡ð�ó.î<ñ�ê>��õ|÷?ñ&ô���ö•ü�óMö.÷?ü-��ü�ï�î���ô]\`î¢ö.ô�ü�ï��?ó.üÁõ�ò�úIúL�



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú

Á

û þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

w

ùJA¿n2¬„r}p+ªYR¥•†q†ª%n%rMR}råq�u;y

ö

¯KQ�YZghb+M+Wa^‰T_¯Kƒc\;Y2UJM+fKT_gh^‰OKQsdœYZ]9M„°+Q2\K^hUÅ[0OKM„®ÀO“T_M²¯;Y±°2Q

U_QRWa^‰M2f;UÊO0fKƒ�QRWa^`PRYZg9d=^ Ð�PRfKg‰T_^hQ†U†•.Ô�Ï=»)¼{¾0Î—¹{Ý;Ó”¸Dº„ÖÅ×9Ï=¹7·„¹m¼uº„¾;ØÄºÆµÂ¹åÝKÓ qk i

Ø<8Ê¸D·Z¾9¸DÓiÐ{Ðh·„¹m¼uº„¾?¸D·Z¾

¹7·�=2Ó.×9Ð‰·2¸aÓ”·„¾9Ì�8.·±ØX·�»_ÓiØ)Ï=ÐÒ¹M8%¹åÝKÓ…¸Dº„ÖÅ×9Ï=¹7ÓDÌ qk i

ØX¸D·„¾•qDÓ%µi·„»%µD»_ºZÖxº„»)¹åÝKºaÎ2ºZ¾9·ZÐ‰ðJjm‚0QRQÂghYZT_QRW

^hO•Ta¯K^hUÅUFQsP)T_^hM+OçVåM+WJdKQiTaY+^‰g`U†• €

ö

¯KQÂY+g‰b2M+Wa^•Ta¯Kƒc\2¯;M„®NQ†°+QRWs\+P†YZO²]9QÅƒ�M=d=^‰õ;Q†d²T_M”¯5Y±°+QJ]9QiT_T_QRW�O0fKƒ�QRWa^hP†YZg9SKWaM+S9QRW_T_^hQ†U†•

ö

¯KQ•VåM+ghg‰M„®À^hOKb@Y+g‰b2M+Wa^•Ta¯Kƒc\–[0OKM„®ÀO­Y2U�Ta¯KQVA¿t	é˜rM¥–n0éa[ç¬„ªYAKb)lops©�A­r}éoq@ª�RM-9t;¬„råqs©JA \

PiM2ƒ�SKf=T_QsUNT_¯KQ�ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•MZV A ^‰O“®À¯K^`PD¯	\KY„T¥T_¯;Q kth
UÆTaQRS	\0Ta¯KQ kth

PiM2g‰f;ƒ—O“MZV Q
YZO5dXT_¯KQ kth

WaM„®¶MZV R YZWaQÊPiM2ƒ�SKf=T_Qsd£Ù•¾9ºZ¹•Ó�¹åÝK·Z¹	¹åÝKÓod¥»_·„Ö—Õ•ÍŠ¸DÝ0Ö—¼uÌ„¹%·„Ð ÎBº„»)¼{¹åÝ0Ö ¸Dº„ÖÅ×9Ï=¹7Ó)Ø

¹åÝKÓ kth
¸Dº„Ð•Ï=Ö�¾;Ø…ºFµ Q ·„¾ŠÌ R ·„¹�¹{Ý;Ó kth

Ø)¹•Ó7×2Û+ð

‹€ŒŽ•�•'•‡‘0’”“)• –�˜?j'˜

_Út	é–rˆ¥%n0é [ç¬„ªYA b)lop±©JA¿rué˜qká`_a[œl–ãgT•t;¬�0L/

,

ªKp�b

qst;¬„rM32ª=q†r}t5vNy

š

*!H

¿

HJI

…iv˜«%ùoqEx A = (a1; a2; : : : ; an ) 2 Rm � n
\KWDYZOK[ (A) = n •

›

ùoq†«–ù˜q|x

ë

Q†d=f;PRQ†díò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O¿MZV A : A = QR; Q 2 Rm � n ; R 2
Rn � n

ÿ Q ^hU

›

¬sqs©˜t9v–t;¬�A­ªYR–YZO5d R ^`U

®

«˜«.nB¬çqR¬„ruªKv�-9ùJR}ª=¬0•

‚=QiT qk = ak ; k = 1; 2; : : : ; n •

Ö;M+W k = 1; 2; : : : ; n dKM

r kk = kqk k2

qk �
qk

r kk
ÖKM+W j = k + 1; : : : ; n d=M

r k j � qT
k qj

qj � qj � r k j qk :
oÊO;d

o.O;d

ö

¯KQ²YZ]9M„°+Q—^`UXT_¯KQ�¬„tPf›bat5¬„run0vŠq†n0é A­toé˜rM¥–n0é—[ç¬±ª�A b)lop±©JA­r}éoq A­nBq†©–t	éN•

ö

¯;Q

PiM2g‰f;ƒ—OYgmM2W_^hQROBT_Qsdœ°+Q†WaU_^hM+O£PRY+OäU_^‰ƒ�^hghY+W_ghóœ]9Q—d=Q†°+Q†g‰M2S5Qsd j [)\	nB¬„p+r}•†n¿š	yhèlkm•äÜŠÝ;Ó�¹mÞ.º

7

ÓR»)Õ

Ø)¼uº„¾;Ø�·Z»_Ó”¾;Ï=Ö�Ói»)¼u¸D·„Ð{Ð•ßçÓDàiÏ=¼

7

·„Ð‰ÓR¾;¹m•

¡

HG6V¢

£

/Z6585:0A

ª

ö

¯KQÏh;M+S>g7PiM2fKOBTJVåM+WÅT_¯KQ\]@î…‚c^`U 2mn 2
\zPRM+ƒ�S;YZWaQ†d“TaM 2(mn 2 �

n 3

3 ) OKQ†Q†d=Qsd”]0óÄTa¯KQ&NJM+f5UFQ†¯KM+g`d=QRW–ƒ�QiTa¯KM=dz•�j�WJM+T_QNT_¯;YZT+]äî…‚�®�M+Wa[=U	®À^‰T_¯�T_¯KQ�VåfKghg=g‰Q†OKbZTa¯

PiM2g‰f;ƒ—O”°+Q†PiT_M2W˜Y„T–Q†Y2PD¯�UÆTaQRS	\„®À¯KQ†W_QsY+U	T_¯KQ�NJM+f5UFQ†¯KM+g`d=QRW˜ƒ�QiT_¯;M0d�d=Q†Y+ghU˜®À^‰T_¯”U_f;PRPRQ†UaUF^h°+Q†g‰ó

U_¯KM+W_T_Q†W¥PRM+ghfKƒ�O;UD€)•

w

ùJA¿n2¬„r}p+ªYRÀlzqsª%n%rMRuruq�uŒy

Î

ÐÒ¹åÝKº„Ï+Î±Ý£¹{Ý;Óy:Kd�Íç×9»_ºs¸DÓ)ØDØ�¼`Ø�·�qDºZÏ=¹�¹mÞŒ¼u¸DÓ�·Z¾¶ÓHkï¸i¼uÓR¾;¹

·±Ø5c�º„Ï0ØRÓaÝ;º„Ð‰Ì2Ói»

i

Ø<8Œ¼{¹–¼`ØJ¾9º„¹Œ·±ØÀ¾5Ï=Ö�ÓR»)¼u¸D·„Ð{ÐÒß”Øi·Z¹}¼`Øåµi·2¸i¹7º„»)ß�·„ØJ¹{Ý;Ó�c”º„Ï0ØRÓDÝKºZÐ‰Ì+ÓR»Âº„»¨d�¼

7

ÓR¾KØ

Ö�Ói¹åÝKºsÌÅµiºZ»—¸Dº„ÖÅ×9Ï=¹m¼{¾BÎç¹åÝKÓçÈÊÉíµi·+¸R¹7º„»)¼‰½s·„¹m¼uº„¾­ºÆµ A ð

§

TXPRYZOœ]9Q”U_¯KM„®ÀOkjM4”ˆ`l+WDPD[äj`r,yEy|z2€_€

T_¯5Y„TÀ^•V%Ta¯KQ…PiM+ƒ�SKfKT_Q†d Q ^`UÀd=QROKM+T_Q†d“]0ó

~Q \KT_¯KQ†OçTa¯KQÄVåM+ghghM„®À^‰OKb�PRM+ƒ�S;YZWa^hU_M+O•¯KM+g`dKU†Ç

�
›

¬±q†©–t!-9t5v–ªYR}råq�u•f�råqs©�_a[œlŒÇ

~QT ~Q = I + E; jjE jj � � Cond(A)

�
›

¬±q†©–t!-9t5v–ªYR}råq�u•f�råqs©ýdœt5ù–•†n0©–t!R}é˜nB¬0Ç

~QT ~Q = I + E; jjE jj � � •

jMÖ;M+WÀƒ�M+WaQ…d=QiTDYZ^hghU†\KUFQ†QXT_¯KQ�d=^`UaPif;UaUF^hM+O5U¥^‰O“T_¯;Q…OKQiŽ0TJUFQsP)Ta^‰M2O	• €
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t5q†n0•Ex¤tÅg‰b2M+Wa^•Ta¯Kƒ�U

T

D>EGF>EIH

Ï=•�Ï�YZO;d

T

D>EGF>EGU

Ï0• À�¯;Y±°2QJ]5Q†QRO“^‰ƒ�SKghQRƒ�Q†O2TaQ†d•^‰O^]•t

ö

L�¬o]

SKWaM+b2WaY+ƒ�UÀ¨CÛ�[^/cl˜¨Cd YZO;d^_ m [^/“l–¨Ïd¶\=WaQ†U_S9Q†P)Ta^‰°2QRghó+•

[1\	ªYAk«•Run£šzy}|0•

•

*!H

¿

HLKnm

Ö–^‰O;d¿ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O;UÄM+V A M+Vp[1\	ªYAk«•Run

�9D>EGU>EGU

šzy{’äf;UF^hOKbc]9MZT_¯¿¨\[œlïY+O;d _a[œlŒ•

tJg‰T_¯;M+fKb2¯ç^hO“T_¯K^`UJPRY2UFQ2\BT_¯KQ�L¥î…‚“YZO5dV]@î…‚“Y+g‰b2M+Wa^•Ta¯Kƒ�UNS;W_M=d=f;PRQXT_¯KQ�UaYZƒ�QÄW_QsUFf;g•TDUR\0®�Q

f;U_QÅTa¯K^`UNQRŽKYZƒ�SKghQJT_M—^hg‰ghf;UFT_WDY„T_QÂ¯KQRWaQX¯KM„®ïT_¯KQÄPiM2ƒ�SKf=TaYZT_^hM+O;Y+g9Y+W_WDYZO;b+QRƒ�Q†O2TDU.d=^‰ôŠQRW¥®À^•Ta¯

T_¯;Q�U_Y+ƒ—QÄƒ�Y„TaW_^‰Žz•+tJghgoPiM2ƒ—S;f=TaYZT_^hM+O;UÀY+W_QÄS9QRW_VåM+Waƒ—Qsd•®À^‰T_¯o��g•d=^hb+^‰TJYZWa^•Ta¯Kƒ�QiTa^hP+•

� ¨›[œl¸_ÚnBqs©˜t	é

Âqp£|Ux

q1 = a1 =

0

@
1

0:0001
0

1

A ; r11 = kq1k2 = 1

q1 =
q1

r11
=

0

@
1

0:0001
0

1

A

Âqp“wŸx

r12 = 1; q2 = a2 � r12q1 =

0

@
0

� 0:7071
0:7071

1

A ; qT
1 q2 = � 7:0711� 10� 5

ÖKM2W_ƒ Q1 YZO;d R1 Ç

Q1 = (q1; q2) =

0

@
1 0

0:0001 � 0:7071
0 0:7071

1

A ; R1 =
�

r11 r12

0 r22

�
=

�
1 1
0 1:414� 10� 4

�

� _a[œl

q1 = a1; q2 = a2

Âqp£|Ux

r11 = kq1k2 = 1; q1 =

0

@
1

0:0001
0

1

A

r12 = qT
1 q2; q2 = q2 � r12q1 =

0

@
0

� 0:0001
0:0001

1

A
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ÂqpcwŸx

r22 = kq2k = 1:4142� 10� 4; q2 =
q2

r22
=

0

@
0

� 0:7071
0:7071

1

A

ÖKM2W_ƒ Q1 YZO;d R1 Ç

Q1 =

0

@
1 0

0:0001 � 0:7071
0 0:7071

1

A ; R1 =
�

1 1
0 1:4142� 10� 4

�
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]£Y„Ta¯KQRƒ�YZT_^`PRYZghghó+\	Ta¯KQçL¥î…‚¶YZO5de]äî…‚äY+g‰b2M+Wa^•Ta¯Kƒ�U…YZWaQ�Q†ìBfK^h°±Y+g‰Q†OBT†•SNÅM„®NQ†°+QRWs\	Y+U

WaQRƒ�YZWa[+Qsd…Q†Y+W_gh^‰Q†W†\=¹åÝKÓR¼{»À¾;Ï=Ö�ÓR»)¼u¸a·ZÐ±×9»aºa×;Ói»)¹m¼uÓ)ØÂ·Z»_ÓXÌ„¼ ÓÅÓR»_ÓR¾;¹7ð+ÖKM2W–QRŽKYZƒ�SKghQ+\+PRM+O;U_^hdKQRW–T_¯KQ

PiM2ƒ�SKf=TaYZT_^hM+O“MZV q2 ]0ó²Ta¯KQ�L¥î…‚²ƒ�QRT_¯KM=dz\Kb2^‰°2QRO q1 ®À^‰T_¯ kq1k2 = 1 •

ñ

Q…¯;Y±°+Q

q2 � a2 � r12q1; ®À¯KQ†W_Q r12 = qT
1 a2 •

ö

¯KQ†Oç^‰TÅPRY+O“]9Q…UF¯;M„®ÀO?j.4�ˆ`l2WaPD[äj�r,yEy|zB€F€ÊT_¯;YZT

k h (q2) � q2k < (1:06)(2m + 3)� ka2k2 :

‚0^hO;PiQ qT
1 q2 = 0 \=^‰TÀVåM+ghg‰M„®JUNT_¯5Y„T

jqT
1 h (q2)j < (1:06)(2m + 3)� ka2k2 :

ÜŠÝ0¼`ØcØ_ÝKº„Þ%Øc¹åÝK·„¹�¼{¾—f�dNÍ ¹}Þ.º­¸DºZÖJ×ŠÏ=¹•ÓDÌ

7

Óa¸R¹7º„»DØ<8 q1 ·„¾ŠÌ q2 8—¸D·„¾(qDÓ�µi·Z»…µD»_º„Ö

qDÓi¼{¾0Îïº„»)¹åÝKºaÎ2ºZ¾9·„Ð•• ¬ÂOíTa¯KQ@M+T_¯KQ†Wç¯5YZO;dz\Å^•TcPRYZOí]9Q¶UF¯KM„®ÀOÚj.4”ˆ`l+WDPD[ j�r�y|yEz2€F€�T_¯;YZTç^hO

]@î…‚£T_¯KQ�ghM2UaUÄMZV�M+W_T_¯KM2b+M2O;YZgh^•TÆóœd=Q†S5Q†O;dKU…f;S5M2O@Ta¯KQ²PiM2O;d=^‰T_^hM+O?OBf;ƒ”]9QRW…MZV�T_¯;Q—ƒ�YZT_Wa^•Ž

A •.‚=S5QsPi^‰õ5PRY+g‰ghó+\=^‰TJ¯;Y+U¥]9QRQ†OœUF¯KM„®ÀOçT_¯5Y„TÀT_¯;Q�PiM+ƒ�SKfKT_Q†d Q \Kd=Q†OKMZTaQ†d“]0ó Q̂ \KUaY„Ta^hUFõ;QsURÇ






 I � Q̂T Q̂








2
�

c1� Cond2(A)
1 � c2� Cond2(A)

;

Y+UaU_fKƒ�^‰OKb�T_¯5Y„T c2� Cond2(A) < 1 \=®À¯KQ†W_Q c1 YZO;d c2 Y+W_QÄUFƒ�Y+g‰goPRM+O;UFTaY+OBTaU†•

‚0^hO;PiQ�^‰Oe]@î…‚“T_¯;Q�ghM2UaUJM+V.M+W_T_¯KM2b+M2O;YZgh^•TÆóçd=QRS9QRO;d;UÂf;S5M2OœT_¯KQ�PiM2O;d=^‰T_^hM+O£O0fKƒ�]5Q†W†\

M+O;Q�PRM+fKg`d�f;U_QÀPiM2g‰fKƒ�O�SK^‰°2MZTa^‰OKbÂT_MÄƒ�YZ^hOBTaY+^‰O�M+W_T_¯KM2b+M+O5YZgh^•TÆóÄY+U–ƒ”f5PD¯�Y+U–S9M2UaUF^h]KghQ+•

ö

¯0f;UR\

Y+U�VuYZW•Y2U�õ;O;dK^‰OKb­T_¯KQ?ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O MZV A ^hUçPiM+O5PiQRWaOKQsdz\NO;QR^‰T_¯KQ†WçYZghb+M2W_^‰T_¯;ƒ PRY+O

]9QœW_QsPiM+ƒ�ƒ�QRO5d=Q†deM„°+Q†W�Ta¯KQ•NJM2f;U_QR¯KM2ghd=Q†W�M+W�Ta¯KQ@îX^‰°2QRO;U²ƒ—QRT_¯KM=dz•

v

¼{¹åÝ¼f�d�Í‡¹åÝKÓ

º„»)¹åÝKºaÎBº„¾9·ZÐÒ¼{¹mßäºÆµ Q ¸D·Z¾ qDÓç¸DºZÖJ×9ÐhÓi¹7ÓiÐ•ß£Ð‰º±Ø)¹HrXÞŒ¼{¹åÝe:Kd�Í�8Â¹{Ý;Ó•º„»)¹åÝKºaÎBº„¾9·ZÐÒ¼{¹mß?ºÆµ Q Ö�·Zß

¾9ºZ¹�qDÓ—·+¸D¸DÓ•×Š¹•·¦qiÐ‰Ó�Þ˜Ý;Ói¾ A ¼`Ø…¼{Ð{ÐÒÕF¸Dº„¾ŠÌ„¼{¹m¼uº„¾9ÓDÌ2ð

WJM+T_QŒTa¯;Y„To^hOÄT_¯;QNYZ]9M„°+Q 2� 2 QiŽKYZƒ�SKghQ+\sTa¯KQ.PiM2ƒ�SKf=T_Qsd Q̂ jå^hOÄVåM+f;W`g7d=^hb+^‰T˜YZWa^•Ta¯Kƒ�QiTa^hP†€

^`UÀUFf;PD¯çT_¯5Y„T

Q̂T Q̂ =
�

1 � 0:0001
� 0:0001 1

�
:

¬ÂO�Ta¯KQÅM+T_¯KQ†WN¯;Y+O;dz\BVåM+WNT_¯;QXUaYZƒ�QJSKWaM+];g‰Q†ƒ f5UF^hOKb�Ta¯KQ�NJM+f5UFQ†¯KM+g`d=QRWNƒ�QiT_¯;M0d	\ Q̂T Q̂ = I
jå^hO“VåM+fKWng7d=^‰b2^•TJY+W_^‰T_¯Kƒ�QRT_^`P†€)•
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ö

¯KQÄVåM+ghghM„®À^‰OKb—TDYZ]KghQ�UF¯;M„®JU�T_¯KQ”dKQRS;Y+WFTafKW_QÄM+V–M2WFTa¯KM+b2M+O;Y+g‰^‰TÆó�MZV–T_¯KQ Q g•ƒ�Y„TaW_^‰Ž²VåM+W

T_¯;Q QR VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O?M+VÅY 5 � 5 dœr.R#n.nB¬±qª_ÚªKqR¬„r#\ á�[)\zqsnBv–é–nBé

S

¬„n0p+ru•srut9vŒã�f;UF^hOKb

T_¯;W_Q†QÄdK^•ôŠQRWaQROBTJƒ�QiTa¯KM=dKU�j>dœt9ù–•†n0©–t!R}é˜nB¬0~%¨\[œlÊ~ŠY+O;d^_a[œlo€i•

@¤QrÜCÛ‡[ šzy}|

¨�t�Ak«–ªK¬±r}•†t9v¿tUTj02/

,

ªKpZqst;¬„rM32ª=q†r}t5v‡tVTÀªKv 5 � 5 dœrMR#nNn2¬±q\A­ª=q†¬±r>\ f�råqs©í¨\[œl

ªKv–é _a[œlÊy

]œQRT_¯KM=d kI � Q̂T Q̂k2

LNg`Y+UaUF^`PRY+goîXWaY+ƒhgÆ‚=PD¯Kƒ�^`d0T 1:178648780488241� 10� 7

]œM=d=^‰õ;Q†d

îXWDYZƒ›g7‚KPD¯Kƒ�^hd0T 4:504305729523455� 10� 12

NJM2f;U_QR¯KM2ghd=Q†W 4:841449989971538� 10� 16

¥˜Cts²-24F1vu

Ü9Ý;Ó�¹7·�qRÐ‰Ó�¸iÐhÓa·Z»)ÐÒßçØFÝ;º„Þ%Ø”¹åÝKÓ�Ø)Ïs×;Ói»)¼uºZ»)¼{¹}ßœºÆµ”¹{Ý;Ó‘c”ºZÏ0ØiÓDÝKºZÐ‰Ì+ÓR»—Ö�ÓR¹{Ý;º†Ì

º

7

ÓR»�qDº„¹åÝç¹åÝKÓ\d¥»_·ZÖ�Õ•Íz¸aÝ=Ö�¼uÌZ¹N·„¾ŠÌ—Ö�ºsÌ„¼ ƒ�ÓaÌ^d¥»_·ZÖ�Õ•Íz¸aÝ=Ö�¼uÌZ¹ÊÖ�Ói¹åÝKºsÌ±Ø#r.ºÆµX¹åÝKÓXÐ‰·Z¹}¹7Ói»X¹mÞ.º

Ö�Ói¹åÝKºsÌ±Ø<8.¹åÝKÓy:KdNÍ?¼`Ø”¸iÐ‰ÓD·Z»)ÐÒßÄ×9»aÓuµiÓR»)»_ÓDÌ•º

7

ÓR»�¹åÝKÓSf�d�Ízð

ñ

QÅOKM„® U_fKƒ�ƒ�YZWa^‰Ã†Q�T_¯KQ5ÕÀºD×9ÕF¸Dº„Ï=¾5¹%Y+O;dçØ)¹•·¦qi¼{ÐÒ¼{¹mßÀ×Š»_ºa×;ÓR»)¹}¼uÓiØÅMZV9T_¯;QÀVåM+fKW.ƒ—QRT_¯KM=dKU

VåM+WÂò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O•M+V%Y—ƒ�Y„TaW_^‰Ž A •

@Nªln�R}näšzy{w

¨�t!A­«–ª=¬„r}•†t9vetUT�[xw­p+r}nBv–p�ueªKv˜é lzqsª%n–r.Ruruq;u tVT%02/

,

ªKpZqst;¬„r.3+ª=qsrut9v _ÚnBq†©–t	é–•

]œQRT_¯KM=d Ö–g‰M2S>gFLNM+fKOBT ‚0TaYZ];^‰gh^•TÆó

NJM2f;U_QR¯KM2ghd=Q†W 2n2(m �
n
3

) ‚0TaYZ];g‰Q

îX^h°+QRO5U 3n2(m �
n
3

) ‚0TaYZ];g‰Q

L¥î…‚ 2mn2
mÅO;UFTaYZ];g‰Q•á

S

t9•†•sr#n•Runc•snEZ9nB¬±nªRut9•†•—tVTÅt;¬±q†©–t�-5t9v˜ª�Ruråq�u˜ã„y

]@î…‚ 2mn2
4�QRTFT_Q†W“UFTaY+]K^hg‰^‰TÆóïSKW_M2S5Q†WFTÆó Ta¯;YZO L¥î…‚z\�];f=T“O;MZTœY+U

UFTaY+]KghQÄY2U&NJM2f;UFQ†¯KM+g`d=Q†W�O U�M+WÅîX^h°+QRO5UÁO=ƒ�QiTa¯KM=dz•

,

ù�RMR‡Z5nB¬„•†ù–•L/•n0é–ù˜p2n0é 0L/

,

ªKp+q†t5¬±r.3+ª=qsrut9v˜•�ª;v˜é

®

v˜r�Ýzù˜n0v–n0•†•

ö

¯KQ�L¥î…‚çYZO;d^]@î…‚çƒ�QiT_¯;M0d;UÀb+^h°+QÄY—W_Qsd=f;PiQsdcò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	•

ö

¯KQ�ìBfKQ†UFT_^hM+O5U

T_¯0f;UÂYZWa^hU_Q+ÇXjå^{€%c�º„Þ‡¹7º“º�qR¹•·Z¼{¾k·XµDÏ=Ð{Ð�ÈÊÉíµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾•µD»_ºZÖ ·•»aÓaÌZÏ;¸DÓaÌZÕFº„¾ŠÓtya\9Y+O;dkjå^h^`€

v

ÝKÓR¾@¼`Ø”·�»_ÓDÌZÏ;¸aÓDÌ£ÈŒÉïµi·2¸i¹7º„»)¼‰½s·Z¹}¼uºZ¾äÏ=¾5¼uàiÏ;Ó{z

ö

M—M+]KTaYZ^hOçY�VåfKghg˜ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O�VåWaM+ƒ Y�W_Qsd=f;PiQsd�M+O;Q+\ A = Q1R1 \�N)Ï0Ø)¹N·a×2×KÓR¾9Ì

·„¾í·+Ì2Ì„¼{¹m¼uº„¾Š·„Ð (m � n) ºZ»)¹{Ý;º„¾9ºZ»)Ö�·ZÐ¥¸DºZÐÒÏ=Ö�¾;Ø�¹•º Q1 U_McT_¯5Y„T”^‰T�]9Q†PRM+ƒ�Q†U�Y+O m � m
M+W_T_¯;M+b+M2O;YZgzƒ�YZT_Wa^•Ž Q YZO;d­·ZÐGØRº“·D×+×;Ói¾ŠÌœ·²»aº„Þ%Ø—ºFµX½sÓi»aº±Ø�¹7º R1 U_M�T_¯;YZTÂ^‰TÂ]9Q†PRM+ƒ�Q†UJY+O

m � n TaW_^`YZOKb2fKg`YZW¥ƒ�Y„T_Wa^‰Ž R •

ö

M�Y+O;UF®�QRW¥Ta¯KQ…ìBfKQ†UFT_^hM+OcMZV–fKOK^`ìBfKQROKQsU_U†\=®�QÄT_fKWaO•TaM�T_¯KQ�L¥î…‚çSKWaM=PiQsU_U†•

WJM+T_QÊTa¯;Y„ToT_¯KQ†M+WaQiT_^`PRY+g‰ghóÂT_¯K^`U	SKWaM=PiQsU_U	dKMBQsU	OKM+T˜]KWaQ†Y+[Âd=M„®ÀO…f;OKg‰QsU_U qk ^`U	^`d=QROBTa^hP†YZghg‰ó

ÃRQ†W_MVÿZ]Kf=T%Ta¯K^hUÊ®À^‰ghg=OKMZTŒ¯;Y+SKS9QRO—^•V A ^hUŒY2U_U_fKƒ�Q†d�T_MÄ¯;Y±°+QNVåfKghgKWDYZOK[²j>f�©!uq|0€i•

ö

¯KQÀPD¯KM+^`PiQsU
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MZV r kk = jjqk jj2 > 0 ®�QRWaQÅƒ�Y2d=QÂd=Q†g‰^h]9QRWDY„T_Q†g‰ó—TaM�OKM2W_ƒ�Y+g‰^hÃRQÀTa¯KQX°+Q†PiT_M2WaU qk UFM”T_¯;YZTNTa¯KQRó

¯;Y±°2Q²fKOK^‰T—ghQRO;bZT_¯5UR•�4�f=Ts\ÊM+O;PRQ²Ta¯K^hU�PD¯KM2^hPRQ•^`U”ƒ�Y2d=Q+\ŒTa¯KQRO YZghg�T_¯KQcPiM2ƒ—S;f=TaYZT_^hM+O;U—YZWaQ

fKOK^`ìBfKQRghó•d=QRT_Q†W_ƒ�^hOKQ†dz•

ö

¯0f;UR\o®NQ�PRY+OäUFTaY„TaQ—T_¯KQ—VåM+ghghM„®À^‰OKb“WaQ†U_fKg•Ts•htÅOKMZTa¯KQRW…SKWaM0MZV.M+V.Ta¯K^hUÄWaQ†U_fKg‰T�PRYZOä]5Q

M+]KTaYZ^hOKQsd•°0^`Y�¨�©–t!R}n0•ïÂ
u¿é–n0p+t�Ak«.t9•†ruq†r}t5vN\2U_QRQ.j [)\	nB¬„p+r}•†näš	y`š%k••

@�©–n0t;¬„nBA š	yu|0ˆoy~}€•;¹•¶W•¦«�­¦¹º­¦¬�¬—¶Š¹ƒ‚h­?°!«�½?­?° Å„‚

Ä

´�½#µ¢©�±¦¶H…>´�µ�¶`©!¹‡†lO ³oÓR¹ A 2G

*
H

¿

HLK

Rm � n (m � n) ÝK·

7

Ó�µDÏ=Ð{ÐÂ»_·„¾>=+ð Ü9Ý;Ói¾ ¼{¹”ÝK·„Ø?·­Ï=¾5¼uàiÏ;Ó@»_ÓDÌ„Ï;¸DÓDÌ‡ÈŒÉ µi·+¸R¹•ºZ»)¼‰½†·Z¹}¼uºZ¾UÇ

A = Q1R1 ÞŒ¼{¹åÝœ¹åÝKÓ—Ì„¼u·†Î2ºZ¾9·„Ð%Ói¾5¹}»)¼uÓiØ”ºÆµ R1 ×;º±Ø)¼{¹m¼

7

Ósð

�œ›Wˆ Fc Vza¢…�Œ¦} cŸ  ‰L

Ax = b Š

x.¦aŸ‹K •‚• ƒ”�”¤¥�	 �
;¦I„À�…�Œ¦} cŸ

ö

¯KQ”ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O

A = QR

^hƒ—ƒ�Qsd=^hYZT_Q†g‰ó²ghQ†Y2dKU�T_M�Ta¯KQÄVåM+ghghM„®À^‰OKb�YZghb+M2W_^‰T_¯;ƒ VåM+WJU_M+gh°B^hOKb Ax = bÇ

lot!R>Z	ruv�- Ax = b ù˜•sruv�-�0L/

l	q†nB«�|5y�Ö–^‰O;d“Ta¯KQ�ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•MZV A : QT A = R •

l	q†nB«‡wzy�ÖKWaM+ƒ b0 = QT b•

l	q†nB«‘•	yÀ‚0M+gh°+Q Rx = b0
•

w

t;qsnUx

§

V+NJM2f;U_QR¯KM2ghd=Q†W�O U¥ƒ�QiTa¯KM=d“VåM+WXò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O•^`UÀf;U_Q†d	\KT_¯;QRO“T_¯KQ”°+Q†PiT_M2W

b0
P†YZO¶]9Qä¸Dº„ÖÅ×9Ï=¹7ÓaÌ£¼{ÖJ×ŠÐÒ¼u¸R¼{¹}ÐÒßäVåWaM+ƒ Ta¯KQ�VuY2P)T_M2W_Qsd?MZV QT = H1H2 : : : Hn � 1 \%Y+U b0 =

H1H2 : : : Hn � 1b•

[1\	ªYAk«•Run£šzy}|=’ LNM+O;U_^hdKQRW¥ƒ�Y„T_Wa^‰Ž A VåW_M2ƒ oŒŽKYZƒ�SKghQ

�9F>EXWYEGU

Ï0• z�YZO;d b = (2; 6; 3)T
•

l	q†nB«�|5y

ö

¯KQyNJM2f;U_QR¯KM2ghd=Q†W¥ƒ�YZT_Wa^hPRQ†UÀY+W_QÄb+^h°+Q†O•]0óŠÇ

H1 =

0

@
0 � 0:7071 � 0:7071

� 0:7071 0:5000 � 0:5000
� 0:7071 � 0:5000 0:5000

1

A ; H2 =

0

@
1 0 0
0 � 0:1691 � 0:9856
0 � 0:9856 0:1691

1

A

l	q†nB«‡wzyJ¨�t!Ak«%ù˜q†n b0
x

y1 = b =

0

@
2
6
3

1

A ; y2 = H1y1 =

0

@
� 6:3640
0:0858

� 2:9142

1

A ; b0 = y3 = H2y2 =

0

@
� 6:3640
2:8577

� 0:5773

1

A :

á

w

t5q†näq†©–ª=q b0
ªln.tPZ5nk©–ªK•rn.n0nBv p+t�Ak«%ùoqsn0étf�råqs©˜t9ùoqçnE\z«•Rur}p+ruq�R#utT•t5¬�A­ruv�-

q†©–n A­ª=q†¬„r#\ Q y{ã

l	q†nB«‘•	yJl	t�R#Z9nUx Rx = b0 ) x =

0

@
1
1
1

1

A
j>mÂUF^hOKb R VåWaM+ƒ„[1\	ªYAk«•Run

�9F>EXWYEGU

š	yh™9€)•
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§

V;T_¯;Q�dœt9ù–•†n0©–t!R}é˜nB¬jA¿n2qs©˜toé²^`U˜f5UFQsd�TaMÅVuY2P)T_M2W A ^hOBT_M QR \ZT_¯KQ†O

T_¯;Q�U_M+ghf=Ta^‰M2O@MZV Ax = b WaQ†ìBfK^hW_QsU

4

3
n 3 + O(n 2 ) h5M+S;U†•

ö

¯0f;U†\oU_M+gh°B^hOKb Ax = b f;UF^hOKb

NJM2f;U_QR¯KM2ghd=Q†W QR VuY2P)T_M2W_^hÃ†YZT_^hM+O“W_QsìBfK^‰WaQ†UJW_M2fKb+¯Kghó•q�f�rup2n²Ta¯KQ�O0fKƒ�]5Q†WJMZVŒM+S9QRWDY„Ta^‰M2O;UÀY+U

®À^‰T_¯­îÄYZf;UaU_^hY+O@QRgh^hƒ—^hO;YZT_^hM+O?®À^•Ta¯äSK^h°+M+T_^hOKb;•­ÜŠÝ0¼`Ø•Óaæ)×ŠÐ‰·„¼{¾;Ø—Þ˜Ý=ßœ¹{Ý;ÓœÈÊÉ ·a×2×9»_ºs·+¸DÝ²µiºZ»

ØRº„Ð

7

¼{¾BÎ Ax = b ¼`Ø�¾9ºZ¹.Ï0ØRÓDÌ�¼{¾�×Š»_·+¸R¹m¼u¸aÓ�º

7

ÓR»Ld

6•Ž•Ž

ð

/•t9ù–v˜é–tv�

S

¬„t5«.nB¬±q;uRx

§

T“P†YZOí]9QäU_¯KM„®ÀOæj Q˜Y±®JUFM2OïY+O;d1NÅY+O;U_M+OÚj�r�y|y2{+€JkÅT_¯;YZT•T_¯;Q

PiM2ƒ�SKf=T_Qsd­U_M+ghf=T_^hM+O x̂ ^`U”T_¯KQ²QRŽKY+P)T�UFM2g‰fKT_^hM+OkMZV (A + E)x̂ = b + � b\%®À¯KQRWaQ kEkF �
(3n2 + 41n)� kAkF + O(� 2) \5YZO;d k� bk � (3n2 + 40n)� kbk + O(� 2) •

ö

¯0f;UÄT_¯;Qçò

ë

ƒ�QiTa¯KM=d?VåM+W�U_M+gh°0^‰OKb Ax = b ^`U—Ø)¹•·¦qiÐ‰ÓçYZO5dïÌ2º†ÓiØ�¾9ºZ¹Å¼{¾

7

º„Ð

7

Óc·„¾5ß

Î+»_º„ÞŒ¹åÝ…µi·2¸i¹7º„»Rð

�œ›F� •ï
B •‘Š�X¤¥�Œ¦m cŸyx

Š

xN¦_Ÿ‹K •‚• ƒ”�”¤¥�	 �
5¦.„À�…�Œ¦m cŸ

m“n¦¥%v–råq†r}t5v¿š	yu|=™oycÜŠÝKÓ n � n Ö�·„¹m»)¼•æ PS ÝK·

7

¼{¾0Î�¹åÝKÓŒµiºZÐ{Ð‰º„ÞŒ¼{¾0ÎX×9»aºa×;Ói»)¹m¼uÓ)ØX¼`ØX¸D·„Ð{Ð‰ÓDÌ�¹åÝKÓ

©!±¦µ`®•©�’�©!¹º´!¯�D•±P©{“�­?½#µ�¶`©!¹íº„¾;¹7º•·�Ø)Ï�q)Øm×;·+¸DÓ S ºÆµ Rn
ð

jå^{€ R(PS ) = S j

ö

¯;Q…WaY+OKb+QXMZV PS ^hU S €

jå^h^{€ PT
S = PS j PS ^`UÀ•ïulA A­nBqR¬„rupB€

ju^‰^h^{€ P2
S = PS j PS ^`UÀrué–nBAk«.t5q†n0vŠqs€

Q ¬„nBRuªKq†rut9v–•†©–rå«ýn.nBq�f”n0n0v PS ªKv–é PS ?

Måµ PS ¼`ØX¹{Ý;Ó…º„»)¹åÝKºaÎ2ºZ¾9·ZÐB×9»_º`NRÓa¸R¹m¼uº„¾@º„¾5¹•º S 8˜¹åÝKÓR¾ I � PS 8ÊÌ+ÓR¾9ºZ¹•ÓDÌLqRß PS? 8%Þ˜ÝKÓR»_Ó

I ¼`Ø”¹åÝKÓ—¼uÌ+ÓR¾;¹m¼{¹mß²Ö�·Z¹}»)¼•æ@ºÆµ�¹åÝKÓ”ØR·„Ö�Ó�º„»aÌ+ÓR»—·±Ø PS 8N¼`Ø”¹åÝKÓ�ºZ»)¹{Ý;º_ÎBº„¾Š·„Ð5×9»_º`NRÓD¸i¹m¼uº„¾¿ºZ¾;¹7º

S?
j [)\	nB¬„p+r}•†n?šzy`•9’%k7ð

…;†ˆ…%†Š‰ ”�¡¢“%±�••
5•&•�–�²yŸ\¡<•–•�Œ
ž�“B’X•&•—–¤•+˜—”�¡n“%±••&•••5¡[˜1–‡²‘™›–•œY’Xœ

Q	QRT S � Rn
]9QNYÀU_fK];U_S;Y+PRQ+•�QoQiT f v1; : : : ; vk g ]9Q.YZO…M2WFTa¯KM+O;M+Waƒ�Y+g±];Y+U_^hUzVåM+W	Ta¯KQ.U_fK];U_S;Y+PRQ

S •ºÖ;M+Waƒ V = (v1; v2; : : : ; vk ) •

ö

¯KQ†O

PS = V V T

^`U�T_¯KQ…M2WFTa¯KM+b2M+O;Y+g9S;W_M|ˆÆQ†P)Ta^‰M2O•M2O2TaM S •

WJM+T_QÄT_¯5Y„T V ^`U¥OKMZTJfKO;^hìBfKQ2\K]Kf=T PS ^`UR•

@”©˜n

›

¬±q†©–t!-9t5v–ªYR

S

¬„t#usn0pZqsrut9v˜•�t9vŠq†t R (A ) ªKv–é N (A T )
ñ

¯KQRO�Ta¯KQJU_fK];U_S;Y+PRQ S ^`U R(A) M+W N (AT ) Y+UaUFM=PR^hYZT_Q†d�®À^‰T_¯�T_¯;QÀƒ�YZT_Wa^•Ž A \+®�QÀ®À^hg‰g

d=Q†OKMZTaQ�T_¯KQ•fKOK^`ì2f;Q•M+W_T_¯;M+b+M2O;YZg%SKWaM�ˆÆQsP)Ta^‰M2O;U…M+OBTaM R(A) Y+O;d N (AT ) ]0ó PA YZO;d PN \

WaQ†U_S5QsP)T_^h°+Q†g‰ó2•

§

V A ^hU m � n(m � n) YZO;d“¯;Y2U¥VåfKghgoWDYZOK[Š\0Ta¯KQR^hWJQiŽ=SKgh^`Pi^‰TÅQiŽ=SKWaQ†UaUF^hM+O5U�Y+W_Q

b+^h°+Q†Oç]0ó‰j [1\	n2¬„p2ru•sn@šzy`•5™lkm•

(i ) PA = A(AT A) � 1AT ; (ii ) PN = I � A(AT A) � 1AT :

/•nBA­ªK¬�ÂRx

§

T�^hU�OKMZT•·+Ì

7

¼`ØR·¦qiÐ‰Ó“¹7º£¸Dº„ÖÅ×9Ï=¹7Ó…×9»_º`NRÓa¸R¹m¼uº„¾KØ�f;U_^hOKbcT_¯KQ²Y+]5M„°2Q�QRŽ=SKW_QsU_U_^hM+O;U†\

]9Q†PRY+f;U_QÂTa¯KQ…ƒ�Y„TaW_^‰Ž AT A PRY+Oç]9Q�PiM2ƒ�SKf=TaYZT_^hM+O;Y+g‰ghó²U_^‰OKb2fKg`YZWs•
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£�–+žÑŒ •R¶S– µ –�“>¡Á’�6

tJO0ó²°2Q†PiT_M+W b PRY+Oç]9Q…®ÀWa^•T_T_QROœY2U

b = bS + bS? ;

®À¯KQ†W_Q bS 2 S YZO;d bS? 2 S?
•

§

V s ^`U¥T_¯KQ”WaY+OK[ R(A) MZVŒY�ƒ�YZT_Wa^•Ž A \5T_¯KQ†O bS 2 R(A)
YZO5d bS? 2 N (AT ) •

ñ

Q•®À^hg‰gNT_¯KQ†W_QRVåM+WaQ•d=Q†OKMZTaQ bS ]0ó bR Y+O;d bS? ]0ó bN \Œƒ�Q†Y+OK^‰O;b

T_¯5Y„T bR ¼`ØÄ¼{¾œ¹åÝKÓ…»a·„¾BÎBÓ”ºFµ A Y+O;d bN ¼`ØX¼{¾@¹{Ý;Ó…¾;Ï=Ð{Ð9Øm×;·+¸DÓ”ºFµ AT
ð

ö

¯KQÄ°+QsP)T_M2WaU bR Y+O;d

bN \=^‰O•VuY+P)Ts\KPRY+O•]9QXQRŽ=SKW_QsU_U_Q†d²^‰OçT_Q†W_ƒ�U�MZV	Ta¯KQÄM+W_T_¯KM2b+M2O;YZgKS;W_M|ˆÆQ†P)Ta^‰M2O;UNM+OBT_M R(A) YZO5d

N (AT ) \KWaQ†U_S5QsP)T_^h°+Q†g‰ó2•

§

TÅPRYZO“]9Q�UF¯KM„®ÀONj [)\	nB¬„p+r}•†n@š	yh•9™%kzTa¯;Y„T

bR = PA b YZO;d bN = PN b:
ö

¯KQ�°+QsP)TaM+WDU bR Y+O;d bN YZWaQ�PRYZghghQ†d@T_¯KQ²t5¬±q†©–t!-9t5v–ªYRÄ«–¬„t#usn0pZqsrut9vÚtVT b t9vŠq†t R (A )
YZO5d²Ta¯KQ�t;¬±qs©˜t�-5t9v–ªYR.«–¬„t#usn0pZqsrut9vítVT b t5vŠqst N (A T ) \=W_QsUFS9Q†PiT_^h°+Q†g‰ó2•

ÖKWaM+ƒ Y+]5M„°2Q+\0®�QXQsY+U_^‰ghó•U_QRQXT_¯5Y„T bT
R bN = 0:

…;†ˆ…%†�2 ”�¡¢“%±�•&•••¤¡•˜1–�²�™›–•œ#ŒlœK–�••˜—”�¡n“%±•••
º•;•�–�²‘Ÿ\¡¢•v•�Œ
ž�“B’”•&••œK•&•�“p• “%±•Œ

¹¨–�•�
ºŒ –�••˜ž›‰°‡²�²

œ

£•–•žÑŒ@°�œ�’.•8
 ¸t¹—º+–+ž�“p•¤¡Á’½¼�–�“B’X•&•

LNM+ƒ�SKfKT_^hOKb­M+W_T_¯;M+b+M2O;YZg¥SKWaM�ˆÆQsP)Ta^‰M2O;U�f;U_^‰O;bkT_¯KQ@QiŽ=SKgh^hPR^•TçVåM+Waƒ”fKg`Y+U²Y+]5M„°2QcW_Qsì2f;^‰WaQcT_¯KQ

ƒ�Y„TaW_^‰Ž?^hO0°+Q†WaU_^‰M2O (AT A) � 1
\ÊYZO5dz\%T_¯KQ†W_QRVåM+WaQçP†YZOk]9QçO0fKƒ�QRWa^`PRYZghghóäfKO5UÆTDYZ]KghQ+•

Î

ØD¹7·�qRÐ‰Ó

Þ.·„ß•ºFµ”¸Dº„ÖÅ×9Ï=¹m¼{¾BÎ•¹{Ý;Ó�×Š»_º%NRÓD¸R¹}¼uºZ¾KØ�¼`Ø”Ói¼{¹åÝKÓR»

7

¼u·£Ù•¼ ÛœÈÊÉïµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾kº„»�Ù•¼{¼ Û�ÍNÑŠÔ�ð

Q	QRT A ]5Q m � n \=®À¯KQRWaQ m � n •

@�©–n0t;¬„nBA š	yu|Kšzy�³˜Ói¹ A = QR qDÓ”¹{Ý;Ó•ÈÊÉïµi·2¸i¹7º„»)¼‰½s·„¹m¼uº„¾­ºFµ”·JµDÏ=Ð{ÐÒÕ7»a·„¾B= m � n Ö�·„¹m»)¼•æ

G

*!Hm*
HLKnm

A(m � n) ð¥³˜ÓR¹ Q = (Q1; Q2) 8ÊÞ˜ÝKÓR»_Ó Q1 ¼`Ø�¹åÝKÓ�Ö�·Z¹}»)¼•æcºFµ'ƒÊ»DØ)¹ n ¸Dº„Ð•Ï=Ö�¾;Øið�ÜŠÝKÓR¾

Ù•¼ Û�ÜŠÝ;Ók¸aºZÐÒÏ=Ö—¾KØ@ºÆµ Q1 ·Z¾9Ì Q2 µiºZ»)Ö º„»)¹åÝKº„¾Šº„»)Ö�·„Ð‘qD·±ØRÓ)ØäºFµ R(A) ·Z¾9Ì N (AT ) 8

»aÓ)Øm×;Óa¸R¹m¼

7

ÓRÐÒß+ð

Ù•¼{¼ Û�ÜŠÝ;Ó•º„»)¹åÝKºaÎBº„¾9·ZÐŠ×9»aº%NRÓD¸i¹m¼uº„¾;Ø<8 PA ·„¾9Ì PN 8Åº„¾;¹7º R(A) ·„¾9Ì N (AT ) ·Z»_Ó�8J»aÓ)Øm×;Óa¸RÕ

¹m¼

7

ÓiÐÒß?8 Q1QT
1 ·„¾ŠÌ Q2QT

2 ð

By±P©B©�FPO&tÅUaU_QRW_T_^hM+O;UÄjå^{€NVåM+ghghM„®‘VåWaM+ƒ Ta¯KQÄVuY+PiTÅYZghW_QsY+d=ó�QsUÆTDYZ]Kgh^hU_¯KQsdzÇ

UFS5YZO f q1; : : : ; qi g = U_S;Y+O f a1; : : : ; ai g; i = 1; : : : ; n:
ö

¯KQ…Y+UaU_QRW_T_^hM+O;UÄjå^h^{€NVåM+ghg‰M„®‡VåW_M2ƒ jå^{€ÀYZO5d²Ta¯KQ�d=Qiõ5OK^•Ta^‰M2OcMZVoTa¯KQ…SKWaM�ˆÆQsP)T_^hM+Oo•

[1\	ªYAk«•Run£šzy}|0â LNM+O;U_^hdKQRW�[)\	ª�Ak«�R}n

�9D>EGU>EGU

šzy{’“YZb2Y+^‰Oo•

•p¿

H

â

HLK

A =

0

@
1 1

0:0001 0
0 0:0001

1

A

mÅU_^hOKb—T_¯KQ…¬„n0•†ù�Råqs•�tVT�[1\	ªYAk«•Run

�9D>EGU>EGU

š	y`’•®�QX¯5Y±°+Q
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� Q•vít5¬sqs©˜t5¬�A­ªYR�n–ªK•sru•�tUT R(A) Ç

8
<

:

� 1 0:0001
0:0001 � 0:7071

0 0:7071

9
=

;

� Q•vít5¬sqs©˜t9v–t;¬�A­ªYR�n–ª;•†r}•—tUT N (AT ) Ç

8
<

:

� 0:0001
0:7071
0:7071

9
=

;

� @�©˜n@t;¬±q†©–t�-5t9v˜ª�R.«–¬„t#usn0pZqsrut9vít5vŠqst R(A) x

PA = Q1QT
1 =

0

@
1:000 0:0000 0:0000
0:0000 0:5000 � 0:5000
0:0000 � 0:5000 0:5000

1

A

� @�©˜n@t;¬±q†©–t�-5t9v˜ª�R.«–¬„t#usn0pZqsrut9vít5vŠqst N (AT ) x

PN = Q2QT
2 =

0

@
0:0000 � 0:0000 � 0:0000

� 0:0000 0:5000 0:5000
� 0:0000 0:5000 0:5000

1

A

�
›

¬±q†©–t!-9t9v˜ªYR

S

¬„t#usn0pZqsrut9v˜•�tUT bx�Q	QiT b = (1; 1; 1)T
Y+O;d A Y+UÀYZ]9M„°+Q2•

ö

¯KQRO

bR = PA b =

0

@
1:0001
0:0001
0:0001

1

A ; YZO;d bN = PN b =

0

@
� 0:0001

0:9999
0:9999

1

A :

0L/

,

ªKp+q†t5¬„rM3+ªKq†rut9v†f�råqs©‘¨”t�Ruù�A­v

S

r#Z9t;qsruv�-oy

§

V A ^`UXWaY+OK[#g•d=QRõ5Pi^hQROBTs\ŠT_¯KQ†Okò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O@PRY+OäO;MZT…]5Q�f;U_Q†d£T_M“õ;O;d?Y“];Y+U_^`U

VåM+W R(A) •

ö

M�U_QRQÄTa¯K^hU†\;PRM+O;U_^hdKQRW�T_¯KQ 2 � 2 QiŽKYZƒ�SKghQ+Ç

A =
�

0 0
0 1

�
=

�
c � s
s c

� �
0 s
0 c

�
= QR:

ë

YZO;[ (A) = 1 < 2 •Ê‚0M5\2Ta¯KQÄPiM+ghfKƒ�O;UNMZV Q d=M�O;MZT.VåM2W_ƒ Y+O•M+W_T_¯;M+OKM2W_ƒ�YZg;];Y+U_^hUNMZV

R(A) O;M+WÀMZV%^‰TaUÀPiM2ƒ�SKg‰Q†ƒ�QROBT†•

§

OcT_¯K^`UJP†Y+U_Q+\KM2OKQ…OKQRQsdKU¥TaM�f;UFQ�Y�ƒ�M=d=^‰õ5PRYZT_^hM+OcMZV–T_¯;Q�ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O“SKWaM=PiQ†UaU†\

PRY+g‰ghQ†deÈÊÉïµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾¶ÞŒ¼{¹{Ý@¸Dº„ÐÒÏ=Ö—¾�×9¼

7

º„¹m¼{¾BÎ+•

ö

¯KQ�SKWaM=PiQ†UaUXõ;O;d;U�Y“S5Q†W_ƒ�f=TaYZT_^hM+O¶ƒ�Y„T_Wa^‰Ž P \˜Y+O;däT_¯KQ�ƒ�Y„TaW_^`PiQsU Q Y+O;d R UFf5PD¯

T_¯5Y„T AP = QR •

ö

¯KQ…d=QiTDYZ^hghUÀY+W_QXb+^h°+Q†O•^hOcîXM2g‰f;]“Y+O;d•‹ÊY+OÚQoM2Y+Oäj�r�y|yEzK\0SKS	•Ž]Ÿ�EÀ�g0]|{�s2€i•

]•t

ö

Q
tj4ÁPiM2ƒ—ƒ�Y+O;d [Q; R; P] = ÝŠ¬ (A) P†YZO£]9Q�f5UFQsdœT_M“PiM2ƒ—S;f=T_Q�T_¯KQ²ò

ë

VuY2P�g

T_M2W_^hÃ†YZT_^hM+Oç®À^•Ta¯cPRM+ghfKƒ�OcSK^‰°2MZTa^‰OKb5•

tJg`UFM [Q; R; E ] = ÝŠ¬ (A; 0) SKW_M=d=f5PiQ†U.YZO�Q†PRM+OKM2ƒ”ó�U_^‰Ã†QÂò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O—^hO—®À¯;^hPD¯

E ^hUÀY—S9QRWaƒ”f=TDY„Ta^‰M2O“°2Q†PiT_M+WÀU_M—T_¯;YZT Q � R = A(:; E ) •
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�œ›W  F?¦_Ÿ‹Kc¢Lzm��
¢¡ �Lza¢��¤£Ú�Ä¤À g× �² \x.¦}�Œ¦} cŸ �²Ÿ”¡�¦}�lx

•í
2 “�²��
+�Œ¦m�jx

ñ

Q•¯;Y±°2Q²UFMœVuY+W�U_QRQ†OkTÆ®NM@ƒ�YZT_Wa^•Ž?VuY+PiT_M2W_^hÃ†YZT_^hM+O;U†ÇCÛ

®

Y+O;d 0L/@•

§

OkTa¯K^`U�U_Q†PiT_^hM+O	\%®�Q

^hO2TaW_M=d=f5PiQ²YZO;MZT_¯;QRW…°+Q†W_ó@^‰ƒ�S9M+W_TaYZOBT…VuY2P)T_M2W_^hÃ†YZT_^hM+O	\–PRY+g‰ghQ†d­loruv�-5ù�Ruª=¬³k…ªYRuù–n m“n0p+t�A b

«.t9•†ruq†r}t5v áal•k^mcã„•

Î

×9»_ºsºÆµ@ºFµœ¹åÝKÓ£ÍNÑ9Ô á`@�©˜n0t5¬„n#A

C9D>E�¥>EIH

š	yu|=è9ãç®À^hghgÅ]9Q@d=QiVåQ†W_WaQ†d fKOBTa^‰g

LN¯;Y+S=T_Q†W‘r�sK•

…;†�¦%†Š‰

œ

’.•8
�°�²Ð–+¡§™2–�²>°•Œlœ –�••˜

œ

’.•8
�°‡²”–+¡§™2Œ
ž�“p•¤¡¢œ

@�©–n0t;¬„nBA š	yu|=èoy¨},©‘»;ª¬«�®l­P©!±?­�Òo†=ð�³oÓR¹ A 2 Rm � n
ð£ÜŠÝKÓR¾¶¹{Ý;Ói»aÓ�Ó_æ2¼`Ø)¹Jº„»)¹åÝKºaÎ2ºZ¾9·„Ð

G

*
H�­
HLK

Ö�·„¹m»)¼u¸aÓiØ U 2 Rm � m
·„¾ŠÌ V 2 Rn � n

Ø)Ï;¸DÝc¹åÝK·Z¹

A = U� V T ; jIÏ=• ÀB€ ^�_

*
H I!HLK

Þ˜ÝKÓR»_Ó � = diag(� 1; : : : ; � p) 2 Rm � n
8 p = min(m; n) ·„¾9Ì � 1 � � 2 � : : : � � p � 0 ð

m“n¦¥%v–råq†r}t5víš	y`w5ê	y£ÜŠÝKÓ�Ì+ÓD¸Dº„ÖÅ×Kº„Ø)¼{¹}¼uºZ¾UÇ A = U� V T

¼`Ø”¸D·„Ð{Ð‰ÓDÌ•¹{Ý;ÓS©�¶Š¹®’�«J¯ˆ´!± »+´!¯X«•­¯ª ­?½?©�ÒÚDl©!¬�¶�µ�¶`©!¹�Ù}Í�Ñ9ÔJÛ�ºFµ A ð

� U 2 Rm � m
á

›

¬±q†©–t!-9t9v˜ªYR•ã

� V 2 Rn � n ›

¬sqs©˜t�-9t5v–ªYRmã

� � 2 Rm � n
á`mçr}ªY-9t5v–ªYRmã„•

WJM+T_Q+Ç'WÅMZTa^hPRQÂTa¯;Y„TJ®À¯;QRO m � n \ � ¯;Y2U�T_¯KQÄVåM2W_ƒ

� =

0

B
B
B
@

� 1

•

•

•

� n

0(m � n ) � n

1

C
C
C
A

:

Q•v†…ÁRMRuù–•†qR¬„ª=q†r}t5vNy m = 4; n = 2 •

0

B
B
@

� �
� �
� �
� �

1

C
C
A =

0

B
B
@

� � � �
� � � �
� � � �
� � � �

1

C
C
A

0

B
B
@

� 0
0 �
0 0
0 0

1

C
C
A

�
� �
� �

�

A U � V T
,

r.-5ù˜¬„n@šzyhˆkllkVm tUTJª 4 � 2 _Úª=qR¬„r>\

m“n¦¥%v–råq†r}t5v š	y`w	|9y

ö

¯KQ£d=^`YZb2M+O;Y+g�Q†OBT_Wa^‰QsU � 1; � 2; : : : ; � p Y+W_QœP†YZghg‰Qsd­Ta¯KQ£•†r}vJ-9ù�Ruª=¬

¾

K#°
HJI!HLK

ZKªYR}ù˜n0•ÄMZV A •

m“n¦¥%v–råq†r}t5vÁš	y`w9wzy

ö

¯KQ�PiM2g‰f;ƒ—O5UÄMZV U YZWaQ—P†YZghg‰QsdœTa¯KQLRunPTmq“•sruv�-5ù�RuªK¬sZ5n0pZqst;¬„•²Y+O;d

¾

K#°
HJI!HJI

T_¯;M2U_QXM+V V Y+W_QÄPRY+g‰ghQ†dçT_¯;Q…¬±r.-5©Šq�•sruv�-5ù�Ruª=¬/Z9n0pZq†t5¬„•+•



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

	��

A

�

 

ÊÛÌ{=YÄ#Æ

�

�

"

�

Æ�ÄP�

$

�PË9Ã–9¨�pÃ�Å<Ê �¢Ê Ã�Ì

�

Ì�ÇSÊ ��Å

'
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ÁE`

Q�¨�t5v!Z9n0vŠq†rut9v

Ö;M+W²Ta¯KQ@WaQRƒ�Y+^‰O;dKQRW•M+V…T_¯K^`U“PD¯;YZS=TaQRWç®NQä®À^‰ghgXY2U_U_fKƒ�Q+\À®À^‰T_¯;M+f=TcYZO0óeghM2UaU²M+V

b2QROKQ†WaY+g‰^‰TÆó+\ŠTa¯;Y„T m � n •L4NQsPRY+f;UFQ2\	^‰V m < n \o®�Q�PiM2O;UF^`d=Q†WÂTa¯KQ•‚0‹oi MZV AT

Y+O;d“^•V%T_¯;Q�‚0‹jiËMZV AT
^`U U� V T

\;T_¯KQ†OcT_¯KQ”‚0‹oiÚM+V A ^`U V � T UT
•¤tÅghU_M�T_¯KQ

VåM2g‰ghM„®À^‰O;b—PRM+O0°+Q†O2Ta^‰M2Oç®À^hghgz]5Q…f;U_Q†d	•

� � max = � 1 = T_¯KQ…g`YZWab+QsUÆTÀUF^hOKb2fKghY+WÀ°„YZghfKQ

� � min = � n = T_¯KQ�U_ƒ�YZghg‰QsUÆTJU_^‰O;b+fKg`YZW¥°„YZghfKQ+•

� � i = T_¯KQ…^ÐgmT_¯œUF^hOKb2fKghY+W¥°±Y+g‰f;Q

� � 1 � � 2 � : : : � � n � 0 •

WJM+T_Q†U†Ç

r2•

ñ

¯KQRO m � n \0®�QÅ¯;Y±°2Q n U_^‰O;b+fKg`YZW�°„YZghfKQ†U†•

§

T…¸D·„¾ªqDÓ…ØFÝ;º„ÞŒ¾œ¹åÝK·Z¹.¹åÝKÓiØiÓ”·„»_Ó�¹{Ý;Ó n
Ói¼•ÎBÓi¾

7

·ZÐÒÏ;ÓiØ�ºFµ…¹åÝKÓ�ØDß„Ö—Ö�Ói¹m»)¼u¸�Ö�·„¹m»)¼•æ AT A ð

]K•çÜ9Ý;ÓÂØ)¼{¾BÎ+Ï=Ð‰·„»

7

·ZÐÒÏ;ÓiØXºÆµ A ·„»_ÓXÏ=¾5¼uàiÏ;ÓRÐÒß—Ì2Ói¹7ÓR»)Ö�¼{¾ŠÓaÌ—Þ˜Ý=¼{Ð‰ÓÄ¹åÝKÓXÖ�·„¹m»)¼u¸DÓ)Ø U ·„¾ŠÌ V
·„»_Ó”¾9ºZ¹.Ï=¾;¼uàRÏ;Ó…¼{¾cÎ2ÓR¾9ÓR»_·ZÐÊÙ

v

Ý=ß*yuÛ

…;†�¦%†ˆ‡ ±\•g˜¼£‡°�“p–�“B’”•&•—•R¶V“%±�Œ

œ

™K‹³²%µš´
3¨µO´e™¶±›•g˜·˜1–�••˜;¸

ö

¯KQ�PRM+ƒ�SKf=TDY„T_^hM+O“MZV–T_¯;Q”‚0‹jiË^hUÀƒ�M2W_QÄQiŽ=S9QRO;U_^h°+QXT_¯;Y+OœPiM+ƒ�SKfKT_^hOKb�T_¯KQ�ò

ë

VuY2P)T_M2W_^hÃ†Ypg

T_^hM+OcQ†^•Ta¯KQRWÀ]0óVNÅM+f;U_QR¯;M+g`d=QRWPO U�M2WÅîX^‰°2QRO;U�O=ƒ�QiT_¯;M0d	•5t�®À^hdKQRghó•f;U_Q†dçƒ�QiT_¯;M0d	\;PRY+g‰ghQ†dçT_¯;Q

îXM+ghfK]>g%¹…YZ¯5YZO>g

ë

QR^hO;UaPD¯²YZghb+M2W_^‰T_¯Kƒc\=PiM2ƒ�Q†U�^‰OçTÆ®�M”SK¯;Y2UFQsUR•

§

OÚXÊ¯;Y2UFQ

§

\0T_¯KQÄƒ�Y„TaW_^‰Ž

Î

¼`Ø

»_ÓDÌ„Ï;¸DÓDÌc¹7º@·³qi¼uÌZ¼u·RÎBº„¾9·ZÐNÖ�·„¹m»)¼•æoº qRß@º„»)¹åÝKºaÎ2ºZ¾9·ZÐ�ÓDàiÏ=¼

7

·„ÐhÓi¾Š¸aÓçYZO5d@Ta¯KQRO¶^hO‚XÊ¯;Y+U_Q

§F§

\

¹åÝKÓ�Ö�·„¹m»)¼•æ»º ¼`ØJµDÏ=»)¹åÝKÓR»—»aÓaÌZÏ;¸DÓaÌ£¹•º@·@Ì„¼u·†Î2ºZ¾9·ZÐ.Ö�·„¹m»)¼•æäºFµ—ØD¼{¾0ÎZÏ=Ðh·„»

7

·„ÐÒÏ;ÓiØRð

ñ

Q²UF¯5YZghg

d=QsU_PRW_^h]5Q—Ta¯K^hU�‚=‹ji ƒ�QiTa¯KM=d@^hOkd=QiTDYZ^hghUX^hO¿¨”©–ª=«–q†nB¬­|=ê	•

ö

¯KQcÖ�Ói¹åÝKºsÌœ¼`Ø�¾;Ï=Ö�Ói»)¼u¸D·ZÐ{ÐÒß

Ø)¹•·¦qiÐhÓ†ðVÖKM2WÄT_¯KQ�Ta^‰ƒ�Q²]9QR^hOKb;\oT_Mcf;U_Q•‚0‹jixY+U…YcPiM2ƒ�SKf=TaYZT_^hM+O;Y+g%T_M0M+gm\oM2OKQ�PRY+Oäf;U_Q�T_¯;Q

]•t

ö

QJt%4‘S;W_M2b+WDYZƒc\B•,Z	éNÇ

[U;S;V ] = •,Z	é (A);

®À¯K^`PD¯kb+^h°+QsUXT_¯KQ•PRM+ƒ�SKghQiTaQ•‚0‹ji�•

§

VÀM2OKg‰ó@T_¯KQçUF^hOKb+f;ghY+W�°„YZghfKQ†U…M+V A YZWaQ�W_Qsì2f;^‰WaQ†dz\˜f;U_Q

•,Z	é (A) •

[1\	ªYAk«•Run£šzy{w;•œQ	QiT A =

0

@
1 2
2 3
3 4

1

A
•

ö

¯KQ†O [U;S;V ] = svd(A) b+^h°+QsU

•

K#°
HJI!HLK

� =

0

@
6:5468 0

0 0:3742
0 0

1

A

3� 2

; U =

0

@
0:3381 0:8480 0:4082
0:5506 0:1735 � 0:8165
0:7632 � 0:5009 0:4082

1

A

3� 3

;

V =
�

0:5696 � 0:8219
0:8299 0:5696

�

2� 2
ö

¯KQ†W_Q…YZWaQXTÆ®NM�U_^‰OKb2fKg`YZWÀ°„YZghfKQ†U†ÇRzK•�{��P{�ÀK\BsK• Ô#Ï��2]K•
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…;†�¦%†�2 3 ±�Œ

œ

™K‹ •R¶S–�±\•g˜¼£‡²”Œ‡6 µ –�“>¡Á’�6

Q	QRT A 2 Cm � n
•

ö

¯;QRO?T_¯KQ†W_Q�QRŽ0^`UFT”ù˜v–råqsª=¬�u¼A¿ª=qR¬„rup2n0• U 2 Cm � m
YZO;d V 2 Cn � n

U_f;PD¯•Ta¯;Y„T

A = U� V � ;

®À¯KQ†W_Q � = d=^hY+b (� 1; : : : ; � p) 2 Rm � n ; p = minf m; ng \;®À^•Ta¯ � 1 � � 2 � : : : � � p �
0:

_ Q�@�Û¤Q•Ü ¨

›

_ _ Q

w

m@•

ö

¯;Q¥VåfKO;P)Ta^‰M2O�•ïZ	éœP†YZO�YZg`UFMÄ]9QÀf;UFQsd�TaM…SKWaM0dKf;PiQ�T_¯;QÅ‚0‹ji

MZV%Y�PiM+ƒ�SKghQiŽçƒ�YZT_Wa^•Ž“Y+U¥®�QRghg}•

§

O“T_¯;^hUÀP†Y+U_Q U Y+O;d V Y+W_QÄPiM2ƒ�SKg‰QRŽ•fKOK^‰TaY+W_ó•ƒ�YZT_Wa^hPRQ†U†•

…;†�¦%†½á �SŒ
•g˜1Œ•“>¡Á’Gžš¼|•�“pŒ+¡P£+¡¢Œ•“p–�“B’X•&• •R¶S“%±•Œ

œ

’.•8
�°�²Ð–+¡½�
–�²�°�Œlœ –�•+˜

œ

’.•8
�°�²Ð–+¡½�
Œ
ž�“p•¤¡<œ

Q	QRT S ]5QXT_¯;QÂfKO;^•TJU_SK¯KQRWaQÅ^hO Rn
•

ö

¯;QRO²Ta¯KQX^‰ƒ�YZb2QÅM+V S fKO5d=QRW A ^`U¥Y—Ý=ßa×KÓR»_ÓRÐ{ÐÒ¼ ×5ØRº„¼uÌ E
d=QRõ;OKQ†dç]0ó E = f Ax : jjxjj2 = 1g •

�
ö

¯;Q�UF^hOKb+f;ghY+W�°„Y+g‰fKQsUÀYZWaQXT_¯KQ…ghQROKb+T_¯;U¥M+V˜Ta¯KQ�U_QRƒ�^Ûg7Y„Ž=QsUNM+V E •

�
ö

¯;QÂghQiV{TÀUF^hOKb2fKghY+W.°2Q†P)TaM+WDU.Y+W_QÅT_¯KQXfKOK^‰T�°2Q†PiT_M+WDUÊ^hO²Ta¯KQÄd=^‰WaQ†PiT_^hM+O²M+VzT_¯KQÄU_QRƒ�^Ûg7Y„Ž=QsU

M+V E •

�
ö

¯;QÅWa^‰b2¯2T�UF^hOKb+f;ghY+W.°+QsP)TaM+WDUÊYZWaQÀT_¯;QÅfKOK^‰T¥°+Q†PiT_M2WaUŒ^hO S Ta¯;Y„T¥YZWaQÀT_¯KQÂSKWaQ9g•^‰ƒ�YZb2Q†UŒM+V

Ta¯KQ�U_QRƒ�^Ûg7Y„Ž=QsUNM+V E •

ÜŠÝ0Ï0Ø<8%¹{Ý;ÓXÏ=¾;¼{¹7·„»)ß”Ö�·a× V �
×9»_ÓiØRÓi»

7

ÓiØÂ¹åÝKÓÂØm×KÝ;Ói»_Ó98Œ¹{Ý;Ó…Ì„¼u·†Î2ºZ¾9·„ÐoÖ�·Z¹}»)¼•æ � Ø)¹}»_ÓR¹7¸aÝ;Ó)ØJ¹åÝKÓ

Øm×KÝ;Ói»_Ó•¼{¾;¹7º£·“Ý0ßa×;Ói»)ÕFÓRÐ{ÐÒ¼ ×5ØRºZ¼uÌk·„¾9Ìœ¹{Ý;Ó²Ï=¾5¼{¹•·Z»)ß“Ö�·a× U »_º„¹7·„¹7ÓiØ�ºZ»�»_ÓMÕÀÓD¸R¹uØ—¹{Ý;Ó—Ý=ßa×KÓR»)Õ

ÓRÐ{ÐÒ¼ ×5ØRº„¼uÌL=2ÓDÓ•×Š¼{¾BÎç¼{¹uØÄØ_ÝK·D×KÓsð¤ÖKM+WÀƒ�M2W_Q…d=QRTaYZ^hg`UÀUFQ†Q

ö

WaQiVåQiTa¯;YZOœY+O;dV4¥Y+f?j`r,y|yBÏZ€i•

Q•v†…9R.Ruù–•Rq†¬„ª=q†r}t5vNyxÜŠÝKÓ5M)Ö�·RÎBÓ�ºFµ”·¶´–¾;¼{¹¾ºÅ·ZÐ{ÐoÏ=¾9Ì2Ói»…¹åÝKÓ…ÍNÑŠÔ ºÆµ A
Q	QRT A = U� V T ; � = d=^hY+b (3; 0:5)

1

1

1

1

¿gÀŸÁ#Â�Á/ÃÅÄ€Æ

V T

Ç

Á/È,Ã'Á/É#Ê»ÂŸË�ÀYÌvÍÎÂŸÏ€Ã[Ð'Ñ

¿gÀYÁ/Â�Á/Ã„Ä�Æ

U
u2 u1 0:5

3

,

rM-9ùo¬„näš	y`’	yo@”©˜n‰…ÁA­ªY-9n“tUTJª?ù˜v–råq9n%ªYRMR¥ù–v˜é–nB¬²q†©–n@l•k^m�tUTÀªeA¿ª=qR¬„r#\
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ÊÛÌ{=YÄ#Æ

�

�

"

�

Æ�ÄP�

$

�PË9Ã–9¨�pÃ�Å<Ê �¢Ê Ã�Ì

�

Ì�ÇSÊ ��Å

'

�XÃY�p���Ð�¢Ê ��Å

ú

ÃV}

…;†�¦%†�Ò ¹¨Œ
˜)°•žÑŒ
˜

œ

™ ‹¸†

§

V A = U� V T
^`UçT_¯KQ¶‚0‹ji MZV A 2 Rm � n (m � n) T_¯;QRO	\XY+U²^hO‘Ta¯KQ¶PRY+U_Q£M+V—ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	\0®�QÄP†YZOc®ÀWa^•TaQ

A = U1� 1V T ;

®À¯KQ†W_Q

U1 = (u1; u2; : : : ; un ) 2 Rm � n ; V = (v1; v2; : : : ; vn ) 2 Rn � n

YZO5d

� 1 = d=^hY+b (� 1; � 2; : : : ; � n ) 2 Rn � n :
ö

¯KQ�Y+]5M„°2QÅVåM2W_ƒ M+VŒ‚=‹jiÁ^`UÀPRY+g‰ghQ†dçT_¯;Q…¬±n0é–ù˜p2n0ékM+W�T_¯;Q…q†©–ruv¿‚0‹oiÁMZV A •

/•n0é–ù˜p2n0éíllkVm

tÅOBóçƒ�Y„T_Wa^‰Ž A 2 Rm � n (m � n) PRYZO“]9Q…®ÀW_^‰TFTaQROc^‰O“Ta¯KQÄVåM+Waƒ

A = U1� 1V T ;

®À¯KQ†W_Q U1 ^`U�Y+O m � n º„»)¹åÝKºZ¾9º„»)Ö�·„ÐzÖ�·„¹m»)¼•æ�8 � 1 ^`U¥YZO n � n ÌZ¼u·RÎBº„¾Š·„Ð	Ö�·„¹m»)¼•æ

Y+O;d V ^`UÀYZO n � n º„»)¹åÝKºaÎ2ºZ¾9·ZÐoÖ�·„¹m»)¼•æBð

Mi¾£Ö�·Z¾;ß•·D×+×9Ð•¼u¸a·Z¹}¼uºZ¾KØ<8¥¹{Ý=¼`ØÄ»aÓaÌZÏ;¸DÓaÌÅµiº„»)Ö ºÆµÄÍ�Ñ9Ô ¼`ØÄØ)Ïbkï¸i¼uÓR¾;¹7ð

=
0

.. .

.
.

.

0

A U1

� 1 V T

m � nm � n
n � nn � n

,

rM-9ù˜¬±n@š	yh™oy�/•n0é˜ù–p+n0é‘llkVm (m > n) y

_ Q�@�Û5QrÜ ¨�t!A�A¿ªKv˜éNÇ [U;S;V ] = •,Z	é (A; 0) P†YZO­]9Q“f;UFQsd¶T_MäSKWaM0dKf;PiQ•T_¯KQ

WaQ†d=f;PRQ†dc‚0‹jiËMZV A •

…;†�¦%†�Ó

œ

Œ+••œY’”“B’��+’”“•Ô¼•R¶2“%±•Œ

œ

’.•8
�°�²Ð–+¡½™2–�²>°•Œlœ

	¥¾9ÓÂºÆµ¥¹åÝKÓÅ»_ÓD·±ØRº„¾;ØÀºFµÀÞŒ¼uÌ+ÓX·a×2×9ÐÒ¼u¸D·�qR¼{ÐÒ¼{¹mß�ºFµ¥Ø)¼{¾BÎ+Ï=Ð‰·„»

7

·„ÐÒÏ;ÓiØÀ¼{¾…×Š»_·+¸R¹}¼u¸D·ZÐ9·a×2×9ÐÒ¼u¸D·Z¹}¼uºZ¾KØÅ¼`Ø

¹åÝK·„¹Œ¹åÝKÓÄØD¼{¾0ÎZÏ=Ðh·„»

7

·„Ð•Ï;Ó)Ø…·„»_ÓÄÞ.ÓRÐ{ÐÒÕF¸Dº„¾ŠÌ„¼{¹m¼uº„¾ŠÓaÌ2ð

ñ

QÄUÆTDY„T_QÂY�WaQ†U_fKg•T�¯KQRWaQJ^hO�T_¯;^hU�PiM2O2TaQiŽ0T†•

XÊWaM0MZV˜®À^hghg	]5Q�dKQiVåQRWaWaQ†dçfKOBT_^hg–LN¯;YZSKT_QRW‘rPsK•

@�©–n0t;¬„nBA�š	y`w;ˆ˜y Ù

S

n2¬±qsùo¬�n%ª=q†r}t5v @�©–nBt5¬„nBA T•t5¬kloruv�-5ù�RuªK¬³k…ªYR}ù˜n0•RÛZð£³˜ÓR¹ A ·„¾9Ì

G

*
H�­
HJI

B = A + E qaÓÅ¹mÞ.º m � n Ö�·„¹m»)¼u¸DÓ)Ø (m � n) ðN³˜Ói¹ � i ; i = 1; : : : ; n ·„¾ŠÌ ~� i 8 i = 1; : : : ; n
qDÓ�8�»_Ó)Øm×;ÓD¸i¹m¼

7

ÓRÐÒß?8—¹{Ý;Ó“Ø)¼{¾BÎ+Ï=Ð‰·„»

7

·„ÐÒÏ;ÓiØœºFµ A ·„¾9Ì A + E 8”¼{¾‡Ì+ÓD¸R»_ÓD·±Ø)¼{¾BÎeº„»_Ì2Ói»Rð ÜŠÝKÓR¾

j~� i � � i j � kEk2; µiº„»”ÓD·+¸DÝ i ð
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[1\	ªYAk«•Run£šzy{w5’

•

K#°
H

¿

HLK

A =

0

@
1 2 3
3 4 5
6 7 8

1

A ; E =

0

@
0 0 0
0 0 0
0 0 :0002

1

A :

ö

¯KQ…U_^‰OKb2fKg`YZW¥°„YZghfKQ†UÀM+V A Ç � 1 = 14:5576; � 2 = 1:0372; � 3 = 0:0000:
ö

¯KQ…UF^hOKb2fKghY+WÀ°„YZghfKQ†U¥M+V A + E Ç ~� 1 = 14:5577; ~� 2 = 1:0372; Y+O;d ~� 3 = 0:0000;
QYn%•†t�Ruù˜q†n•[Å¬±¬„t;¬Px j~� 1 � � 1j = 1:1373� 10� 4; j~� 2 � � 2j = 0; Y+O;d j~� 3 � � 3j = 0:

‚0^hO;PiQ jjE jj2 = 0:002\„T_¯KQÂUÆTDY„T_Q†ƒ�QROBTNM+V9Ta¯KQ

ö

¯;QRM+WaQRƒ Ï0•�]��…^`UÊQsY+U_^‰ghó�°2QRWa^•õ5Q†dz•

WJQRŽBTs\±®NQNSKW_QsUFQ†OBToYJWaQ†U_fKg•T�jÆÞŒ¼{¹åÝKº„Ï=¹=×9»_ºsºÆµŠ€zM2O�S5Q†WFTafKWa];Y„Ta^‰M2OXM+V=T_¯KQ�UF^hOKb2fKghY+W	°„YZghfKQ†U

T_¯5Y„TÀf;U_Q†U;Ö;W_M2]5Q†OK^‰f5U¥OKM+Waƒ ^hO;UÆTaQ†Y2d•M+VR]�gmOKM2W_ƒc•

@�©–n0t;¬„nBA šzy{w;™oy�³˜Ói¹ A; E ; � i ·Z¾9Ì ~� i 8 i = 1; : : : ; n qDÓ“¹åÝKÓ•ØR·„Ö�Óœ·±Ø²¼{¾ËÜŠÝKÓDº„»_ÓRÖ

G

*
H�­
H Ù

C9D>E�¥>EGU

�

ð��[Õ5ð²ÜŠÝKÓR¾ vu
u
t

nX

i =1

(~� i � � i )2 � kEkF :

…;†�¦%†ˆ… ›S•¤¡•˜1œ‡Ö;“%±•Œ×±›•&•+˜&’”“B’”•&•7›‰°5˜·45Œ+¡2–�•+˜ ¹y–�•�ØÙ�+’”– “%±�Œ

œ

™K‹

@�©–n0t;¬„nBA šzy{w5š	y ³˜Ói¹ � 1 � � 2 � � � � � � n qDÓç¹{Ý;Ó n Ø)¼{¾BÎ+Ï=Ð‰·„»

7

·ZÐÒÏ;Ó)ØçºFµç·Z¾ m � nG

*
H�­
H�ž

Ö�·„¹m»)¼•æ A(m � n) ð�Ü9Ý;Ói¾

Ê

O kAk2 = � 1 = � max

Ë

O kAkF = (� 2
1 + � 2

2 + � � � + � 2
n )

1
2

Ì

O kA � 1k2 =
1

� n
8ÊÞ˜Ý;Ói¾ A ¼`Ø n � n ·„¾ŠÌ�¾Šº„¾KØ)¼{¾0ÎZÏ=Ð‰·Z»

Í

O Cond2(A) = kAk2kA � 1k2 =
� 1

� n
=

� max

� min
8Ê¼ µ A ¼`Ø…¾9ºZ¾KØ)¼{¾BÎ+Ï=Ð‰·Z»Rð

Î

O—»a·„¾B= (A) = ¾;Ï=ÖLqaÓR»�ºÆµ…¾Šº„¾=½†ÓR»_º—Ø)¼{¾0ÎZÏ=Ð‰·Z»

7

·ZÐÒÏ;ÓiØið

By±P©B©�FPO

|9y kAk2 = kU� V T k2 = k� k2 = max
i

(� i ) = � 1:

w	y kAkF = kU� V T kF = k� kF = (� 2
1 + � 2

2 + � � � + � 2
n )

1
2 :

Ù�Ú�º„¹7Ó£¹åÝK·Z¹�¹åÝKÓÚ]=Õ7¾Šº„»)Ö ·Z¾9Ì F Õ7¾9º„»)Ö ·„»_Ó@¼{¾

7

·„»)¼u·Z¾;¹�Ï=¾9Ì2Ói»£ºZ»)¹{Ý;º_ÎBº„¾Š·„ÐXÖ�·Z¹}»)¼•æ

×Š»_ºsÌ„Ï;¸R¹uØRð Û

•oy

ö

M²SKWaM„°+QCÔ�®NQ”OKMZTaQ�T_¯5Y„TÅTa¯KQ”g`YZWab+QsUÆTÅU_^hOKb+fKg`YZWÅ°±Y+g‰f;Q”MZV A � 1
^hU

1
� n

•”j�WJM+T_Q�Ta¯;Y„T

®À¯;QRO A ^hU¥^hO0°+Q†WFTa^‰]KghQ+\ � n 6= 0€i•

ö

¯KQRO“T_¯;Q…W_QsUFfKg‰T¥VåM+ghg‰M„®JU�VåWaM+ƒ r+•
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Ã2Á

ˆ˜y�ÖKM+ghghM„®JU.VåWaM+ƒ T_¯KQ�d=QRõ;OK^‰T_^hM+OcMZV Cond2(A) YZO;d•T_¯;Q…W_QsUFfKg‰TaU�r�Y+O;dÚÔK•

’	y…‚0^‰O5PiQNT_¯KQ�WaY+OK[ÄMZV5YÅƒ�Y„T_Wa^‰Ž�^hU–^hOB°„Y+W_^`YZOBTofKO5d=QRW%M+W_T_¯;M+b+M2O;YZg2ƒ�Y„T_Wa^‰ŽÄƒ�fKg‰T_^hSKg‰^`PRYZT_^hM+O	\

WaY+OK[ (A) = WDYZOK[ (U� V T ) = WaY+OK[ (�) •

ö

¯KQÀƒ�Y„T_Wa^‰Ž � ]9QR^hOKb�YÄd=^`YZb2M+O;Y+g=ƒ�YZT_Wa^•Žz\

^•TDU¥WaY+OK[²^`U¥Q†ìBf;YZgŠTaM�T_¯KQ…O0fKƒ�]5Q†WÀMZV%OKM+O;ÃRQRWaM�d=^hY+b+M2O;YZgŠQROBTaW_^hQ†U†•

/•nBA­ª=¬�Â¿t9vïq†©–n@¨�t5v–é–råq†r}t5v

w

ù�A€nNn2¬.n
u‘llm\käy

|9y

§

V A ^`UJY—W_QsP)TaY+OKb+f;ghY+W�ƒ�YZT_Wa^•Ž•¯5Y±°B^hOKb�VåfKghg	WaY+OK[Š\0T_¯KQ†O Cond2(A) =
� max

� min
•

w	y

ñ

¯KQRO A ^`U¥WaY+OK[#g•d=QRõ5Pi^hQROBTs\ � min = 0 \KY+O;d•®�Q�UaY±ó�T_¯;YZT Cond2(A) ^hUJr}v
¥%v–råq†n9y

•oy

ñ

¯KQRO A ^`U¥OKQ†Y+W_ghó²WDYZOK[²d=QRõ5Pi^hQROBTs\ Cond2(A) ^hUÀg`YZWab+Q2•

ˆ˜y Cond2(A) ƒ�Q†Y2UFfKWaQ†UJ¯KM„®�VuYZWÅT_¯KQ²Ý0ßa×;Ói»aÓiÐ{ÐÒ¼ ×9ØRº„¼uÌ f Ax : jjxjj2 = 1g ^`UÂQRghM+OKbBY„T_Qsd

]Bó2•

[1\	ªYAk«•Run£šzy{w;â

A =

0

@
1 2
2 3
3 4

1

A :

‚0^hOKb+f;ghY+WJ°„YZghfKQ†UÀM+V A YZWaQ+Ç � 1 = 6:5468\ � 2 = 0:3742• jjAjj2 = � 1 = 6:5468ÿ jjAjjF =
p

� 2
1 + � 2

2 = 6:5574ÿKLNM+O;d 2(A) =
� 1

� 2
= 17:4975•

…;†�¦%†�¦ 3 ±�Œ ‹e’Xœ�“p–�•+žÑŒ “p•

œ

’I•�
�°�²Ð–º¡Á’”“•ÔÛÖ�¹y–�•ÜØÛÝ>‹ Œ•Ž%žJ’XŒ+••ž*Ô(–�••˜

›‰°Ü˜�Œº¡Á’GžÑ–‡²p¹y–�•�ØÞ�+’X–—“%±•Œ

œ

™ ‹¸†

ñ

Q�¯5Y±°+Q”ˆÆf;UÆT.U_QRQ†O”Ta¯;Y„T%Ta¯KQ¥OBf;ƒ”]9QRWŒMZV9OKM+O;ÃRQRWaMÄUF^hOKb+f;ghY+W˜°„YZghfKQsU%MZV9YÂƒ�Y„TaW_^‰Ž”^`U%^•TDU%WaY+OK[Š•

ö

¯KQ—WaY+OK[œMZV�Y•ƒ�Y„TaW_^‰Ž@PRY+O@YZg`U_Mç]9Q—dKQiT_Q†W_ƒ�^hOKQ†däf;U_^‰O;b?ju^`€VdJ·„Ï0ØDØ)¼u·„¾¿ÓRÐÒ¼{Ö—¼{¾9·„¹m¼uº„¾5\˜Y+O;d

jå^h^{€ÄÈÊÉkµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾œÞŒ¼{¹åÝç¸DºZÐÒÏ=Ö�¾”×9¼

7

º„¹m¼{¾BÎBðº4�M+T_¯�YZWaQÀg‰QsU_UÊQiŽ=S5Q†O;U_^‰°2Q¥T_¯;Y+O�PRM+ƒ�SKf=Ta^‰O;b

T_¯;Q£UF^hOKb+f;ghY+W—°„Y+g‰fKQsUR\�]Kf=Tä·Z»_Óœ¾Šº„¹�·„Øœ¾;Ï=Ö�Ói»)¼u¸D·„Ð{Ð•ßk»_ÓiÐ•¼u·�qRÐ‰Óä·„ØœÌ2Ói¹7ÓR»)Ö�¼{¾5¼{¾BÎ¿¼{¹›qRß?¹åÝKÓ

ÍNÑŠÔ
r˜Q†U_S5QsPi^`YZghg‰ó�^‰V˜^‰T¥^`U¥d=Q†U_^hW_Qsd�T_M�d=QRT_QRWaƒ�^‰O;QÅTa¯KQ…PighM2U_QROKQsU_UNMZV˜Y”VåfKghgzWaY+OK[�ƒ�Y„TaW_^‰Ž�T_M�Y

OKQsYZWa]Bó�WDYZOK[#g7d=Qiõ9Pi^hQROBTNM2OKQ+•+tÅU¥Y+O•QiŽKY+ƒ—S;g‰Q2\0PRM+O;U_^`d=QRW�T_¯;QXPRQRghQR]KWDY„TaQ†dàßœª;©˜ªKv�A­ªKqR¬„r#\

Ù•Þ˜Ý0¼u¸DÝœ¼`Ø…Ïs×2×KÓR»…¹}»)¼u·Z¾BÎ+Ï=Ð‰·„»•Û|Ç

R = dK^hY+b (1; s; : : : ; sn � 1)

0

B
B
B
B
B
B
@

1 � c � c : : : � c
1 � c : : : � c

1
•

•

•

•

•

•

•

•

•

1

1

C
C
C
C
C
C
A

jIÏ=• yB€ ^�_

*
HHá

@

®À^‰T_¯ c2 + s2 = 1; c;s > 0 •

ÖKM2W n = 100; c = 0:2; r nn = sn � 1 = 0:133\5®À¯K^`PD¯@^`UXOKMZTÄUFƒ�Y+g‰gm\zM+OœTa¯KQ�MZTa¯KQRW

¯;Y+O;dz\ R ¯5Y+UÀY�UF^hOKb2fKghY+W¥°±Y+g‰f;Q…MZV˜M2WadKQRW 10� 8
\=^hO;d=^`PRYZT_^hOKbœ¹åÝK·„¹N¼{¹N¼`Ø…¾ŠÓa·Z»)ÐÒß�Ø)¼{¾BÎ+Ï=Ð‰·„»)•
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‚0^hO;PiQ¥Ta¯KQÀO0fKƒ”]9QRWÊM+VŠv–t9vJ32n2¬„t²U_^hOKb+fKg`YZW%°„YZghfKQsUÊd=QiTaQRWaƒ�^‰OKQsU%T_¯;QÀWaY+OK[�MZVzYXƒ�Y„T_Wa^‰ŽŠ\

®�Q�P†YZOkUaY±óœT_¯;YZT�Ycƒ�Y„TaW_^‰Ž A ^`U�YZWa]K^‰T_WDYZWa^‰ghóœOKQsYZW�Ycƒ�Y„TaW_^‰ŽäM+VNVåfKghg.WDYZO;[9ÇgN)Ï0Ø)¹…¸aÝ;·„¾0Î2Ó

ÓD·+¸DÝc½†ÓR»_º•Ø)¼{¾BÎ+Ï=Ð‰·„»

7

·„ÐÒÏ;ÓLqRß“·çØ)Ö�·„Ð{Ð–¾;Ï=ÖLqaÓR» � •5M)¹¥¼`Ø<8À¹{Ý;Ói»_Ó}µiº„»aÓ�8¥Ö�ºZ»_Ó—Ö�Óa·Z¾;¼{¾0ÎFµDÏ=Ð%¹7º

=Z¾9º„Þ‡¼ µ—·çÖ�·„¹m»)¼•æ“¼`Ø”¾9ÓD·„»—·•Ö�·„¹m»)¼•æ£ºFµ�·c¸DÓi»)¹7·„¼{¾?»_·„¾>=?8¥»_·Z¹{Ý;Ói»�¹{Ý;·„¾•=„¾Šº„ÞŒ¼{¾BÎ“Þ˜Ý;·„¹À¹åÝKÓ

»_·Z¾B=�¼`ØRð�ÜŠÝKÓ”Ø)¼{¾BÎ+Ï=Ð‰·„»

7

·„Ð•Ï;Ó�Ì2Óa¸DºZÖJ×;º±Ø)¼{¹m¼uº„¾­Ó_æ0·2¸i¹mÐÒß•·„¾;Ø)Þ.Ói»DØ…¹åÝ0¼`Ø”àiÏ;ÓiØ)¹}¼uºZ¾9ð

‚0fKSKS9M2U_QçT_¯;YZT A ¯;Y+U�WDYZOK[ r \ÊT_¯5Y„T�^hU†\ � 1 � � 2 � � � � � � r > 0 YZO;d � r +1 =
� � � = � n = 0 •

ö

¯KQ†O­T_¯;QçìBfKQ†UFT_^hM+O¿^hU�¯KM„® VuYZW A ^`U�VåW_M2ƒ Yœƒ�Y„T_Wa^‰Ž¶M+VJWaY+OK[ k < r •

ö

¯KQÂVåM+ghg‰M„®À^hOKb�T_¯KQ†M+WaQRƒ j.@�©˜n0t5¬„n#A

C9D>E�¥>EGF

šzy{w;è9€.P†YZOç]5QÄf;U_Q†d•T_M�YZO;U_®�QRWNT_¯KQ�ìBfKQsUÆTa^‰M2O	•

ö

¯K^hU

T_¯;QRM+WaQRƒ ^`UXb+QRO;QRWDYZghg‰ó“[0OKM„®ÀO@Y+UÂTa¯KQCoNPD[±Y+WFTngHâÊM2fKOKb

ö

¯KQRM2W_Q†ƒ j}UFQ†QCoNPD[±Y+WFTÄYZO;d¯âÊM+fKO;b

j�r�y|ÔEy2€F€i•

@�©–n0t;¬„nBA šzy{w;èoyã}/©‘»gª ´!¹º°Ùäª­?´!±�¹º­¦¬�¬Kµn©Ù‚›´�¹8åtæ/ª ­#çy½¦¶`­¦¹º½éèé†œ³oÓR¹ A = U� V T
G

*
H�­
H

¿

qDÓœ¹åÝKÓ£ÍNÑŠÔ ºÆµ A ðÁ³oÓR¹ k � r = »_·„¾>= (A) ðÁÔ—Ó>ƒ.¾9Ó Ak = U� k V T
8�Þ˜ÝKÓR»_Ó � k =

Ì„¼u·†Î (� 1; : : : ; � k ; 0 : : : 0)m � n 8ÊÞ˜ÝKÓR»_Ó � 1 � � 2 � : : : � � k > 0 ð

ÜŠÝKÓR¾

ÙÆ·DÛ A ÝK·„Ø�»_·„¾>= k ð

Ù�q7Û ÜŠÝ;Ó—ÌZ¼`Ø)¹•·Z¾9¸DÓ�ºFµ Ak µD»_º„Ö A Ù•¼{¾r]�gmOKM2W_ƒ—Û|Ç jjA � Ak jj2 = � k+1 ð

ÙÆ¸7ÛÞ	¥Ï=¹¥ºÆµ�·„Ð{Ð˜¹{Ý;Ó�Ö�·„¹m»)¼u¸DÓ)Ø”ºFµÄ»_·„¾>= k 8 Ak ¼`Ø…¹{Ý;Ó�¸RÐ‰º„ØiÓiØ)¹N¹7º A rÊ¹{Ý;·„¹�¼`Ø<8

min
»_·Z¾B= (B )= k

jjA � B jj2 = jjA � Ak jj2:

By±P©B©�F^©�Fê}<´�†%ONWDYZO;[ (Ak ) = WaY+OK[ (U� k V T ) = WDYZO;[ (� k ) = k jåOKM+T_QÀTa¯;Y„T � 1 � � 2 �
: : : � � k > 0€i•

By±P©B©�F�©�FÞ}në•†lOL4�Q†P†YZf;U_Q A � Ak = U(� � � k )V T
\Š®NQ—¯;Y±°+Q jjA � Ak jj2 = jjU(� �

� k )V T jj2 = jj (� � � k )jj2 = � k+1 •

ö

¯0f;U†\=T_¯KQ�dK^hUFTaY+O;PiQÄ]9QiTÆ®�QRQRO A YZO5d Ak ^`U � k+1 •

By±P©B©�F ©�Fê}<½[†lO

ö

M�SKWaM„°+Q…juPs€)\0®�QÅUF¯;M„®¿Ta¯;Y„T�^•V B 2 Rm � n
^`U.YZO0ó—MZTa¯KQRWNƒ�YZT_Wa^•Ž—MZV	WDYZOK[

k \9T_¯;QRO jjA � B jj2 = � k+1 ÿŠTa¯;Y„TÄ^`UR\ Ak ^`UXPRg‰MBUFQsUÆTÂT_M A Y+ƒ�M+OKb“YZghg˜M+T_¯KQ†WXƒ�YZT_Wa^hPRQ†UÂMZV

WDYZOK[ k •

‚0^hO;PiQ B ¯;Y2U¥WaY+OK[ k \=Ta¯KQ…O0fKg‰g	U_S;Y2PiQÄMZV B \ N (B ) \5¯;Y+UÀdK^‰ƒ�QRO5UF^hM+O n � k •

LNM+O;U_^`d=QRWÀOKM„®‡T_¯KQ�U_S;Y2PiQ S = UFS5YZO f v1; : : : ; vk+1 g \=®À¯KQ†W_Q v1 Ta¯KW_M2fKb+¯ vk+1 YZWaQ

T_¯;Q—Wa^hb+¯BTÄU_^hOKb+fKg`YZWX°+QsP)TaM+WDUÅM+V A •�‚0^hO;PiQ N (B ) YZO;d S Y+W_Q—]9MZT_¯¶U_fK];U_S;Y+PRQ†UXMZV Rn
Y+O;d

T_¯;QÂU_fKƒ MZVzT_¯;QR^hWNd=^hƒ�QRO;U_^‰M2O;UN^hUNb+WaQ†YZT_QRWÊT_¯;Y+O n \+Ta¯KQR^hW�^‰OBT_Q†WaU_Q†PiT_^hM+O�ƒ�f;UÆT�]5QÂOKM+O;QRƒ�S=TÆó+•

Q	QRT z ]5QJYÄf;OK^•TÊ°2Q†PiT_M+WŒghó0^‰O;bX^hO—T_¯K^`UŒ^hOBT_QRWDU_Q†P)Ta^‰M2O	•

ö

¯KQRO�U_^‰O;PRQ z 2 U_S;YZO f v1; : : : ; vk+1 g \

T_¯;QRWaQXQRŽ=^hUFTJU_P†YZg`YZWDUXjuOKMZTÅY+g‰gzÃ†QRWaMB€�U_f;PD¯•Ta¯;Y„T z = c1v1 + c2v2 + : : : + ck+1 vk+1 •

ÖKfKW_T_¯;QRWaƒ—M2W_Q2\R]9Q†P†YZf;U_Q v1; : : : ; vk+1 Y+W_Q%M+W_T_¯;M+OKM2W_ƒ�YZgm\R®�QŒƒ”f5UÆTo¯5Y±°+Q jc1j2+ jc2j2+
: : : + jck+1 j2 = 1 •+4NQsPRY+f;UFQ z Y+ghU_M�]9QRghM+O;b2U�T_M N (B ) \5®NQÄ¯;Y±°2Q B z = 0 •.‚=M

(A � B )z = Az =
k+1X

i =1

ci Av i =
k+1X

i =1

� i ci ui j>WÅMZT_QXTa¯;Y„T Av i = � i ui €

4�Q†P†YZf;U_Q u1; : : : ; uk+1 Y+W_Q…YZg`U_M�M2WFTa¯KM+OKM2W_ƒ�Y+g}\

jj (A � B )zjj2
2 =

k+1X

i =1

j� i ci j2 � � 2
k+1

k+1X

i =1

jc2
i j = � 2

k+1
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Ã

ü

ö

¯0f;U†\ jjA � B jj2 �
jj (A � B )zjj2

jj zjj2
� � k+1 ju]5QsPRY+f;UFQ jj zjj2 = 1€)•

¨�t;¬„t�RMR}ª=¬�u­š	yh•9êoyX³oÓR¹ A qDÓ�·„¾ m � n Ö�·„¹m»)¼•æ²ºFµ–µDÏ=Ð{ÐŠ»_·Z¾B=�·Z¾9Ì—Ð‰ÓR¹ r = min(m; n) ð¥³oÓR¹

� 1 � � 2 � : : : � � r > 0 qDÓ�¹{Ý;Ó�Ø)¼{¾0ÎZÏ=Ð‰·Z»

7

·„ÐÒÏ;ÓiØ—ºÆµ A ðiMåµ C ¼`Ø�·„¾9ºZ¹{Ý;Ói» m � n Ö�·„¹m»)¼•æ

Ø)Ï;¸aÝœ¹{Ý;·„¹ jjC � Ajj2 < � r 8Ê¹åÝKÓR¾ C Ý;·±Ø”·„ÐÒØiºÂµDÏ=Ð{Ð	»_·Z¾B=2ð

¨�t;¬„t�RMR}ª=¬�uïš	yh•o|5yo}Wª^¶Š¬pµn´!¹º½?­eµn©ì©�¶Š¹ ’�«�¯ˆ´�±¦¶�µ`è�†%O�ÜŠÝ;Ó”»aÓiÐ‰·Z¹}¼

7

Ó—Ì„¼`Ø)¹•·Z¾9¸DÓ�ºÆµ�·²¾9º„¾;Ø)¼{¾;Õ

Î+Ï=Ð‰·„»…Ö�·„¹m»)¼•æ A ¹7º�¹{Ý;Ó�¾ŠÓD·„»_ÓiØ)¹ÊØ)¼{¾BÎ+Ï=Ð‰·„»…Ö�·„¹m»)¼•æ C ¼`Ø

1
Cond2(A)

rÊ¹åÝK·Z¹N¼`Ø<8

jjC � Ajj2

jjAjj2
=

1
Cond2(A)

:

[1\	ªYAk«•Run£šzy`•9w LNM+O;U_^hdKQRW�oŒŽKYZƒ�SKghQ

�?HWí>EGU>EIH

Ï0•�]�Ô—YZbBYZ^hO	•

� 1 = 6:5468; � 2 = 0:3742; k = 1:
ö

¯KQ†O

A1 = U� 1V T =

0

@
1:2608 1:8193
2:0534 2:9630
2:8460 4:1067

1

A

¬Âf=T¥MZVoY+g‰g9T_¯;QÂƒ�Y„TaW_^`PiQsUÊM+VoWaY+OK[ 1; A1 ^`UNT_¯KQÄPighM2U_Q†UFTÊTaM A jå‹ŒQ†W_^‰Våó�T_¯K^`U�]0ó�PRM+O;UFT_Waf;PiT_^hOKb

YZO0óäMZT_¯;QRW�YZWa]K^‰T_WDYZWaó£WDYZOK[�r�ƒ�YZT_Wa^•Ž?MZV¥M+WDd=QRW 3 � 2 Y+O;däT_¯KQ†O­PiM+ƒ�SKfKT_^hOKbœ^•TDUC]�gmOKM2W_ƒ

d=^`UÆTDYZO;PRQXVåW_M2ƒ A €i•

mçr}•RqsªKv˜p2n£tUT;Q _Úª=qR¬„r>\

,

¬„t�A qs©˜n

w

n0ª=¬„n0•RqL_ÚªKqR¬„r#\ tVT�ÛNtPf”nB¬S/•ª;v�Â

ö

¯KQäY+]5M„°2QœW_QsUFf;g•TçUFTaYZT_QsU�T_¯;YZT•Ta¯KQäU_ƒ�YZghg‰QsUÆT•O;M+OKÃ†QRWaM¶U_^hOKb+fKg`YZW•°±Y+g‰f;Q@b+^h°+QsU�T_¯;Q

d=^`UÆTDYZO;PRQ.VåWaM+ƒ A T_MÂT_¯;Q�O;Q†YZWaQ†UFT˜ƒ�YZT_Wa^•Ž…MZV5g‰M„®�QRW–WaY+OK[Š•

§

O�S;YZW_T_^`PifKg`YZWs\)µiº„»Å·Ä¾Šº„¾;ØD¼{¾0ÎZÏ=Ðh·„»

n � n Ö�·Z¹}»)¼•æ A 8J¹åÝKÓ—Ø)Ö�·„Ð{Ð‰ÓiØ)¹JØ)¼{¾BÎ+Ï=Ð‰·„»

7

·„ÐÒÏ;Ó � n Î+¼

7

ÓiØ—¹åÝKÓ�Ö�ÓD·±Ø)Ï=»_ÓiØ�ºFµ—¹{Ý;Ó²Ì„¼`Ø)¹7·„¾9¸DÓ

ºÆµ A ¹7º�¹{Ý;Ó�¾ŠÓD·„»_ÓiØ)¹ÊØ)¼{¾BÎ+Ï=Ð‰·„»…Ö�·„¹m»)¼•æ0ð

ö

¯0f;UR\;^‰OcM+WDd=Q†WNTaM�[BO;M„®‡^‰V%Y—ƒ�Y„TaW_^‰Ž A MZV%WDYZOK[ r ^hUJPRg‰MBUFQXQRO;M+fKb2¯•TaM²Y�ƒ�YZT_Wa^•Ž•M+V

ghM„®NQ†WÅWDYZOK[Š\Šg‰M0M2[“^hOBT_MçT_¯KQ�U_ƒ�Y+g‰ghQ†UFTÂO;M+OKÃ†QRWaMçU_^‰OKb2fKg`YZWÅ°„Y+g‰fKQ � r •

§

VÊT_¯;^hUX^`UÂ°2QRWaó“U_ƒ�YZghg}\

T_¯;QROïT_¯;Q£ƒ�Y„T_Wa^‰Že^`U²°+Q†W_óePighM2U_QcT_M­Ykƒ�Y„TaW_^‰ŽeM+VXWDYZO;[ r � 1 \¥]9Q†P†YZf;U_QcT_¯KQ†W_QœQRŽ=^hUFTaU²Y

S9QRW_T_fKWa];Y„Ta^‰M2OcMZV.U_^‰Ã†Q�Y+UÅU_ƒ�YZghgoY+U j� r j ®À¯K^hPD¯œ®À^hghg˜SKWaM=d=f;PRQ�Y�ƒ�Y„T_Wa^‰ŽçMZVÊWDYZO;[ r � 1 •

§

O

VuY+PiT†\KM2OKQ…UFf5PD¯çS9QRW_T_fKWa];YZT_^hM+O“^hU ur � r vT
r •

[1\	ªYAk«•Run£šzy`•5•

•

K#°
H

â

H Ù

A =

0

@
1 0 0
0 2 0
0 0 0:0000004

1

A ; WaY+OK[ (A) = 3; � 3 = 0:0000004:

U =

0

@
0 1 0
1 0 0
0 0 1

1

A ; V =

0

@
0 1 0
1 0 0
0 0 1

1

A



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú

Ã

ý þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

A0 = A � u3� 3vT
3 =

0

@
1 0 0
0 2 0
0 0 0

1

A ; WaY+OK[ (A0) = 2:

ö

¯KQŒWaQ†ìBfK^hW_QsdÅS9QRW_T_f;W_];YZT_^hM+O u3� 3vT
3 T_MJƒ�YZ[2Q A UF^hOKb2fKghY+Wz^hU	°+QRWaóÅU_ƒ�YZghg}Ç 10� 6

0

@
0 0 0
0 0 0
0 0 0:4000

1

A :

w

t;qsnUx

ö

¯KQXVåM2g‰ghM„®À^‰O;b—^`UÀY\ÖKWaM+]9QROK^hf;U`gmO;M+Waƒ YZO;Y+g‰M2b�M+V

ö

¯KQ†M+WaQRƒ

C9D>E�¥>EGF

Ï=• ]|y

@�©–n0t;¬„nBA š	yh•5ˆoyî}Wï+©�ð
æn±?´!¹�åoñ9D!D�±?©�·!¶ŠÒK´!µ`¶`©!¹¸¶Š¹

Ä

±P©‡ëP­�¹•¶Š«J¬½ä•©!±¦Òî†lOÅ³˜ÓR¹ B ·„¾5ß

G

*
H�­
H

â

Ö�·„¹m»)¼•æçºFµ…¹{Ý;Ó…ØR·ZÖ�Ó—º„»_Ì2Ói»”·„Ø A ·„¾ŠÌ�Ð‰ÓR¹ Ak qDÓ”¹{Ý;Ó…ØR·„Ö�Ó—·±Ø…¼{¾ïÜŠÝKÓDºZ»_ÓiÖ

C9D>E�¥>EGF

�

ð���ò2ð•ÜŠÝ;Ói¾

jjB � Ajj2
F � jjAk � Ajj2

F :

…;†�¦%†�ó ›‰°Ü˜�Œº¡Á’GžÑ–‡²p¹y–�•�Ø

§

O•S;WaY2P)T_^`PRY+g5Y+SKSKgh^hP†Y„T_^hM+O5UÊTa¯;Y„T¥OKQRQsd•U_^‰O;b+fKg`YZW�°„YZghfKQ†UN®NQX¯;Y±°2QJT_M�[0OKM„®í®À¯KQRO•T_M�Y+P†PiQRSKT

Y�PiM2ƒ�SKf=T_QsdœUF^hOKb2fKghY+WJ°„YZghfKQ…TaM²]5QÅôÆÃ†QRWaM�õ)•�¬ÅVÊPiM2fKWaU_Q+\;^•VÊ^‰TÅ^`UJMZVÊY+OœM+WDd=QRWÀM+V ôFWaM+fKO;d>gmM+ô

ÃRQ†W_MBU%õ�juƒ�Y+PD¯K^hOKQ…QRS5UF^hg‰M2O5€)\=®�Q…PRY+OcdKQ†Pig`YZWaQX^•TÀTaM�]5Q…Ã†QRWaM;•

NJM„®�QR°2QRWs\z^•V�T_¯KQ²d;Y„TaYcU_¯;YZWaQ†UXg`YZWab+Q—W_Q†ghYZT_^h°+Q—QRWaW_M2W†\z^‰T”U_¯KM+fKg`d¶YZg`UFM“]9Q�TaYZ[2QRO?^‰OBTaM

PiM2O;U_^hd=Q†WaYZT_^hM+O	••t�SKWDY+PiT_^`PRYZgzPRW_^‰T_Q†W_^hM+O“®NM2fKg`d•]9Q+Ç

tÀP†PiQ†S=T�YçPRM+ƒ�SKf=TaQ†d?UF^hOKb+f;ghY+WÂ°„YZghfKQ�T_Mc]9Q—Ã†QRWaM•^‰VN^‰T…^hUXghQ†UaUÅTa¯;YZO?M+WÄQsì2f5YZg

TaM 10� t kAk1 ÿK®À¯KQRWaQXT_¯KQ…Q†OBT_Wa^‰QsU¥MZV A Y+W_Q…PRM+WaW_QsP)T�T_M t d=^hb+^‰TaU†•

NÂY±°0^‰OKb²dKQiõ;OKQsdœY—T_M2g‰Q†WaY+O;PiQ � = 10� t kAk1 VåM+WÂY�Ã†QRWaM�UF^hOKb+f;ghY+WJ°„YZghfKQ+\5®NQ

P†YZO¶¯;Y±°2Q�Ta¯KQ�VåM+ghghM„®À^‰OKbœPRM+O0°+Q†O2Ta^‰M2O@VåM2W�O0fKƒ�QRWa^hP†YZgŒWDYZOK[@MZVÀYcƒ�YZT_Wa^•Ž juU_QRQ

îXM2g‰f;]cY+O;dç‹ÊYZOsQ	MBYZOäj`r,yEy|z2€i\=S	•V]Ÿ�BÏZ€iÇ

A ¯;Y2Ugösvzù�A­nB¬„rup2ªYRÅ¬„ªKv”Âv÷ r ^•V�T_¯KQ²PRM+ƒ�SKf=TaQ†d¶U_^‰OKb2fKg`YZWÄ°„YZghfKQ†U

~� 1; ~� 2; : : : ; ~� n UaY„Ta^hUFVåó

~� 1 � ~� 2 � � � � � ~� r > � � ~� r +1 � � � � � ~� n j|Ï0•”r�sB€

Kn°
H

â

H�ž

ö

¯0f;U¥TaM•d=QRT_QRWaƒ�^‰O;QÄT_¯KQ”vzù�A­nB¬„rup2ªYR�¬±ª;v�ÂkM+VŒY�ƒ�YZT_Wa^•Ž A \5PRM+fKOBTJTa¯KQxôFghY+W_b2Qnõ

U_^‰O;b+fKg`YZW¥°„YZghfKQ†U¥M2OKghó+•

§

V–T_¯K^`U¥O0fKƒ”]9QRWJ^`U r \KTa¯KQRO A ¯;Y+U¥O0fKƒ�Q†W_^`PRY+g9WDYZO;[ r •

¥˜Cts²-24F1vu

WÅMZT_QÂT_¯5Y„T�õ;O;d=^hOKb�T_¯KQXO0fKƒ�QRWa^hP†YZg9WaY+OK[�MZV˜Y”ƒ�YZT_Wa^•Ž²®À^hghg9]9Qgô7TaW_^`PD[0óYõJ^‰V

T_¯;QRWaQX^`U¥OKM²U_fK^‰TaYZ];g‰QÄb2Y+Sç]9QiTÆ®�QRQ†O“Y�U_QiTÀM+V%U_^‰O;b+fKg`YZW¥°„YZghfKQ†U†•

…;†�¦%†Š‰ ø ” ¡¢“%±�•;•�•¤¡•˜1–�²‘™h–•œ#ŒlœK–�••˜ ŸL¡¢•–•�ŒJž�“B’”•&••œN¶P¡<•g˜

œ

™K‹ †

@�©–n0t;¬„nBA š	yh•Š’zyk³oÓR¹ A = U� V T
qDÓ�¹åÝKÓ�ÍNÑ9Ô ºÆµ A 2 Rm � n (m � n) ·„¾9ÌœÐ‰Ói¹ r qDÓ

G

*
H Ù

¿b@

¹åÝKÓ…»a·„¾B=çºÆµ A ð

Ž

·„»)¹m¼{¹m¼uº„¾

U = (U1; U2) ·„¾ŠÌ V = (V1; V2);
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Þ˜ÝKÓR»_Ó U1 ·„¾9Ì V1 ¸Dº„¾;ØD¼`Ø)¹¥ºÆµ…¹åÝKÓ‡ƒÊ»DØ)¹ r ¸Dº„Ð•Ï=Ö�¾;Ø…ºFµ U ·„¾9Ì V 8.»aÓ)Øm×;Óa¸R¹m¼

7

ÓRÐÒß+ð�ÜŠÝKÓR¾

ÙÆ·DÛÁÜ9Ý;Ó�¸DºZÐÒÏ=Ö�¾;Ø”ºÆµ U1 µiº„»)Ö ·„¾¶º„»)¹åÝKº„¾Šº„»)Ö�·„Ð•qa·„Ø)¼`Ø�ºÆµ R(A)

Ù�q7ÛÁÜ9Ý;Ó�¸DºZÐÒÏ=Ö�¾;Ø”ºÆµ V2 µiº„»)Ö ·Z¾?º„»)¹åÝKºZ¾9ºZ»)Ö�·ZÐ�qD·±Ø)¼`Ø”ºÆµ N (A)

ÙÆ¸7Ûù	�»)¹åÝKºaÎBº„¾9·ZÐ

Ž

»_º`NRÓD¸i¹m¼uº„¾kº„¾5¹•º R(A) = U1UT
1

ÙÆÌDÛù	�»)¹åÝKºaÎBº„¾9·ZÐ

Ž

»_º`NRÓD¸i¹m¼uº„¾kº„¾5¹•º N (AT ) = U2UT
2

ÙÆÓ7Ûù	�»)¹åÝKºaÎBº„¾9·ZÐ

Ž

»_º`NRÓD¸i¹m¼uº„¾kº„¾5¹•º N (A) = V2V T
2

ÙGµRÛù	�»)¹åÝKºaÎBº„¾9·ZÐ

Ž

»_º`NRÓD¸i¹m¼uº„¾kº„¾5¹•º R(AT ) = V1V T
1 ð

By±P©B©�FPOÕX.W_M0MZVuU“M+V“juYB€•Y+O;d jå]5€•VåM+ghghM„®…\ÂWaQ†U_S5QsP)Ta^‰°2QRghó+\JVåWaM+ƒ Ta¯KQ?VuY+PiT“Ta¯;Y„T R(�) =
f e1; : : : ; er g 2 Rm

Y+O;d N (�) = f er +1 ; : : : ; en g 2 Rn
•

XÊWaMBM+V�M+VÄj}P†€XVåM2g‰ghM„®JUXVåWaM+ƒ j}Y2€ÄY+O;däT_¯KQ²d=QRõ;OK^‰T_^hM+OkM+VNTa¯KQ�SKWaM�ˆÆQ†PiT_^hM+O	••XÊW_M0M+VuUÄMZV

jud5€|g)j{Va€ÀY+W_Q…U_^‰ƒ�^hghY+W†•

[1\	ªYAk«•Run£šzy`•5™ÈQoQiT A ]9QÂT_¯KQÄU_Y+ƒ�QÂY+U�^hOr[1\	ªYAk«•Run

�9F>E��>EIH

šzy}|0âoy¤Ö;W_M2ƒ Ta¯KQ…‚0‹ji�M+V A \0®�Q

•

K#°
H

â

HJI

¯;Y±°2Q

U =

0

B
B
@

� 1 0 : � 0:0001
� 0:0000 � 0:7071 : 0:7071
� 0:0000 0:7071 : 0:7071

U1 U2

1

C
C
A ; V =

0

@
� 0:7071 : � 0:7071
� 0:7071 : 0:7071

V1 V2

1

A

� Q•vít5¬sqs©˜t9v–t;¬�A­ªYR�n–ª;•†r}•—tUT R(A) =
ö

¯KQ�PiM2g‰f;ƒ—O5U¥MZV U1

=

8
<

:

� 1 0
� 0:0000 0:7071
� 0:0000 0:7071

9
=

;

� Q•vít5¬sqs©˜t9v–t;¬�A­ªYR�n–ª;•†r}•—tUT N (A) =
ö

¯KQ�PRM+ghfKƒ�OcMZV V2 =
�

� 0:7071
0:7071

�

� PA = t5¬sqs©˜t�-9t5v–ªYRN«˜¬„tBu†n0p+q†rut9vít9vŠq†t R(A) = U1UT
1

=

0

@
1:0000 0:0000 0:0000
0:0000 0:5000 � 0:5000
0:0000 � 0:50000 0:50000

1

A

� PN = t;¬±qs©˜t�-5t9v–ªYR.«–¬„t#usn0pZqsrut9vít5vŠqst N (AT ) = U2UT
2

=

0

@
0:0000 � 0:0000 � 0:0000

� 0:0000 0:5000 0:50000
� 0:0000 0:5000 0:50000

1

A

_ Q�@�¨

›

_

w

t5q†n9y5]•t

ö

L�¬o] S;W_M2b+WDYZƒ·¬

ë%ö

Ni¬1X

ë

¬Åú”PiM+ƒ�SKfKT_Q†UÊT_¯KQÅSKW_M|ˆÆQ†P9g

T_^hM+O5U¥f;UF^hOKb•‚0‹oi”•
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�œ›Wû Fc Ú× �¤•í
2�”¤¥�Œ¦•¤À�LzoI �²�2z_¦m¤À���Œ¦} cŸyx  ‰L �Ê���üFý¡ž£ ›

XŒYZW_TNjuPs€	M+V

ö

¯KQRM2W_Q†ƒ

C9D>E�¥>EGF

Ï=• ]|yÀ¯;Y2UoU_M+ƒ�Q.^hƒ�S5M2WFTDYZOBT–PRM+O;U_Q†ìBfKQ†O;PiQsUz^‰O�SKWDY+P)Ta^hP†YZgBYZSKSKgh^`PRY„Ta^‰M2O;U†•

ö

¯KQ¥ƒ�Y„TaW_^‰Ž Ak \ZT_¯KQ¥]9Q†UFTÊWaY+OK[ k Y+SKSKWaM±Ž0^hƒ�Y„Ta^‰M2O�MZV A \+^`U–b+^h°+QRO�]0ó A = U� k V T
\Z®À¯K^`PD¯

PRY+Oç]9Q…®ÀWa^•T_T_QROcY+U

Ak = � 1u1vT
1 + : : : + � k uk vT

k :

ö

¯KQcUÆTaM+WDYZb+QçMZVJTa¯KQ“ƒ�YZT_Wa^•Ž A WaQ†ìBfK^hW_QsU mn ghM0P†Y„Ta^‰M2O;U”®À¯;QRWaQ†Y+U”T_¯;Q“ƒ�YZT_Wa^•Ž Ak

PRY+O�]5QÄUFT_M+WaQ†d²f;UF^hOKb�M2OKghó (m + n)k ghM=PRY„Ta^‰M2O;U†\+Ta¯Bf5U.WaQ†U_fKg‰T_^hOKb”^hOçY�PRM+O;U_^`d=QRWDYZ]KghQÅUaY±°0^‰OKb

®À¯KQ†O k ^`UÄUFƒ�Y+g‰gm•

ö

¯K^`UÅVuY2P)T�PRY+O£]9Q�PRM+O0°+Q†OK^hQROBT_ghócQiŽ=SKghM+^‰T_Q†d@^‰Oä^‰ƒ�YZb2Q”SKWaM=PiQsU_U_^‰O;bçYZO5d

MZTa¯KQRW…Y+SKSKgh^hP†Y„T_^hM+O5UR•¨tÂUÄ^‰ghghf;UÆTaWaYZT_Qsd£]9QRghM„®…\zQR°+Q†OäU_f;PD¯?g‰M„®�g•WaY+OK[cYZSKSKWaM±Ž=^‰ƒ�YZT_^hM+O;UÂMZV A
YZWaQXf;UFQRVåfKg	^hOcSKWaY2P)Ta^hP†YZgzYZSKS;g‰^`PRYZT_^hM+O;U†•

…9A­ª�-5n•¨�t�Ak«˜¬„n0•s•†r}t5vNyKtJO²^hƒ�YZb+QJP†YZO�]9QÅWaQRSKWaQ†U_QROBTaQ†d—]0ó—Y+O m � n ƒ�YZT_Wa^•Ž A ®À¯KMBUFQ

(i; j ) T_¯kQROBTaW_ó?PiM+WaWaQ†U_S5M2O;dKUXT_McTa¯KQ•];W_^hb+¯BT_O;Q†UaUÄMZV¥T_¯KQ•SK^•Ž=Q†g (i; j ) •

ö

¯;Q�^hd=QsYœMZV¥^hƒ�Y+b+Q

PiM2ƒ�SKW_QsU_U_^hM+O�^hUÊT_M—PiM+ƒ�SKWaQ†UaU%Ta¯KQÅ^hƒ�YZb+QÅW_Q†SKW_QsUFQ†OBT_Q†d—]0ó�Y…°+Q†W_ó�ghY+W_b2QÀƒ�Y„T_Wa^‰Ž—TaM…T_¯;QÅM+O;Q

®À¯K^`PD¯kPiM+WaWaQ†U_S5M2O;dKUÂT_M@YcghM„®�QRWngmM2Wad=Q†WXY+SKSKWaM±Ž=^‰ƒ�Y„Ta^‰M2O@M+V A ];f=T�®À¯KMBUFQ�ìBf;Y+g‰^‰TÆó@^`U�UFT_^hg‰g

Y+P†PiQ†S=TaY+]Kg‰QÂT_M²Y+Oçf5UFQ†W†•

tÅUNYZO�QiŽKYZƒ�SKghQ+\B®�QÀSKW_QsUFQ†OBTÊ]5Q†g‰M„® T_¯;QÅd=^‰ô9Q†W_Q†O2TNg‰M„®�g•WaY+OK[”Y+SKSKWaM±Ž0^hƒ�Y„Ta^‰M2O;U–MZVŠT_¯KQ

S9M+W_T_WDYZ^‰T�M+V‡ô�oÊ^`UÆTaQR^hOqþ„•

ö

¯KQÄƒ�Y„TaW_^‰Ž A ¯KQ†W_QÄ^`UÀMZV%d=^hƒ—Q†O;U_^‰M2O 487� 375•

Original Image, k=345 Compressed Image, k=4
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Compressed Image, k=16 Compressed Image, k=32

Compressed Image, k=64

…9A­ª�-5n /•n0•†q†t5¬±ªKq†rut9vNy

ö

¯KQ£^`d=Q†YkM+V…^‰ƒ�YZb2QœW_QsUÆTaM+WDY„Ta^‰M2Oe^`U�TaM­W_QsUÆTaM+WaQ“T_¯KQäM+Wa^‰b2^‰O;Y+g

^hƒ�Y+b+Q•VåW_M2ƒ�Y£]KghfKWaW_ó¶^hƒ�Y+b+Q“PiM+OBTDYZƒ�^‰O5Y„T_Qsd­]0ó¯ôÆO;M+^`UFQsU[þZ•

§

T²PRY+O­]9Q“U_¯KM„®ÀO­Ta¯;Y„T—T_¯;Q

ôFOKM+^`UFQsU[þ�PiM2W_WaQ†U_S9M+O;d@T_McTa¯KQ²UFƒ�Y+g‰g.U_^hOKb+fKg`YZW…°„Y+g‰fKQsUR•

ö

¯Bf5UÄQRgh^‰ƒ�^hO;Y„Ta^‰M2O?M+VNTa¯KQ†U_Q²U_ƒ�Y+g‰g

U_^‰OKb2fKg`YZW�°±Y+g‰f;Q†U�®À^‰ghgŠW_QsUFf;g•T¥^‰O“WDYZOK[#g k YZSKS;W_M±Ž=^hƒ�YZT_^hM+O;U Ak PiM+WaWaQ†U_S5M2O;d=^hOKb…T_M�T_¯;QXO;M+^`UFQÁg

VåWaQRQÀ^hƒ�Y+b+QsUR•

ö

¯KQJOKQsPiQ†UaU_^•TÆó�M+Vz^‰ƒ�YZb2Q¥W_QsUÆTaM+WDY„T_^hM+O—YZWa^hU_Q†U%^hO²Pigh^hOK^hP†YZg;dK^hY+b+OKMBUF^`UŒYZO;d—M+T_¯KQ†W

SKWDY+PiT_^`PRYZgÂYZSKSKgh^`PRY„Ta^‰M2O;U†•(NJQ†W_Q@®NQœ^hg‰ghf;UFT_WDY„TaQœT_¯KQ@^hd=QsYk®À^‰T_¯‘YZOïQRŽ=Y+ƒ�SKg‰Q@MZV�Y¶SKg`YZOKQRT

juU_fKSKS;g‰^hQ†de]0ó¨ú2Y+ƒ�Q†U9WÅYZb2óK€)•

ö

¯;Q“ƒ�YZT_Wa^•Ž A ¯KQ†W_Q“^hU�M+VÂd=^hƒ�QRO;U_^‰M2O 256 � 256•

ö

¯KQ
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U_^‰OKb2fKg`YZW¥°„YZghfKQ†U¥ghQ†UaU�T_¯;Y+O sK• s�sE{E{�Y+W_Q…d=^`U_P†YZWDd=Q†d	•

Blurred Image Image obtained by the complete SVD

Image obtained by truncating small singular values

Q Ü—rut�A­n0é–rup+ª�R�Q•«˜«•Rur}p+ª=qsrut9v á�[)\zq†¬„ªKpZqsruv�-

,

nBq†ªYR‡[Ä¨\[­Tm¬„t!A _ÚªKq†nB¬„v˜ªYR‡[Ä¨\[œã„y

NJQ†W_QJ®�QÅU_¯KM„®ï¯KM„® T_¯KQXU_Y+ƒ�Q¥TÆóBS9QÅM+V	^hdKQ†Y�Y2U.YZ]9M„°+QJP†YZO�]9QÅf;U_Q†d�^hO•Y…];^‰M2ƒ—Qsd=^`PRYZg

YZS;SKg‰^`PRYZT_^hM+O—MZV9QiŽ0T_WDY+PiT_^hOKbXVåQiTaY+glo�L¥î‘VåW_M2ƒÚTa¯KQÀƒ�Y„T_Q†W_O5YZg%o�L¥î—•

§

T.P†YZO�]9QJY+UaUFfKƒ�Qsdçj}UFQ†Q

‹ÊYZO5d=QR®¥YZghg‰Q�Y+O;dœd=Q¨]£MBM2W”j�r�y|ÀEÀ2€F€NTa¯;Y„TÅT_¯K^`UÅWaQRg`Y„Ta^‰M2O;U_¯K^‰Sc^`UJgh^‰O;Q†YZWs\;Y+O;dz\9^‰O;dKQRQ†d	\5QsY+PD¯

ƒ�Q†Y2UFfKWaQRƒ�Q†O2TÊU_^‰b2O;YZg mi (t) P†YZO�]5QÅ®ÀW_^‰TFTaQRO²Y+U.YÄg‰^hOKQ†Y+W.PiM2ƒ”]K^hO;YZT_^hM+O—MZV r UFM2fKWaPRQÀUF^hb+O;Y+ghU

si (t) Y+O;dcY+dKdK^•Ta^‰°2QXO;M+^`UFQ…U_^‰b2O;YZg n i (t) •

ö

¯K^hU¥ghQ†Y2dKU�T_M—Ta¯KQÄVåM+ghg‰M„®À^hOKb�Q†ìBf;YZT_^hM+O;U†Ç

m1(t) = t11s1(t) + t12s2(t) + � � � + t1r sr (t) + n1(t)
m2(t) = t21s1(t) + t22s2(t) + � � � + t2r sr (t) + n2(t)

•

•

•

mp(t) = tp1s1(t) + tp2s2(t) + � � � + tpr sr (t) + nr (t):

j|Ï0•”r�r±€

Kn°
H�ž
H Ù

M+W

m (t) = Ts(t) + n (t); jIÏ0•”r�]2€

Kn°
H�žŸH>ž

®À¯KQ†W_Q

T = (t ij ); YZO;d n (t) = (n1(t); n2(t); : : : ; nr (t))T : j|Ï0•”r,ÔB€

Kn°
H�ž
H

¿

ö

¯KQ�ƒ�Y„TaW_^‰Ž T ^`U�P†YZghg‰Qsd?T_¯KQ²q†¬„ªKv˜•�T•nB¬eA­ªKqR¬„r#\ïYZO;dkdKQRS9QRO;dKU”fKS9M+O¶T_¯;Q²b+Q†M+ƒ�QiTaW_óäMZV

T_¯;Q…]5M=d=ó2\=T_¯KQ…S9M2U_^‰T_^hM+O;U¥M+V˜Ta¯KQ…QRghQ†PiT_WaM0dKQ†UÀYZO5dçU_M+fKWDPiQsUR\=Y+O;dçT_¯KQ�PRM+O;d=f5P)T_^h°0^•Ta^‰QsUÀMZV˜T_¯KQ

]9M0dKó�T_^`U_U_fKQsUR•
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ÜŠÝKÓ�×Š»_º�qRÐ‰ÓRÖ ¾Šº„Þ ¼`ØÂ¹7º…Î2ÓR¹.·„¾@ÓiØ)¹}¼{Ö�·„¹7Ó�ºÆµX¹åÝKÓXØRºZÏ=»_¸DÓÂØD¼•Î+¾9·ZÐGØ s(t) =„¾Šº„ÞŒ¼{¾BÎ•º„¾;Ð•ß

m (t) 8N·„¾ŠÌÅµD»_ºZÖx¹åÝK·Z¹¥ÓiØ)¹}¼{Ö�·„¹7Ó98ŒØiÓ7×;·„»_·Z¹•Ó—º„Ï=¹N¹{Ý;Ó�ÓiØ)¹}¼{Ö�·„¹7Ó�ºFµÊµiÓR¹•·ZÐzØRº„Ï=»_¸DÓ�ØD¼•Î+¾9·ZÐGØRð

Q	QRTÄQsY+PD¯£ƒ�QsY+U_fKW_Q†ƒ�QROBTXPRM+O;U_^hUFTÄMZV q UaYZƒ�SKghQ†U†•

ö

¯KQ†O£T_¯;Q—ƒ�QsY+U_fKW_Q†ƒ�QROBTaUXPRY+O@]9Q

UFT_M+WaQ†dç^hOcY—ƒ�Y„TaW_^‰Ž M MZV˜M2WadKQRW p � q •

ñ

Q�OKM„®�UF¯KM„® T_¯5Y„TJTa¯KQ�‚0‹oiËM+V M P†YZOc]5Q”f;UFQsd“T_M²b2QiTÅQsUÆTa^‰ƒ�YZT_Q†UJMZV%T_¯KQ�UFM2fKWaPRQ

U_^‰b2O;YZg`UR•RQoQiT

M = U� V T
jIÏ0•”r'�0€

Kn°
H�ž
H

â

]9QÄT_¯KQ”‚0‹oiÁMZV M •

ö

¯KQRO“Ta¯KQ p � q ƒ�Y„T_Wa^‰Ž Ŝ d=Qiõ;O;Q†d“]0ó

Ŝ = UT M jIÏ0•”r�{2€

Kn°
H�ž
Hm*

®À^hg‰g=PiM2OBTaYZ^hO p Q†UFT_^hƒ�Y„TaQ†U–MZVKTa¯KQ¥UFM2fKWaPRQNU_^‰b2O;YZg`U†•”WJQRŽ0T†\„®�QNOKQ†Q†d�T_MÄQiŽ0T_WDY+PiToTa¯KQNQsUÆTa^‰ƒ�YZT_Q†U

MZV–T_¯;QÂVåQRTaY+goUFM2fKWDPiQ…UF^hb+O5YZg`U.VåWaM+ƒ Ŝ ÿKghQiT¥T_¯K^`UÀ]9Q�PRY+g‰ghQ†d ŜF :
XŒYZW_T_^‰T_^hM+OçT_¯KQ…ƒ�Y„TaW_^‰Ž•M+V%U_^‰O;b+fKg`YZW¥°„YZghfKQ†U � MZV M Y2U�VåM+ghg‰M„®JU†Ç

� =

0

@
� m 0 0
0 � F 0
0 0 � 0

1

A ; jIÏ0•”r,zB€

Kn°
H�ž
H�­

®À¯KQ†W_Q � M PiM+OBTDYZ^hO;U rm ghY+W_b2Q�UF^hOKb+f;ghY+W…°±Y+g‰f;Q†U†\–Y2U_U_M=Pi^`Y„T_Qsd@®À^‰T_¯¶Ta¯KQ²ƒ�Y„TaQRWaO;YZg.¯KQ†Y+WFTs\

� F PiM2OBTaYZ^hO;U r f U_^hOKb+fKg`YZWÂ°„YZghfKQ†U†\KTa¯KM2U_Q”U_ƒ�Y+g‰ghQRWÂM+OKQsUÅY2U_U_M=Pi^`Y„T_Qsd“®À^•Ta¯œT_¯KQ”VåQiTDYZg–¯KQ†Y+WFTs\

YZO5d � 0 PRM+OBTaY+^‰O;U�Ta¯KQ…WaQRƒ�YZ^hOK^hOKb—U_^hOKb+fKg`YZWÀ°„Y+g‰fKQsUÀY+UaUFM=PR^hYZT_Q†d•®À^•Ta¯cOKM+^`UFQ2\=QiTDPZ•

Q	QRT U = (UM ; UF ; U0) ]9Q�YçPiM2O=VåM+Waƒ�YZ]KghQ”S;Y+WFTa^•Ta^‰M2OK^hOKb•M+V U •

ö

¯KQROo\zM+]0°0^‰M2f;UFghó+\

®�QX¯5Y±°+Q

Ŝ = UT M =

0

@
UT

M
UT

F
UT

0

1

A M

=

0

@
UT

M M
UT

F M
UT

0 M

1

A =

0

@
ŜM

ŜF

Ŝ0

1

A ;

jIÏ0•”r?Ï+€

Kn°
H�ž
H�á

ö

¯0f;U ŜF = UT
F M •

¬ÂO;PiQ ŜF ^`U¥d=QiTaQRWaƒ—^hOKQsdz\0®NQÄPRY+O•YZg`UFM—PiM2O;UÆTaW_f5P)T�Y”ƒ�Y„T_Wa^‰Ž F PiM+OBTDYZ^hOK^‰O;b�M+OKghó�T_¯;Q

PiM2OBT_Wa^‰]KfKT_^hM+O;U¥M+VoVåQiTaf;UÀ^hOcQ†Y+PD¯“ƒ�Q†Y2UFfKWaQ†dçUF^hb+O5YZgm\KY+U�VåM+ghghM„®JURÇ

F = UF ŜF =
r m + r fX

i = r m +1

� i ui vT
i ;

®À¯KQ†W_Q ui Y+O;d vi YZWaQÄT_¯;Q i th
PiM2g‰f;ƒ—OœM+V U YZO;d V \ŠYZO5d � i ^`UÀTa¯KQ i th

U_^hOKb+fKg`YZWÀ°„Y+g‰fKQ”MZV

M •

ö

¯KQ…U_^‰b2O;YZg`U¥^‰O ŜF YZWaQ…PRYZghghQ†d•T_¯KQ…SKWa^hO;Pi^hS;YZgŠVåQRTaY+goUF^hb+O5YZg`UR•

ö

¯KQ�YZ]9M„°+QÂƒ�QiT_¯;M0d“¯;Y2U¥]5Q†QROcYZf=TaM+ƒ�Y„TaQ†d“YZO;d“YZO“M+OYgmgh^‰O;QÄY2dKYZSKT_^h°+QÄYZghb+M+Wa^‰T_¯Kƒ TaM

PiM2ƒ�SKf=T_Q�T_¯;Q U gmƒ�Y„TaW_^‰Žœ¯;Y+UÂ]9QRQRO¶d=QsUF^hb+OKQsdz•yÖKM2WÅTa¯KQ�d=QiTDYZ^hghUXM+VÊT_¯KQ—ƒ�QiTa¯KM=däY+O;dœTaQ†UFT

WaQ†U_fKg•TDUR\KU_QRQXTa¯KQ…S;YZS9QRWÀ]0óœL�YZghghY+QRW_TaU†\BiÂQ�]£MBM2W†\=‹ÊY+O;d=Q†®�Y+g‰ghQXY+O;dœ‚=YZO5UFQ†O?j`r,y|y¦s2€i•

WJM+T_QÄT_¯5Y„TJ^‰V˜Ta¯KQ”‚0‹jiÚMZV M ^`U¥b+^h°+QRO“]0ó

M = U� V T = (U1; U2)
�

� 1 0
0 � 2

� �
V T

1
V T

2

�
;

T_¯;QRO S P†YZOc]9Q…Q†UFT_^hƒ�YZT_Qsd•]0ó Ŝ = UT
1 M :
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�œ›)•�� ß �Â g× �Â�Œ
;¦m¤ } �X�²Ÿ �•Ÿ”¡ ß �—Ÿ���
2�Lz_¦.„À�Ä¡ Cí
;¦m�²Ÿ‹Kc¢Lzm��


£Ë�Ä¤À g× �² ›xN¦u�Œ¦m cŸyx

§

O“T_¯K^`UÅU_Q†PiT_^hM+O	\;®NQ…]KWa^hQ?h;ó“UÆTDY„T_QÄTÆ®�M�MZTa¯KQRWÂd=Q†PRM+ƒ�S5MBUF^‰T_^hM+O5UR\=WaQRg`Y„TaQ†dçT_M•‚0‹oi Y+O;d£ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	•;]œM+T_^h°„Y„T_Qsdc]0óçTa¯KQR^hWÄYZSKSKgh^`PRY„Ta^‰M2O;UÀTaM•PiM2OBT_WaM+g	Ta¯KQRM2W_ó2\5U_^‰b2O;YZg˜SKWaM0PRQ†UaUF^hOKb5\

YZO5d²O0fKƒ�QRWa^hP†YZgŠUFM2g‰fKT_^hM+O;UNT_M—^hƒ—S9M+W_TaY+OBT�M2S=T_^hƒ�^‰ÃsY„T_^hM+OçSKWaM+]KghQRƒ�U†\+Ta¯KQ†U_Q…d=Q†PRM+ƒ�S5MBUF^‰T_^hM+O5U

®�QRWaQ…W_QsPiQROBTag‰óœUFT_f;d=^hQ†d£]Bó

ñ

^hg‰gh^hY+ƒ NÅY+b+QRWÂYZO;dœ¯;^hUXPiM2g‰ghQ†Y+b+fKQsUÀ^‰O ú+^`YZOKb5\!NÂYZb+Q†WÂY+O;d‰Q	^

j�]�s�s2{=\l]ps¦s|À2€i•

[“n0t!A­nBq†¬±r}pª_Ún0ªKv¼m“n0p+t�Ak«.t9•†ruq†rut9v á¢[^_ mœã±•oîX^h°+QRO A 2 Cm � n
M+VNWDYZOK[ k \

T_¯;QRWaQXQRŽ=^hUFT¥TÆ®NM—M+W_T_¯KM2OKM+Waƒ�YZg9ƒ�Y„T_Wa^`PiQ†U P YZO;d Q \KYZO5dçY—WaQ†YZgŠfKS;S5Q†WÀT_Wa^hY+OKb+f;ghY+WNƒ�Y„TaW_^‰Ž

MZV–M+WDd=QRW k U_f;PD¯•Ta¯;Y„T

A = QRP � ;

®À¯KQ†W_QXT_¯;QÄdK^hY+b+M+O5YZgŠQROBT_Wa^hQ†U¥MZV R Y+W_Q…YZghgzQ†ìBf;Y+gŠT_M—T_¯;Q…b+QRM2ƒ�QiT_Wa^`PÅƒ�Q†Y+OcMZVoTa¯KQ…S9M2U_^•Ta^‰°2Q

U_^‰OKb2fKg`YZW¥°„YZghfKQ†U¥M+V A Ç

r ii = � =

0

@
Y

� j > 0

� j

1

A

1
k

; 1 � i � k

NJQ†W_QNT_¯;Q � j Y+W_QNT_¯;Q¥U_^hOKb+fKg`YZW%°„YZghfKQsU˜M+V A1 Y+O;d � ^`U˜T_¯KQÀb2QRM+ƒ�QRT_Wa^hP.ƒ—QsYZO—MZV5T_¯KQ¥S9M2U_^•Ta^‰°2Q

U_^‰OKb2fKg`YZW¥°„YZghfKQ†U†•

ö

¯KQœYZ]9M„°+Q“d=Q†PRM+ƒ�S5MBUF^‰T_^hM+Oe^hU�P†YZghg‰Qsd [“n0t�A­nBqR¬„rup _Ún0ªKv m“nBp2t!A­«.t5•sråqsrut9v‘M2W

î�]•i�\ŠT_¯KQ—TaQRWaƒ PiM+^hOKQsd@]0ó

ñ

^hg‰gh^hY+ƒ NÅY+b+Q†WXY+O;d@¯;^hUÄPiM2g‰ghQ†Y+b+fKQsUR•

ö

¯;Q†U_Q—Y+f=T_¯KM2WaUX¯;Y±°2Q

YZg`U_M²d=QR°2QRghM+S9Q†dçTÆ®NM²PRM+ƒ�SKf=TDY„Ta^‰M2O;YZgoY+g‰b2M+Wa^•Ta¯Kƒ VåM2WXî�]•i�Ç9M+OKQ…^`UÂ‚0‹oi;g•];Y2UFQsdz\5Y+O;d“T_¯KQ

MZTa¯KQRW”^hU�Yœd=^‰WaQ†PiT�YZghb+M2W_^‰T_¯;ƒ PiM2ƒ”]K^hOK^hOKb‰QoY+O;PiÃ†M2UÄƒ�QiTa¯KM=dk®À^‰T_¯¶T_¯;QSNJM2f;UFQ†¯KM+g`d=Q†W—ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	•

[“n0v˜nB¬„ªYRur.3+n0é1@N¬±r}ªKv�-5ù�Ruª=¬ m“nBp2t!A­«.t5•sråqsrut9v á¢[^@ymcã„•

ö

¯;Q”î

ö

iÚ^`UÅYZOcQRŽBTaQRO>g

U_^‰M2O­MZVJTa¯KQ£î�]•i�•

§

T�^`U�UF¯KM„®ÀO¿¯KQRWaQ•Ta¯;Y„T—T_¯;Q“d=^`YZb2M+O;Y+gNQ†OBT_Wa^‰QsU”M+V R U_YZT_^`UÆVåó

ñ

QRó0gIO U

ƒ”f;g•Ta^‰SKgh^`PRY„Ta^‰°2QÄƒ�Y�ˆÆM+Wa^‰ÃsY„Ta^‰M2OçPiM2O;d=^‰T_^hM+O;U†Ç

rY

i =1

jr i j �
rY

i =1

� i ; i � r � k;
kY

i =1

jr1 j =
kY

i =1

� i ;

®À¯KQRWaQ r i ^hU—Ta¯KQ£g`YZWab+Q†UFTœjå^hOíƒ�Y+b+OK^‰T_f5d=Qs€�d=^`YZb2M+O;Y+g¥QROBT_Waó¿M+V R •

ö

¯KQ†W_QcQRŽ0^`UFT•Y

‚0‹oi;g•];Y+U_Q†d¶Y+g‰b2M+Wa^•Ta¯Kƒ Y+O;dK]•t

ö

Q
tj4 PRM=d=Q†U�VåM+W�î

ö

i�•�Ö;M+W”dKQiTaY+^‰g`U†\oTa¯KQ•WaQ†Y2d=QRWDU…YZWaQ

WaQiVåQRWaWaQ†d“T_MçT_¯;Q�Y+]5M„°2Q�S;Y+S5Q†WaU†•yÖKM2WÂM+T_¯KQ†WXWaQRghQR°„Y+O2TXS;YZS9QRWDUXM+OœTa¯K^`UXT_M+S;^hP+\ŠT_¯KQ—®NQ†];U_^•TaQ

MZV

ñ

^‰ghgh^hY+ƒ NÅY+b+Q†W†Ç%®À®À®…• ƒ�YZT_¯	• f%ho• Q†dKf��

�
¯5YZb+Q†WÀPRYZO“]9Q�PiM+O5UFfKg‰T_Qsdz•

�œ›)•�• •­�)à—¦}��� �²Ÿ”¡³F?¢Y×—× ��
��

ö

¯KWaQRQÄƒ�Y´ˆÆM2WNTaM+SK^`PRU¥¯5Y±°+QÄ]5Q†QROœd=^`U_PRf;UaUFQsd•^hO•Ta¯K^`UJPD¯;YZSKT_QRWsÇ

� 02/

,

ªKpZqst;¬„r.3+ª=qsrut9v

� loruv�-9ùJR}ª=¬2k…ªYRuù–n m“nBp2t!A­«.t5•sråqsrut9v áal•k^mcã
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…;†Š‰5‰5†Š‰ ¸†¹—º+–+ž�“p•¤¡Á’½¼Ñ–J“B’X•&•;†

tJO m � n ƒ�Y„T_Wa^‰Ž A P†YZO‘YZgh®¥Y±ó0U�]9QœVuY2P)T_M2W_Qsd ^‰OBT_M A = QR \¥®À¯KQRWaQ Q ^`U m � m
M+W_T_¯;M+b+M2O;YZgŠYZO5d R ^hU n � n fKSKS9QRWÀTaW_^`YZO;b+fKg`YZWs•

§

V m � n \oYZO5d Q = (Q1; Q2) \	®À¯KQ†W_Q Q1 ^`UXT_¯KQ�ƒ�Y„TaW_^‰Ž£MZVNT_¯KQ�õ5WaUFT n PiM2g‰fKƒ�O;U

MZV Q YZO;d R =
�

R1

0

�
\K®À¯KQ†W_Q R1 ^`U n � n f;SKS5Q†W¥T_Wa^hY+OKb+f;ghY+W†\0Ta¯KQRO A = Q1R1 •

ö

¯K^hU

VuY+PiT_M2W_^hÃ†YZT_^hM+O@^`U…[0OKM„®ÀO¶Y+U…YcWaQ†d=f5PiQ†dkò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O	•

ö

¯KQ�VåM+ghghM„®À^‰OKbcƒ�QiTa¯KM=dKUÄVåM2W

ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•¯;Y±°2QX]9QRQ†Oœd=Q†UaPiWa^‰]9Q†d	Ç

� dœt5ù–•†n0©–t!R}é˜nB¬€�‰•hA­nBq†©–t	é jMQSR.-5t5¬„råqs©JA

T

D>EGU>EGU

š	y`w5€

� [“r#Z5n0v–•\A­nBq†©–t	éïjMQSR.-5t5¬„råqs©JA

T

D>EXWYEGZ

š	y`’5€

� ¨¨R}ªK•s•†r}p+ªYR–á_¨\[œl˜ã.ªKv–é _Út	é–rˆ¥%n0é^[ç¬„ªYA bil	p±©�A­rué˜qXá`_a[œl˜ã”X.W_M=PiQsU_U_Q†UŒj.QSR.-5t5¬„råq†©�A­•

T

D>EGF>EIH

šzy{š£ªKv–é

T

D>EGF>EGU

š	yhâ9€

ö

¯KQ%NÅM+f;U_QR¯KM2ghdKQRW.Y+O;d²îX^‰°2QRO;U.ƒ�QiT_¯;M0d;UÊó0^‰Q†ghd�Y…VåfKg‰gzò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O�MZV A : A =
QR; Q 2 Rm � m

\ R 2 Rn � n
\;VåWaM+ƒx®À¯KQRWaQ”Y�WaQ†dKf;PiQsdœò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+OœP†YZOc]5Q�Q†Y2UF^hg‰ó

M+]KTaYZ^hOKQsdz•

ö

¯KQ�¨\[œl¶YZO5dV_a[œläS;W_M=d=f;PRQ…Y�W_Qsd=f;PiQsdcò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	•

ö

¯KQªNÅM+f;U_QR¯KM2ghdKQRW²YZO5d‘îX^‰°2QRO;U�ƒ�QRT_¯KM=dKU•¯;Y±°+QcQiŽKPRQRghg‰Q†O2T²O0fKƒ�Q†W_^`PRY+gJSKWaM+S9QRW_T_^hQ†U†Ç

4�MZTa¯@YZWaQ�UÆTDYZ]KghQ+•jNJM„®�QR°+Q†W†\ŠîX^‰°2QRO;UÄò

ë

ƒ�QiTa¯KM=dœ^hUXU_g‰^hb+¯BT_ghó“ƒ—M2W_Q”QiŽ=S5Q†O;U_^‰°2Q…T_¯;Y+OœT_¯;Q

NJM2f;U_QR¯KM2ghd=Q†WÅò

ë

ƒ�QRT_¯KM=dz•

§

O f�d�Í�×9»_ºs¸DÓ)ØDØ<8.º„»)¹åÝKºaÎ2ºZ¾9·ZÐÒ¼{¹}ß²ºFµÂ¹åÝKÓ

7

ÓD¸R¹•ºZ»DØÄºÆµX¹åÝKÓ—È Ö�·Z¹}»)¼•æ�Ö—¼•Î±Ý0¹�¸DºZÖJ×ŠÐ‰Ói¹7ÓRÐÒß

qDÓ�Ð‰º±Ø)¹7ð

ö

¯KQ5]@î…‚XSKWaM=PiQsU_UŠ¯;Y2Uz]9QiTFTaQRW˜OBf;ƒ—Q†W_^`PRY+gZSKWaM+S9QRW_TÆóÀT_¯5YZO�L¥î…‚XSKWaM=PiQ†UaU,ÿ†¯KM„®�QR°2QRWs\

^`U¥OKMZTÅY2UÀUÆTDYZ]KghQ…Y+U&NJM2f;U_QR¯KM2ghd=Q†W�O U�M+WÅîX^h°+Q†O;UÁO=ƒ�QRT_¯KM=dz•Åáal	n0n•@�ª%n•Runäš	y`w9ã±y

…;†Š‰5‰5†ˆ‡

œ

™K‹ †

Q	QRT A 2 Rm � n
•

ö

¯KQRO“T_¯;Q�d=Q†PRM+ƒ�S5MBUF^‰T_^hM+O

A = U� V T

®À¯KQ†W_Q U 2 Rm � m
YZO5d V 2 Rn � n

Y+W_Q.M+W_T_¯KM2b+M+O5YZg2Y+O;d � = d=^`YZb (� 1; � 2; : : : ; � p); p =
min(m; n) Y+O;d � 1 � � 2 � : : : � � p � 0 \%^hU�PRY+g‰ghQ†d?Ta¯KQcllkVm MZV A •

ö

¯KQ•O0fKƒ�]5Q†WaU

� 1; : : : ; � p YZWaQÅP†YZghg‰Qsd—T_¯KQX•†r}vJ-9ùJR}ª=¬ÏZKª�Ruù–nB•2•

ö

¯KQÂPRM+ghfKƒ�O;U.M+V U YZWaQÀT_¯;QjRunPTmq�•sruv�-5ù�Ruª=¬

Z5n0p+q†t5¬±•?YZO5dïT_¯KQ?PiM2g‰fKƒ�O;U•MZV V Y+W_QcTa¯KQ@¬„r.-5©Šqï•†r}vJ-9ù�Ruª=¬¨Z5n0pZqst;¬„•2•

ö

¯KQäUF^hOKb+f;ghY+W

°„YZghfKQ†U…Y+O;d¶UF^hOKb2fKghY+W…°+QsP)T_M2WaUÄY+W_Q�QiŽ0TaW_Q†ƒ—Q†g‰ó?ù˜•snPT•ùJR�^hO­d=QiTaQRWaƒ—^hOK^hOKbcƒ�YZO0ó£^hƒ—S9M+W_TaY+OBT

SKWaM+S9QRW_T_^hQ†U–MZVŠYÅƒ�YZT_Wa^•ŽzÇo¬„ªKv”ÂŒ~zv˜t5¬�A­•2~;p+t9v˜é–råqsrut9v@vzù�A€nNn2¬0\ZQRTaP+•¥á`@�©˜n0t5¬„n#A

C9D>E�¥>EXW

š	y`w9š9ã±y

ö

¯KQ¥‚0‹ji�\†^hO�S;Y+WFTa^hPRfKg`YZWs\R^`Uoqs©˜nyA¿t5•†qN¬„nBRur}ª%n•RunÄq†n0p±©–v˜r�Ýzù˜n”q†t�é–n2qsnB¬?A¿ruv–nÄq†©–n…¬„ªKv�ÂÑb

é–n¦¥%p+r}n0vŠq;u5~ŒªKv˜éív–n0ª=¬„v˜n0•s•�q†t¶•sruv�-5ù�Ruª=¬„ruq;u�á�@�©–n0t;¬„nBA­•

C9D>E�¥>EGF

šzy{w;èäªKv–é

C9D>E�¥>E��

š	yh•5ˆŠã„y

]£YZO0ó£S;WaY2P)T_^`PRY+gÊPiM2ƒ—S;f=TaYZT_^hM+O;U…Y+W_^`UF^hOKb“^‰OkY+SKSKgh^hP†Y„T_^hM+O5U…UFf;PD¯¶Y+UXTa¯KQ••srM-9v˜ª�RNY+O;d

rMA¿ªY-5nç«–¬±top+n0•†•sruv�-œYZO5dç•†q†ª=qsru•†q†r}p+•ÄYZO;dçMZTa¯KQRWDU¥PRY+Oç]9QÄƒ�Y2d=QÄ¯K^hb+¯Kghó•UFT_M+WDYZb2QÅQïÐ�PR^‰Q†OBT

YZO5dçU_^‰ƒ�SKgh^‰õ;Q†d“b+WaQ†YZT_ghó²f;U_^‰O;b�Ta¯KQ”‚0‹oi áÆ•sn0n@l	n0pZqsrut9v‡šzy`è9ã„•

…;†Š‰5‰5†�2 Ÿ\¡¢•v•�Œ
ž�“B’”•&••œ

¬ÂW_T_¯KM2b+M+O5YZg0SKWaM�ˆÆQ†PiT_^hM+O;U%M2OBT_M R(A) YZO;d N (AT ) YZWaQ�VåW_QsìBfKQROBT_ghó”O;QRQ†dKQ†d�PiM2ƒ—S;f=TaYZT_^hM+O;Y+g

TaY2UF[=UXYZWa^hU_^hOKb•^hOeR}n0ªK•RqÁba•�Ýzù˜ªK¬±n0•“•†t�Ruù˜q†r}t5v–•”Y+O;d£M+T_¯KQ†WÄSKWaY2P)Ta^hP†YZg%YZSKSKgh^`PRY„Ta^‰M2O;U†•

ö

¯;Q†U_Q
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SKWaM�ˆÆQsP)T_^hM+O5UoPRY+O�]9Q�PRM+ƒ�SKf=TaQ†d�f5UF^hOKbÅ]9MZTa¯�ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O•á�@�©–n0t;¬„nBA

C9D>EGD>EIH
�

š	yu|Kš9ãŒYZO5dÄT_¯KQ

‚0‹oixá�@”©˜n0t5¬±nBA

C9D>EGZ�F/A

šzy`•9’9ã±•�tJbBYZ^hO	\o¹åÝKÓ”ÍNÑŠÔ ¹7ÓD¸aÝ=¾;¼uàRÏ;Ó)Ø�·Z»_Ó�Ö�º„Ø)¹�¾5Ï=Ö�ÓR»)¼u¸D·„Ð{ÐÒßç»_ÓRÐÒ¼u·�qRÐ‰Ó98

ÓiØ}×;ÓD¸i¼u·ZÐ{ÐÒß•¼ µ A ¼`Ø…¾9ÓD·„»)ÐÒß�»a·„¾B=ZÕFÌ+Ó�ƒN¸R¼uÓR¾;¹7ð

� á

S

¬„t#usn0pZqsrut9v˜•/Z	r}ª 02/

,

ªKp+q†t5¬±r.3+ª=qsrut9v%ãpQ	QiT A 2 Rm � (m � n) YZO5d A = QR \

®À¯;QRO Q = (Q1; Q2) \KT_¯KQ†O PA = Q1QT
1 ; PN = Q2QT

2

� á

S

¬„t#usn0pZqsrut9v˜•NZ	ruªÁllkVmœãYQoQiT A = U� V T
\Ê®À¯KQ†W_Q U = (U1; U2) \.Y+O;d V =

(V1; V2) •

ö

¯KQ†O PA = U1UT
1 ; PN = U2UT

2 •

�œ›)•yv F?¢SKÎK��oxo�Œ¦m cŸyxML2 �
 ƒ•¢�
+�Ê�”�”
 •­�Â��¡c¦_Ÿ‹K

ö

¯KQ—T_M2SK^`PRUÄTaW_QsY„T_Qsd@^hO?T_¯K^`U�PD¯;Y+S=T_Q†W…YZWaQ�VuY+^‰Waghó@UÆTDYZO;d;YZWDd@YZO5dä¯5Y±°+Q—]5Q†QROkd=^`U_PRf;U_U_Q†dä^hO

YZghg%ƒ�Y´ˆÆM+WXTaQiŽ0T_]9M0M+[=URÇ�iÂQRƒ�ƒ�QRgÅj`r,y|yBÏZ€i\

ö

WaQiVåQiTa¯KQRO¶YZO5d³4¥YZf j�r�y|y#Ï+€)\

ñ

Y„Ta[B^hO;U�j ]ps�s2]+€i\

YZO5dhNÂYZb+Q†WJj�r�y|À|ÀB€)•�ÖKM+WÊY2d=°„YZO;PRQ†d”T_WaQ†YZT_ƒ�QROBTÊMZV5T_¯KQsUFQ¥TaM+SK^`PRU†\2U_QRQJîXM2g‰fK]�Y+O;d—‹ÊYZO/Q	MBYZO

j�r�y|yEz2€)\#NJ^hb+¯;Y+ƒ j�r,yEy|zB€)\=‚BT_Q†®�Y+WFTÄj�r,yEy|ÀB€)\EQ˜Y±®JUFM2O²YZO;dVNÅY+O;UFM2O£j�r�y|yE{2€)\B4”ˆÆM+WDPD[“j`r,y|yEz2€i•

‚BTaQR®¥YZW_T…j`r,yBÏ´Ô2€N^`UJUFT_^hg‰goY�Wa^`PD¯cU_M+f;WaPRQXM+V–[0OKM„®ÀghQ†dKb+QXM+OœUFf5PD¯“]5Y+U_^hPXTaM+SK^`PRU¥M+V%O0fKƒ�Q†W_^`PRY+g

gh^‰OKQsYZW.Y+g‰b2QR]KWDYK•�ÖKM2W.d=QiTDYZ^hghU.MZV˜ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O—®À^•Ta¯•PiM2g‰fKƒ�O�SK^h°+M+T_^hOKb;\BUFQ†QÂîXM+ghfK]²Y+O;d

‹ÊYZOsQoM2YZOkj`r,y|yEz2€i•¤ÖKM2WÅYZO£Y2U_U_M=Pi^`Y„TaQ†d•T_M+S;^hP…M2O¶»_·„¾>=„Õ7»_Ó

7

Óa·ZÐÒ¼{¾BÎ?ÈÊÉíµi·2¸i¹7º„»)¼‰½s·Z¹}¼uºZ¾KØ)\zUFQ†Q

îXM+ghfK]cYZO;d“‹ÊY+OÚQoM2YZO¶j�r�y|yEz2€)\;LN¯;Y+O?j`r,yEÀ#ÏZ€i\KYZO;d^NJM2OKb�YZO;dÚXŒYZO¶j�r�y|y2]+€)•
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šzy}|¨QoQiT H = I �
2uuT

uT u
]5Q”Y\NÅM+f;U_QR¯KM2ghdKQRWÀƒ�Y„TaW_^‰Žz•

ö

¯KQ†O“S;W_M„°2QÂTa¯;Y„T”ju^`€ H u = � u \

Y+O;d¶jå^h^`€ H v = v ^‰V vT u = 0 •

šzy{wtQoQiT x ]9QJYZO n g•°+QsP)T_M2W†•JiÅQ†°+QRghM+S�Y+O—Y+g‰b2M+Wa^•Ta¯KƒÁT_M�PRM+ƒ�SKf=TaQJY‘NJM2f;UFQ†¯KM+g`d=Q†W–ƒ�YZT_Wa^•Ž

H = I � 2
uuT

uT u
UFf5PD¯…T_¯;YZT H x ¯;Y2UoÃ†QRWaM2U	^hO…Ta¯KQNS9M2U_^‰T_^hM+O;U (r + 1) Ta¯KW_M2fKb+¯ n; r < n •

NÅM„®‡ƒ�YZO0ó/h5M+S;U¥®À^hg‰go]5Q…WaQ†ìBfK^hW_Qsd²TaM�^‰ƒ�SKghQRƒ�QROBTÀTa¯K^hUÅYZghb+M+Wa^‰T_¯Kƒ z

îX^h°+Q†O x = (1; 2; 3)T
\9Y+SKSKghóçó2M+fKWÅY+g‰b2M+Wa^•Ta¯Kƒ TaM•PiM2O;UFT_Waf;P)T H U_f;PD¯cT_¯5Y„T H x ¯;Y+U

Y—Ã†QRWaM—^hO“T_¯KQ�Ô+Wad•S5MBUF^‰T_^hM+Oo•

šzy`• j}Y2€^iÂQR°+Q†g‰M2S…YZghb+M+Wa^‰T_¯Kƒ�U5VåM+WÊ¼{ÖÅ×9Ð•¼u¸i¼{¹mÐÒß�¸Dº„ÖÅ×9Ï=¹m¼{¾BÎ—jå^{€ H A \Bju^‰^{€ AH \0jå^h^h^`€ H1H2 : : : H r C \

YZO5díjå^h°=€•Ó_æi×9Ð•¼u¸i¼{¹mÐÒßk¸aºZÖJ×ŠÏ=¹}¼{¾0Î Q = H1H2 : : : H r \%®À¯KQRWaQ�T_¯;Q•ƒ�Y„TaW_^`PiQsU H
YZO5d H i ; i = 1; : : : ; r YZWaQhNJM2f;U_QR¯KM2ghd=Q†WÅƒ�Y„TaW_^`PiQsUÅM+V.M+WDd=Q†W n \	YZO5d A YZO;d C
YZWaQÄYZWa]K^•TaWaY+W_ó�WaQ†PiTaY+OKb+fKg`YZW�ƒ�Y„TaW_^`PiQsU¥MZVŒYZSKSKWaM+S;W_^`Y„TaQÂU_^‰Ã†Q†U†•

jå]5€œLNM+ƒ�SKfKT_Qph;M2S>g7PiM+f;O2TDU¥VåM+WÂQ†Y2PD¯“M+VŒT_¯KQ�YZ]9M„°+Q�PiM2ƒ�SKf=TaYZT_^hM+O;UÂYZO;dc°2QRWa^•Våó•T_¯KQ

PiM2fKOBTaU¥b2^‰°2QRO“^‰Oœ‚0Q†PiT_^hM+OªÏ0•�]=•

šzyhˆ j}Y2€cîX^h°+QRO“Ta¯KQ¨NJM2f;U_QR¯KM2ghd=Q†WÀ°+QsP)T_M2W u = (1; 1; 1)T
YZO5d A =

0

@
1 2
3 4
5 6

1

A
•ÀLNM2ƒhg

SKf=TaQ H A YZO5d AH f;U_^hOKb—T_¯KQ�Y+g‰b2M+Wa^•Ta¯Kƒ�U�dKQR°+Q†g‰M2S5Qsd•^hOgoŒŽ=QRWDPi^`UFQ¨Ï=• Ô2YK•
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jå]5€cîX^h°+QRO Ta¯KQ�NJM2f;UFQ†¯KM+g`d=Q†Wœ°+Q†PiT_M2WaU u1 = (1; 1; 1)T
\ u2 = (1; 2; 3) \ u3 =

(1; 0; 0) \¥YZO5d C =

0

@
1 1
1 2
1 3

1

A
\ÀPiM2ƒ�SKf=T_Qœ]9MZTa¯í^‰ƒ�SKgh^`Pi^‰T_ghó Y+O;d QiŽ=SKgh^hPR^•Tag‰ó

H1H2H3C YZO;dœPRM+ƒ�S;Y+W_QÄTa¯KQ�PRM+ƒ�SKf=TDY„T_^hM+O5YZgoQRô9M2WFTDUR•�j.NJQ†W_Q ui ; i = 1; 2; 3
YZWaQºNJM2f;U_QR¯KM2ghd=Q†W	°+QsP)TaM+WDU	Y+UaUFM=PR^hYZT_Q†dX®À^‰T_¯…Ta¯KQ5NÅM+f;U_QR¯KM2ghdKQRW	ƒ�Y„TaW_^`PiQsU H1; H2

YZO5d H3 \KW_QsUFS9Q†PiT_^h°+Q†g‰óK€

šzy{’ juY2€rQ	QRT A = Q̂R̂ ]9Q”Y•ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O•M+VÊY�O;M+O;U_^‰O;b+fKg`YZWÀƒ�Y„TaW_^‰Ž A •¤iÂQiõ;OKQ�Y

d=^`YZb2M+O;Y+g;ƒ�Y„TaW_^‰Ž D = d=^`YZb (d11; : : : ; dnn ) UFf;PD¯²T_¯;YZT dii = 1 ^‰V r̂ ii > 0 YZO5d

dii = � 1 ^‰V r̂ ii < 0 •›iÅQRõ;OKQ�OKM„® Q = Q̂D � 1
YZO5d R = DR̂ •

ö

¯KQ†O?U_¯KM„®

T_¯5Y„T A = QR •

ñ

¯;YZTJ^hU¥Ta¯KQ�U_^‰b2OK^•õ9PRYZO5PiQXMZV–T_¯K^`U¥W_QsUFf;g•Tnz

jå]5€^Ö–^‰O5dœò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+O;UNMZV

A =

0

B
B
@

10 1 1 1
2 10 1 1
1 1 10 1
1 1 1 10

1

C
C
A

jå^{€–f;U_^‰O;bÂTa¯KQ;NJM2f;U_QR¯KM2ghd=Q†W%ƒ—QRT_¯KM=dz\BYZO;d“jå^h^{€˜T_¯KQÅîX^h°+Q†O;U–ƒ—QRT_¯KM=dz•eo.UFTaY+]Kgh^hU_¯

Y—W_Q†ghYZT_^hM+O;U_¯K^hSç]9QiTÆ®�QRQ†O•Ta¯KQ†U_QÄTÆ®�M�VuY2P)TaM+Wa^‰ÃsY„T_^hM+Oçf;U_^‰OKb—Ta¯KQ…W_QsUFf;g•TDU¥MZVÀjuY2€i•

šzy`™ juY2€“‚0¯KM„®‡T_¯;YZTJ^•TÀWaQ†ìBfK^hW_QsU 2n2(m �
n
3

) h5M+S;U�TaM�PRM+ƒ�SKf=TaQ R ^‰OçT_¯;Q�ò

ë

VuY2P)T_M2W`g

^hÃ†Y„Ta^‰M2O•M+V–YZO m � n ƒ�Y„T_Wa^‰Ž A (m � n) f;U_^hOKb›NÅM+f;U_QR¯;M+g`d=QRWPO UNƒ�QiTa¯KM=dz\KYZO;d

^‰V Q ^`U¥OKQRQsd=Q†dz\KT_¯KQ†OçTa¯KQ�PiM2fKOBTÀ^hU 4
�

m2n � mn2 +
n3

3

�
h5M+S;U†•

jå]5€c‚0¯KM„®‡T_¯;YZTÀT_¯KQ5h5M+S>g7PiM2fKOBTaUNVåM+WÀ]9MZTa¯£L¥î…‚“Y+O;d ]@î…‚“YZWaQ 2mn2(m � n) •

šzy{š mÅU_^‰OKbÄTa¯KQÄLN¯;M+ghQ†U_[Bó—d=Q†PRM+ƒ�S9M2U_^•Ta^‰M2O—M+V AT A \2®À¯;QRWaQ A ^hU m � n(m � n) YZO;d�¯5Y+U

VåfKg‰g%WDYZOK[Š\ŠSKWaM„°+Q…Ta¯;Y„T A ¯;Y+UXY²fKO;^hìBfKQ—W_Qsd=f;PRQ†d?ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2Oœ®À^•Ta¯äS9M2U_^•Ta^‰°2Q

d=^hY+b+M2O;YZgZQ†OBT_Wa^‰QsU	MZV R •

ñ

¯;Y„T%YZWaQŒT_¯;Q�PRM+ƒ�SKf=TDY„T_^hM+O5YZg2dKWaY±®À];Y2PD[=UzMZV=Ta¯K^hU–YZS;SKW_MBY+PD¯

VåM+W¥õ;O;dK^‰OKbçY�W_Qsd=f;PiQsd£ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O“O0fKƒ�QRWa^hP†YZghg‰ó–z

§

g‰ghf;UFT_WDY„T_QÄTa¯KQ”d=^ Ð²PifKg‰T_^hQ†U

®À^•Ta¯cY+OçQRŽKYZƒ�SKghQ+•

šzy`â�îX^‰°2QRO v = (1; 2; 3)T
• Ö˜^hO;d‘Y­îX^h°+Q†O;U²ƒ�YZT_Wa^•Ž J (1; 3; � ) UFf;PD¯ïTa¯;Y„T•T_¯KQ@T_¯K^hWad

PiM+ƒ�S9M+OKQ†OBTXM+V J (1; 3; � )v ^`UÄÃRQRWaM;•

ë

QRS9Q†YZTXTa¯KQ�SKWaM0PRQ†UaUX]BóäPiWaQ†Y„Ta^‰O;b²T_¯;Q•îX^‰°2QRO;U

ƒ�YZT_Wa^•Ž J (2; 3; � ) •

šzy`è iÅQ†°+QRghM+SäY•PiM2g‰f;ƒ—OYgmM2W_^hQROBT_Qsdc°+Q†WaU_^‰M2OœMZV¤]äî…‚cVåM+W�ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+Oo•Ä‚0¯;M„®�T_¯;YZT

T_¯KQÄWaM„®‘°+Q†WaU_^‰M2O@jMtÅg‰b2M+Wa^•Ta¯Kƒ

T

D>EGF>EGU

Ï=• ÀB€NY+O;d•T_¯KQ…PiM2g‰f;ƒ—OYgmM2W_^hQROBT_Qsd²°2QRWDUF^hM+O“YZWaQÂO0fKƒ�QRWa^Ðg

PRYZghghó²Q†ìBfK^h°„YZghQROBT†•

š	yu|=ê�‚0¯KM„® T_¯;YZTÅT_¯;Qph;M+SYg•PRM+fKOBTÀT_MçPiM+ƒ�SKfKT_Q R ^‰O£T_¯KQ—ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+OcM+VŒY+O m � n
ƒ�YZT_Wa^•Ž A (m � n) f;U_^hOKb²îX^‰°2QRO;U�O=W_M+TaYZT_^hM+O;U¥^`UÀYZ]9M+f=T 3n2(m �

n
3

) •

š	yu|9|†Q	QiT A ]9Q m � n •eQoQiT s = min(m; n) •.‚0¯;M„®‘T_¯5Y„TÀT_¯;Q…M+W_T_¯KM2b+M+O5YZg9ƒ�YZT_Wa^•Ž

QT = QsQs� 1 : : : Q2Q1
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®À¯;QRWaQ�QsY+PD¯ Qi ^`UÂT_¯KQ�SKWaM=d=f;P)TÄMZV (m � i ) îX^h°+Q†O;UÅWaMZTDY„Ta^‰M2O;UR\zP†YZO@]9Q�PiM2ƒ—S;f=T_Qsd

®À^‰T_¯ 4n
�

m2 �
n2

3

�
h;M2S;UR•

š	yu|KwtQoQiT

A =

0

B
B
@

0 0 0
0:0001 0 0

0 0:0001 0
0 0 0:0001

1

C
C
A

j}Y2€^Ö–^‰O5dXT_¯KQŒWaQ†d=f5PiQ†d�ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O;UŠM+V A f5UF^hOKb�jå^{€9Ta¯KQ5NJM2f;U_QR¯KM2ghd=Q†Wzƒ�QiT_¯;M0d	\

YZO5d£jå^h^`€ÊT_¯;QXîX^h°+QRO5U.ƒ�QiTa¯KM=dz\=YZO;d@jå^h^‰^{€ÀL¥î…‚�YZO;dS]@î…‚�ƒ�QiTa¯KM=dKU†•ÊLNM2ƒ�S;YZWaQ

T_¯;Q…W_QsUFfKg‰TaU†•

jå]5€^ÖKWaM+ƒ Ta¯KQÂWaQ†dKf;PiQsdçò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O�M+]KTaYZ^hOKQsd�VåW_M2ƒ ]@î…‚²Y+O;d“L¥î…‚�ƒ�QRT_¯>g

M=dKU†\0õ;O;dcY�VåfKg‰gŒò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+Oo•

š	yu|=• 4¥Y2UFQsd�M+O@j
a�b

D>EGZ>EGZ

Ï0• Ô2€i\Bd=Q†°+Q†g‰M2S•YZO•Y+g‰b2M+Wa^•Ta¯Kƒ VåM+W¥PiM+ƒ�SKghQiŽçò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+Oo•�mÂUFQÂó+M+f;W

Y+g‰b2M+Wa^•Ta¯Kƒ TaM�õ5O;d£ò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+O;U�M+V

ju^`€ A =
�

1 + i 2
3 1 � i

�
; jå^h^`€ A =

0

@
1 1 1

1 + i 1 1
1 1 � i 0

1

A :

X.W_^hOBT jjA � QRjj ; jjQT Qjj ; jjQ� Qjj ^hOcQ†Y2PD¯“P†Y+U_Q+•

š	yu|0ˆ(Ö–^hO;d‘ò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+O¿MZVXT_¯KQ NJQsU_U_QRO0]9QRWabäƒ�YZT_Wa^•Ž H M+]KTaYZ^hOKQsd­]0ó ]•t

ö

QJt%4

PRM+ƒ�ƒ�YZO;dœ©–n0•†•2Ç H = ©˜n0•s•²jåWDYZO;doj�r�sB€F€i\;f;U_^‰O;b²]5M+T_¯•NÅM+f;U_QR¯KM2ghdKQRWPO UJY+O;d£îX^h°+QRO5UÁO

ƒ�QRT_¯KM=dKU–YZO;d…PRM+ƒ�S;Y+W_Q%Ta¯KQ.WaQ†U_fKg‰TaU†•

ñ

W_^‰T_Q�d=M„®ÀO…ó+M2fKW	M+]5UFQ†W_°„Y„Ta^‰M2OÄM+OÄT_¯;Q.fKOK^`ìBfKQ9g

O;Q†UaU¥MZV–T_¯K^`UJd=QsPiM+ƒ�S9M2U_^•Ta^‰M2O	•

š	yu|K’‡‚=fKSKS9M2U_Qäó2M+f‘¯;Y±°2QäPRM+ƒ�SKf=TaQ†díTa¯KQ­ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O‘MZV—YZO n � n ƒ�Y„TaW_^‰Ž A •

iÂQR°2QRghM+SíOKM„® Y+OíQ?Ð²Pi^hQROBT“Y+g‰b2M+Wa^•Ta¯Kƒ�VåM2WçPRM+ƒ�SKf=Ta^‰OKb¿T_¯KQ¶ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2OïMZV

B = A + uvT
\Œ®À¯KQ†W_Q u Y+O;d v YZWaQ�TÆ®NM n °+Q†PiT_M2WaU…]0ó¶ƒ�YZ[0^hOKb£f;U_Q•M+VÀT_¯KQœò

ë

VuY2P)TaM+Wa^‰ÃsY„T_^hM+OíM+V A YZT“¯;Y+O;dz• NJM„® ƒ�YZO0ó«h;M+S;U“YZWaQ£OKQ†Q†d=Qsdvz NJM„® d=M0QsU�T_¯;^hU

h5M+S£PiM2fKOBTÅPiM2ƒ—S5YZWaQX®À^‰T_¯cTa¯KM2U_QÄVåM+WJõ;O;d=^hOKb�Ta¯KQ—ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2OçM+V B ®À^•Ta¯KM+f=T

[0OKM„®À^hOKb�Y—SKWa^‰M2W_^9T_¯;Q�ò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+O“MZV A z

�����

¹½±o¼

œ

�

œ

”Þ›

œ

�

±½3¨¼�”Þ› …;†�¦

š	yu|=™ j}Y2€ÚQ	QRT A ]5Q m � n \KY+O;d U Y+O;d V ]9QÄM+W_T_¯KM2b+M+O5YZgm•

ö

¯KQ†Oçf5UF^hOKb—T_¯KQ…d=QRõ;OK^‰T_^hM+O

MZVoU_^hOKb+fKg`YZWN°„YZghfKQ†UNSKWaM„°+Q¥T_¯5Y„T�T_¯KQÄUF^hOKb2fKghY+W.°„YZghfKQsUÊMZV A YZO5d V T AV YZWaQÀT_¯KQ

UaYZƒ�Q+•

ñ

¯;YZTÅYZ]9M+f=T¥T_¯;Q�UF^hOKb+f;ghY+WÀ°+Q†PiT_M2WaU#z

jå]5€^NJM„® YZWaQÅTa¯KQ�U_^‰OKb2fKg`YZWÀ°+QsP)TaM+WDUNM+V A WaQRg`Y„TaQ†dç®À^•Ta¯çTa¯KM2U_QÄMZV UT AV z

š	yu|KštQoQiT � ]9Q”Y²U_^‰O;b+fKg`YZWÀ°„YZghfKQ…M+V A ®À^•Ta¯œƒ”fKg‰T_^hSKgh^hPR^•TÆó ` ÿKT_¯5Y„TÅ^`UR\ � i = � i +1 = � � � =
� i + ` � 1 •RQ	QRT U� V T

]9QJT_¯;QÂU_^‰OKb2fKg`YZWÊ°„YZghfKQÅdKQ†PiM2ƒ�S5MBUF^‰T_^hM+O�M+V A •

ö

¯KQRO²PRM+O;UFT_Waf;PiT

~U Y+O;d

~V U_f;PD¯çT_¯;YZT

~U�( ~V )T
^`UÀYZg`UFM�Y�U_^‰OKb2fKg`YZW¥°„YZghfKQ…d=Q†PRM+ƒ�S5MBUF^‰T_^hM+Oo•
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š	yu|=â juY2€rmÅU_^hOKb•Ta¯KQ\]•t

ö

Q
tj4ÁPiM+ƒ�ƒ�YZO5d@•,Z	é.\Šõ;O5dœT_¯;Q�‚0‹oi MZVÊTa¯KQ�VåM+ghg‰M„®À^hOKb•ƒ�Ypg

T_Wa^`PiQ†U†Ç

A =

0

@
1 2
3 4
5 6

1

A ; A =
�
1 2 3

�

A =

0

@
1
1
1

1

A ; A = diag(1; 0; 2; 0; � 5);

A =

0

@
1 1
� 0
0 �

1

A ; � = 10� 5:

jå]5€ÚmÅU_^hOKb@Ta¯KQcW_QsUFf;g•TDU”M+V—juYB€)\Œõ5O;d ju^`€�¬„ªKv”ÂŒ\Âju^‰^{€ jj � jj2 Y+O;d jj � jjF \Åju^‰^h^`€—t5¬Pb

q†©–t9v˜t5¬�A­ªYR5n%ªK•†n0•²VåM+W R(A) Y+O;d N (AT ) \Àjå^h°K€ PA Y+O;d PN \Àjå°K€ bR Y+O;d

bN \K]0ó•PD¯KM0M2U_^hOKb—Y—°2Q†P)TaM+W b YZSKS;W_M2SKW_^`Y„TaQRghó—VåM+WÀQ†Y2PD¯ A •

š	yu|=è ÖKM+WÀY+O m � n ƒ�YZT_Wa^•Ž A \KSKWaM„°+QÅT_¯KQÄVåM2g‰ghM„®À^hOKb2U¥WaQ†U_fKg‰TaU¥f;U_^‰O;b�Ta¯KQ”‚0‹oiÁMZV A Ç

^}•¥WDYZOK[ (AT A) = WDYZOK[ (AA T ) = WDYZO;[ (A) = WaY+OK[ (AT )

^h^}• AT A YZO5d AA T
¯;Y±°2QÅTa¯KQ�UaYZƒ�QÄOKM+OKÃ†QRWaM�Q†^‰b2QRO0°„YZghfKQ†U†•

^h^‰^m•

§

VoTa¯KQÄQR^hb+Q†OB°2Q†PiT_M+WDU u1 YZO;d u2 MZV AT A Y+W_QXM+W_T_¯KM2b+M2O;YZgm\ZTa¯KQRO Au1 YZO;d Au2

YZWaQÄM+W_T_¯KM2b+M2O;YZgm•

š	y`w5ê Q	QiT A ]5Q…Y+O•^hOB°2QRW_T_^h]KghQÅƒ�Y„TaW_^‰Žz•

ö

¯;QROcUF¯KM„®ïTa¯;Y„T kAk2 = 1 ^‰V–Y+O;d²M2OKg‰ó�^‰V A ^`U�Y

ƒ”fKg‰T_^hSKghQ…MZV–Y+OçM2WFTa¯KM+b2M+O;Y+gŠƒ�YZT_Wa^•Žz•

š	y`w	|†Q	QiT U ¯;Y±°2QÂM2WFTa¯KM+OKM2W_ƒ�Y+g9PRM+ghfKƒ�O;UR•

ö

¯;QROcf;U_^‰OKb²‚0‹oi”\;SKW_M„°2QÅTa¯;Y„T

jå^{€ kAU k2 = kAk2; jå^h^`€ kAU kF = kAkF :

š	y`w9w Q	QiT U� V T
]9QXT_¯KQ�‚0‹oi�MZV A •

ö

¯KQROçSKW_M„°2QJTa¯;Y„T jjUT AV jj2
F =

pX

i =1

� 2
i \=®À¯KQ†W_Q � i

YZWaQÅTa¯KQ�UF^hOKb2fKghY+W¥°±Y+g‰f;Q†U¥MZV A •

š	y`w5• juY2€rQ	QRT A ]5Q�Y+O m � n ƒ�YZT_Wa^•Žz•RmÅU_^hOKb�T_¯KQ”‚=‹jiÁM+V A \KS;W_M„°2QÅTa¯;Y„T

^}• Cond2(AT A) = (Cond2(A))2

^h^}• kAT Ak2 = kAk2
2

^h^h^}• Cond2(A) = Cond2(UT AV ) \K®À¯KQ†W_Q U YZO5d V Y+W_QXM+W_T_¯KM2b+M2O;YZgm•

jå]5€ÚQ	QRT”WDYZOK[ (Am � n ) = n \ŒYZO;d?ghQiT Bm � r ]5Q•Y£ƒ�YZT_Wa^•Ž?M+]=TDYZ^hOKQ†d¶]0ó¶d=QRghQiTa^‰O;b

(n � r ) PiM+ghfKƒ�O;U�VåWaM+ƒ A \=T_¯KQ†OcSKW_M„°2QÅTa¯;Y„T Cond2(B ) � Cond2(A):

š	y`w;ˆ XÊW_M„°2Q�Ta¯;Y„T…^‰V A ^hUÄY+O m � n ƒ�Y„TaW_^‰Ž£®À^‰T_¯?WaY+OK[ r \–YZO;d@^•V B ^`U…YZO;MZT_¯;QRW m � n
ƒ�YZT_Wa^•Ž“U_YZT_^`UÆVåó0^hOKb kA � B k2 < � r \=T_¯KQ†O B ¯;Y+UÀYZT¥ghQ†Y2UÆTJWDYZO;[ r •

š	y`w9’�LNM+O;U_^hdKQRW�T_¯KQ…ƒ�YZT_Wa^•Ž A ^hOgoŒŽKYZƒ�SKghQ

�9D>EGU>EGU

Ï0•�{=•

juY2€VÖ–^‰O5d=^‰O;b�T_¯KQ�UF^hOKb+f;ghY+WJ°„YZghfKQ†UÀM+V A \5U_¯KM„® T_¯;YZTJT_¯;^hUÅƒ�YZT_Wa^•Žc¯;Y2UÀWaY+OK[ 2 \K]Kf=T

^`UJPighM2U_QÅTaM²Y—ƒ�YZT_Wa^•ŽçMZV%WaY+OK[ 1 •



F
ile

 ..
./N

LA
-2

00
7/

bo
ok

.te
x,

 1
0/

9/
20

08
 a

t 1
3:

09
, v

er
si

on
 F

IN
A

L/
E

C

i

i

i

i

i

i

i

i

ú+ü

A

þ%ÿ��

�������
	���
������

þ

���

�������

�

�

�����! #"%$&�

�

��$('

�

�&)#*

þ

�

�

���+ 

jå]5€^Ö–^‰O5d£Y²ƒ�Y„TaW_^‰Ž A1 MZVÊWDYZOK[ r”U_f;PD¯œTa¯;Y„TXM+f=TXMZV.YZghg˜T_¯KQ—ƒ�Y„T_Wa^`PiQ†UÅMZVÊWDYZOK[ 1 \

A1 ^`U�T_¯;Q�PighM2U_Q†UFT�TaM A •

j}P†€^Ö–^‰O5d jjA � A1jj2 Y+O;d“°+Q†W_^‰Våó

ö

¯KQ†M+WaQRƒ

C9D>E�¥>EGF

Ï0•�]�y;•

jud;€^Ö–^‰O5d jjA � A1jjF YZO;dï°2QRWa^•Våó

ö

¯KQRM2W_Q†ƒ

C9D>E�¥>E��

Ï=• ÔY�k]BóeTaY+[0^‰OKb B Y+U²Y­WaY+O;d=M+ƒ

ƒ�Y„TaW_^‰Ž•MZV–M+WDd=QRW 3 � 2 •

š	y`w5™ QoQiT A YZO;d B ]9Q n � n WaQ†Y+gKƒ�Y„T_Wa^`PiQ†U†•eQ	QiT Q ]5QÅY+O�M+W_T_¯KM2b+M2O;YZg0ƒ�Y„TaW_^‰Ž�U_f;PD¯—T_¯5Y„T

kA � B QkF � kA � B X kF VåM+W�Y+OBóœM2WFTa¯KM+b2M+O;Y+g˜ƒ�YZT_Wa^•Ž X •

ö

¯;QRO¶SKWaM„°+Q�Ta¯;Y„T

Q = V UT
\K®À¯KQRWaQ AT B = U� V T

•

š	y`w9š‡îX^h°+Q†O

A =

0

@
1 2 3
2 3 4
5 6 7

1

A :

mÂUFQÄTa¯KQ…WaQ†U_fKg•TÀM+V”oŒŽ=QRWDPi^`U_QyÏ=• ]|z�T_M�UF¯;M„®‘T_¯5Y„TÀT_¯;QXM2WFTa¯KM+b2M+O;Y+gŠƒ�YZT_Wa^•Ž

Q =

0

@
� :2310 � :3905 :8912
� :4824 :8414 :2436
:8449 :3736 :3827

1

A

^`U–UFf;PD¯�T_¯;YZT kA � QkF � kA � X kF ; ®À¯KQ†W_Q X = f
ö

¯KQ�UFQRT–M+V;YZghg 3� 3 M+W_T_¯;M+b+M2O;YZg

ƒ�YZT_Wa^hPRQ†U g

š	y`w5â j}Y2€ÚQ	QRT A =

0

@
1 2
1 3
1 4

1

A
•eoŒŽ=SKWaQ†UaU A ^hO�TaQRWaƒ�U.MZV	^‰TaU�UF^hOKb2fKghY+WÊ°„YZghfKQ†U�YZO5d�UF^hOKb+f;ghY+W

°+QsP)TaM+WDUR•

jå]5€œLNM+ƒ�SKfKT_Q (AT A) � 1
f;UF^hOKb—T_¯;Q”‚0‹jiÁM+V A •

š	y`w5è j}Y2€cîXQRO;QRWDY„T_QXWDYZO;d=M2ƒ�g‰ó²Y�ƒ�Y„T_Wa^‰Ž A M+V˜M2Wad=Q†W 16� 4 ]0ó²f;U_^‰O;b›]•t

ö

QJt%4‘PRM+ƒ›g

ƒ�YZO;d­¬±ª;v˜é j�r�zK\ �B€i•

ö

¯KQ†O­°+Q†W_^‰Våó¶f;UF^hOKbe]•t

ö

Q
tj4 PRM+ƒ�ƒ�YZO;d­¬±ª;v�ÂíTa¯;Y„T

WDYZOK[ (A) = 4 •

WJM„® WafKO¿T_¯KQ“VåM+ghghM„®À^‰OKbe]•t

ö

Q
tj4 PiM2ƒ�ƒ�Y+O;dzÇ [U;S;V ] = svd (A): ‚0QRT

S(4; 4) = 0 ÿKPRM+ƒ�SKf=TaQ B = U � S� V 0
•

ñ

¯;YZTJ^hUÀWDYZO;[ (B ) z

jå]5€œLNM+O5UÆTaW_f;PiT˜YÀƒ�Y„TaW_^‰Ž C M+V=M+WDd=QRW 16� 4 MZV=WaY+OK[5ÔK•	‹ŒQ†W_^‰Våó�jå^{€ŠT_¯5Y„T jjC� Ajj 2
F �

jjB � Ajj2
F \Šju^‰^{€ jjC � Ajj2

2 � jjB � Ajj2
2 f5UF^hOKbh]ªt

ö

Q
t%4ïPRM+ƒ�ƒ�YZO;d²v–t5¬?A‘•

j}P†€

ñ

¯;YZTJ^hU�Ta¯KQ�d=^`UÆTDYZO;PRQXM+V B VåWaM+ƒ A z

jud;€^Ö–^‰O5d“Y—ƒ�Y„TaW_^‰Ž D MZV–WaY+OK[r]”T_¯5Y„TJ^`UÀPighM2U_Q†UFT�TaM A •

š	yh•9ê QoQiT

A =

0

B
B
@

1 1 1 1
0 :0001 1 1
0 0 0:0001 1
0 0 0 1

1

C
C
A

Ö–^hO;d�Ta¯KQÄd=^hUFTaY+O;PiQÂMZV A VåWaM+ƒ T_¯KQXOKQsYZWaQ†UFTNUF^hOKb2fKghY+WNƒ�YZT_Wa^•Žz••Ö˜^hO;dçY�S9QRW_T_fKWa];Y„Ta^‰M2O

®À¯;^hPD¯c®À^hg‰gzƒ�YZ[2Q A UF^hOKb+f;ghY+W†•.LNM+ƒ�S;Y+W_QÂT_¯;Q�UF^hÃRQÄMZV–T_¯;^hU¥S9QRW_T_fKWa];YZT_^hM+O“®À^•Ta¯ j� 4 j •
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Ä{=Y=¦�ÁÅ��¢Ê Ã�ÌPÅ5ÿˆÃB�º�BÄ#�Ð�

ÿ

�p�¤���

�

ÇBÊÛÌ{=

ú+ü

`

š	yh•o|†Q	QiT A = U� V T
]9Q�T_¯;Q²UF^hOKb+f;ghY+W…°±Y+g‰f;Q²d=Q†PRM+ƒ�S5MBUF^‰T_^hM+O (SV D) M+V¥Y“WDYZO;d=M2ƒ�g‰ó

b+QRO;QRWDY„T_Qsd 15 � 10 ƒ�Y„TaW_^‰Ž A = WaY+O;d�j�r�{K\ÐrPs2€i\NM2]=TaY+^‰OKQsd ]Bóef;U_^‰OKb¸]•t

ö

Q
tj4

PiM+ƒ�ƒ�YZO5d [U;S;V ] = svd (A):
‚0QiT S(8; 8) = S(9; 9) = S(10; 10) = 0 •NLNM2ƒ—S;f=T_Q B = U � S � V 0

•

Ö˜^hO;d@T_¯KQ�]9Q†UFT�YZSKSKWaM±Ž=^‰ƒ�YZT_^hM+O£M+V.T_¯;Q—ƒ�YZT_Wa^•Ž B ^hOäTa¯KQ—VåM+WaƒcÇ B �
P r

i =1 x i yT
i •

UFf;PD¯•T_¯;YZT jjB �
P r

i =1 x i yT
i jj2 = ƒ�^hOK^hƒ”fKƒc\=®À¯KQ†W_Q x i Y+O;d yi Y+W_QX°+QsP)TaM+WDUR\=YZO5d r

^hU�Ta¯KQ…WaY+OK[²M+V B •

š	yh•Šw(ÖKM+WXƒ�Y„TaW_^`PiQsU A YZO5d B ^‰ON[)\	nB¬„p+r}•†n¿š	yh•o|5\9õ;O5däY+O@M+W_T_¯;M+b+M2O;YZg˜ƒ�Y„T_Wa^‰Ž Q UFf5PD¯

T_¯;YZT jjA � B Qjj2 ^`UÀƒ�^‰O;^‰ƒ�^hÃRQ†d	•Jj>dœruvŠqEx Q = V UT
\=®À¯KQRWaQ AT B = U� V T

€i•

j>mÅU_Q‘]•t

ö

Q
tj4‡PRM+ƒ�ƒ�YZO;d“•ïZ	é T_M�U_M+gh°+QXT_¯;^hUÀS;W_M2]Kg‰Q†ƒ²€)•

š	yh•9• juY2€ViÂQR°+Q†g‰M2SœYZOcYZghb+M+Wa^‰T_¯Kƒ VåM2WJUFM2g‰°0^hOKb Ax = b f;UF^hOKb—T_¯;Q�‚0‹jiÚMZV A •�LNM+ƒ�S;Y+W_Q

T_¯;Q�Q?Ð²Pi^hQRO;PRó@M+V.T_¯;^hU�Y+g‰b2M+Wa^•Ta¯Kƒ ®À^‰T_¯?T_¯KMBUFQ�M+V¥îÄY+f;U_U_^`YZO?QRgh^‰ƒ�^hO;Y„Ta^‰M2O?Y+O;d

ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O•SKWaM=PiQsU_U_Q†UNVåM+WJU_M+gh°0^‰O;b Ax = b•

jå]5€rXÊWaM„°+QÅT_¯;YZT¥Y—UFƒ�Y+g‰gzU_^‰OKb2fKg`YZW�°±Y+g‰f;QÂM+V A U_^hb+O;Y+ghU.T_¯KQ…U_QRO;U_^‰T_^h°B^‰TÆó�MZV	Ta¯KQ…UFM2g‰fYg

T_^hM+OcM+V Ax = b•.LNM+O5UÆTaW_f;PiTJYZOcQiŽKYZƒ�SKghQXT_M�d=Q†ƒ—M2O;UFT_WDY„T_QXTa¯K^hU†•

š	yh•5ˆ XÊW_M„°2Q…T_¯5Y„TÅTa¯KQ�UF^hOKb+f;ghY+WÅ°„YZghfKQ†UÂMZV.YçUFó0ƒ�ƒ�QiTaW_^`P�S9M2U_^•Ta^‰°2Q�d=QRõ;OK^‰T_Q—ƒ�Y„T_Wa^‰Ž A YZWaQ

T_¯KQÅUaYZƒ�QJY2U%^•TDU.U_^‰OKb2fKg`YZWŒ°„YZghfKQ†U†•

ñ

¯;Y„T.Y+W_Q¥Ta¯KQJWaQRg`Y„Ta^‰M2O;UF¯;^‰S;U%]9QiTÆ®�QRQ†O�T_¯KQÅQR^hb+QROYg

°+Q†PiT_M2WaU¥YZO5d•Wa^‰b2¯BTÀY+O;dçg‰QRV{TÅUF^hOKb+f;ghY+WÀ°+Q†PiT_M2WaU#z

Ÿ\¡¢•;4‡²”Œ¾˜1œe•;• Ÿ\¡¢•v•�Œ
ž�“B’”•&••œÞ²

œ

Œ
ž�“B’X•&••œK…%†ˆ…a–¤•+˜ …;†�¦;†�‰ øÜ¸

š	yh•Š’ XÊW_M„°2Q”Ta¯;Y„T�^‰V Ps ^hU…T_¯KQ�M2WFTa¯KM+b2M+O;Y+g˜SKWaM�ˆÆQsP)Ta^‰M2OäM2O2TaM S \	T_¯;QRO I � Ps ^`UXT_¯;Q�M+Wng

T_¯KM2b+M+O5YZgŠSKWaM�ˆÆQ†PiT_^hM+OçM+OBT_M S?
•

š	yh•9™ XÊW_M„°2Q–T_¯;YZTNjå^{€ PA = A(AT A) � 1AT
\0jå^h^`€ PN = I � A(AT A) � 1AT

\„Y2U_U_fKƒ�^‰O;b¥T_¯;YZT

A ¯;Y+U¥Våf;g‰g	WDYZO;[9\5YZO;d¶jå^h^h^`€ bR = PA b; bN = PN b•

ñ

¯;Y„TÅY+W_QXT_¯;Q”PiM2ƒ—S;f=TaYZT_^hM+O;Y+g

d=WaY±®À]5Y+PD[=U–MZVzPiM+ƒ�SKfKT_^hOKb PA f;U_^hOKbÄT_¯KQsUFQÅQiŽ=SKWaQ†UaUF^hM+O;U#z

§

g‰ghf;UFT_WDY„T_Q¥Ta¯KQÅd=^ Ð²PifKg‰T_^hQ†U

®À^•Ta¯cY—O0fKƒ�QRWa^`PRYZgŠQRŽ=Y+ƒ�SKg‰Q2•

š	yh•Šš

ñ

Wa^•TaQ…Y�SKW_M0M+V

ö

¯KQRM2W_Q†ƒ

C9D>EGD>EIH
�

Ï0•”r?Ï�^hOcdKQiTaY+^‰g`U†•

š	yh•9â ÖKM+WÀƒ�YZT_Wa^•Ž A ^hOÚoŒŽ=QRWDPi^`UFQ¨Ï0• �5j}Y2€i\KYZO;d b = (1; 2; 3)T
\Kf5UF^hOKb�]5M+T_¯@ò

ë

YZO;dc‚0‹oi”\

PiM+ƒ�SKfKT_Q�jå^{€ PA YZO5d PN \˜jå^h^`€ bR YZO;d bN •

š	yh•9è�îX^‰°2QRO

A =

0

@
1 3
2 4
3 5

1

A

YZO;d“PD¯KM0M2U_^‰O;b B WDYZO;dKM+ƒ�g‰ó�M+V%Y+SKSKWaM+SKWa^`Y„T_QXM+WDd=Q†W†\=PiM2ƒ�SKf=T_Q BR Y+O;d BN •
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µš´
3 µ•´ ™ –�••˜Õµ×´
3 ±à” µ Ÿ\¡¢•;4‡²”Œ¾˜1œe•;•�±r±•–¤£�“pŒ+¡V…

m“ª=q†ª¶•sn2q.T•t;¬

S

¬±tVn•RunBA­•¨_ y`š	yu|9~J_ y{šzy{wz~oª;v˜é _ y`š	yh•�x

jå^{€ A = 20� 15 WDYZO5d=M+ƒ ƒ�YZT_Wa^•Ž

jå^h^{€ u = M+OKQsU…j�r�{=\•rs€

ju^‰^h^{€ u1 = u2 = u3 = (1; 2; 3; 4; : : : ; 15)T •

_ š	yu|

ñ

Wa^‰T_Q…Yh]ªt

ö

Q
t%4‘SKW_M2b+WDYZƒ ©JA¿ª=qÂ^hOçT_¯KQXVåM+ghghM„®À^‰OKb�VåM+Waƒ�Y„T�T_M�p+t�Ak«%ùoqsn“r.A b

«•Rur}p+ruq�R#u«dœt5ù–•†n0©–t!R}é˜nB¬LA­ª=q†¬„r#\ A?ùJRuq†ru«�R}rup+ªKq†rut9v–•|x AH Y+O;d H AT

[C] = ©JA­ªKq (A; u)

� A� YZO m � n ƒ�Y„T_Wa^‰Žäjå^hOKSKf=T)€)•

� u�
ö

¯KQoNÅM+f;U_QR¯;M+g`d=QRW¥°+QsP)TaM+W¥d=Qiõ;O;^‰OKb—Ta¯KQ‘NJM+f5UFQ†¯KM+g`d=QRW¥ƒ�Y„TaW_^‰Ž H ju^‰O;SKf=TD€i•

� C�
ö

¯KQ…M2f=T_S;f=TJƒ�Y„T_Wa^‰Ž

_ š	y`w

ñ

Wa^‰T_Q@Y¸]•t

ö

Q
tj4 SKWaM+b2WaY+ƒ ©–©JA¿ª=q£^hOïT_¯KQ@VåM+ghg‰M„®À^hOKbkVåM2W_ƒ�Y„T•T_M­^hƒ�SKg‰^`Pi^‰T_ghó

^hƒ�SKghQRƒ�QROBTÀT_¯;Q…SKW_M=d=f5P)T†Ç H1H2H3AT
•

[C] = ©˜©�A­ª=q (A; u1; u2; u3)

� A� tJO m � n ƒ�Y„TaW_^‰Žäjå^hOKSKfKTD€)•

� u1; u2; u3�
ö

¯KQ NJM2f;U_QR¯KM2ghd=Q†W�°+Q†PiT_M2WaU�d=QRõ;OK^hOKb H1; H2; YZO;d H3 \�W_QsUFS9Q†P9g

T_^h°+Q†g‰óäjå^hOKSKf=T)€)•

� C�
ö

¯KQ…M2f=T_S;f=TJƒ�Y„T_Wa^‰ŽŠ•

_ š	yh• mÅU_QXT_¯KQ…SKWaM+b2WaY+ƒ ©˜©�A­ª=qÂT_M²PRM+ƒ�SKf=TaQ H1H2H3 •

_ š	y‰ˆxÙRÜ9Ý;Ó

Ž

Ï=»m×Kº„ØRÓ“ºFµ�¹åÝ0¼`ØçÓaæBÓR»_¸R¼`ØRÓ•¼`Ø²¹7º@¸DºZÖJ×;·„»_Óç¹åÝKÓc·+¸D¸RÏ=»_·+¸Rßä·Z¾9Ì?Ó?kï¸i¼uÓR¾9¸Rß?ºFµ

ÌZ¼ ÓÅÓR»_Ói¾5¹NÖ�ÓR¹{Ý;º†Ì„ØŒµiºZ»²ÈÊÉïµi·+¸R¹•ºZ»)¼‰½s·„¹m¼uº„¾kºÆµ”·²Ö�·Z¹}»)¼•æRÛ„•

YK•ÊLNM+ƒ�SKf=TaQÀT_¯;QÄò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O—VåM+WÊQsY+PD¯�ƒ�Y„TaW_^‰Ž A MZVŠT_¯;QJVåM+ghghM„®À^‰OKb�d;Y„TaY”UFQRT

Y+U�VåM2g‰ghM„®JU†Ç

^m• [Q; R] = qr (A) VåW_M2ƒ ]•t

ö

Q
tj4‘M2W [Q; R] çÚ©˜t9ù˜•�ÝŠ¬•j.tÂ€�M+WÀ©–t5ù–•�ÝŠ¬±v

jM]ªt

ö

L�¬o] ^hƒ�SKghQRƒ�QROBTaYZT_^hM+O;U¥M+V•NÅM+f;U_QR¯;M+g`d=QRWPO U�ƒ�QiTa¯KM=d;€

^h^}• [Q; R] = -5r>ZŸÝŠ¬çj.tÂ€Äj}îX^h°+Q†O;UÂò

ë

^‰ƒ�SKghQRƒ�Q†O2TDY„Ta^‰M2OçVåWaM+ƒ ]•t

ö

L�¬o]@€)•

^h^‰^m• [Q; R] ç�p�R.-;¬„•sps©�jMtX€…jmLNg`Y+UaU_^hP†YZgoîXWDY+UaU�gÆ‚=PD¯Kƒ�^`d0T�^hƒ�SKghQRƒ�QROBTaYZT_^hM+O“VåWaM+ƒ

]•t

ö

L�¬o]@€i•

^h°Š• [Q; R] çšA¿éJ-5¬„•†p±©�jMtÂ€�VåWaM+ƒ ]•t

ö

L�¬o] jM]œM=d=^‰õ;Q†dïîXWDYZƒ›g7‚KPD¯Kƒ�^hd0T

^hƒ—S;g‰Q†ƒ—Q†OBTaY„Ta^‰M2O“VåW_M2ƒ ]•t

ö

L�¬o]@€i•

]	•�mÅU_^hOKb•Ta¯KQ�W_QsUFf;g•TDUÅM+VÂjuYB€)\zƒ�YZ[2Q�T_¯;Q�VåM2g‰ghM„®À^hOKb²TDYZ]KghQ”VåM2WÂQsY+PD¯äƒ�YZT_Wa^•Ž A • Q̂
YZO5d R̂ UÆTDYZO;d•VåM+W¥Ta¯KQ�PiM2ƒ—S;f=T_Qsd Q YZO;d R •

m“ª=q†ª­lon2qEx

jå^{€ A = WaY+O;d•]|{K\Jjå^h^`€ A ^`U�YeNJ^hg‰]9QRW_T�ƒ�Y„T_Wa^‰Ž¶M+VÅM+WDd=Q†W.]E{£YZO5d‡jå^h^h^`€ A =0

B
B
@

1 1 1
10� 4 0 0

0 10� 4 0
0 0 10� 4

1

C
C
A \	ju^‰°K€�t�‹ÊYZO5d=QRWaƒ�M+O;d=QÄƒ�Y„TaW_^‰Ž•M+V–M2Wad=Q†W�]|{=•
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@¤QrÜCÛ‡[ šzy`•

j•L�¬o]sX•t

ëÀ§

‚V¬iW@¬oÖ�i

§

Ö•Ö�o

ë

o‡W

ö

ò

ë

Ö>tÅL

ö

¬

ëÀ§��

t

ö¥§

¬iW¼]so

ö

N5¬oiX‚K€i•

]so

ö

N5¬oi k(Q̂)T Q̂ � I kF
kA � Q̂R̂kF

jjAjjF
©˜t9ù–•,ÝŠ¬

-5r>ZŸÝŠ¬

p�R.-;¬„•sps©

A­é�-;¬„•sps©

_ š	y`’ mÅU_^‰O;bS-5r>ZŸÝŠ¬”VåWaM+ƒ ]•t

ö

L�¬o] T_¯;YZTÅf;U_Q†UJîX^h°+QRO5UÁOKƒ�QRT_¯KM=dœYZO5drÝŠ¬�VåW_M2ƒ ]•t

ö

g

Q
t%4 Ta¯;Y„T�f;U_Q†U›NJM+f5UFQ†¯KM+g`d=QRWPO U�ƒ�QiTa¯KM=dz\Œõ;O;d­T_¯KQ£ò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+OkM+VJQ†Y+PD¯¿MZV

T_¯KQsUFQ—ƒ�Y„T_Wa^`PiQ†UÂ]9QRghM„®ËYZO;d@°+Q†W_^‰VåóœUÆTDY„T_Q†ƒ�QROBTXM+V5[1\	nB¬„p+ru•sn­šzy{’oáFª5ã�®À¯K^hPD¯?UF¯;M„®JU

¯KM„® Q YZO;d R ƒ�Y„TaW_^`PiQsU�MZV%Q†Y+PD¯çƒ�QiT_¯;M0dœY+W_QXWaQRg`Y„T_Qsdz•

@Nn0•†q9b¢m“ª=qsª

ju^`€

A =

0

B
B
@

1 1 1 1
0 0:99 1 1
0 0 0:99 1
0 0 0 0:99

1

C
C
A ;

jå^h^`€ A =
ö

¯;Qic r.R#Â	ruv–•st5v¨Ü�r}é˜r}ªY-9t5v–ªYR�A­ª=qR¬„r>\@MZV–M+WDd=QRW�]�sK•

_ š	yh™ juYB€

ñ

Wa^•TaQ;]•t

ö

Q
tj4­SKWaM+b2WaY+ƒ�U–t5¬sqs©”ÝŠ¬0~zt5¬sqs©”ÝŠ¬±«�\BY+O;d�t;¬±qs©˜•,Z	écT_M…PRM+ƒ�SKf=TaQ

M+W_T_¯;M+OKM2W_ƒ�YZg0];Y2UF^`U%VåM2W%T_¯KQJWDYZO;b+Q¥MZVzYÄƒ�Y„T_Wa^‰Ž A f;U_^‰O;b²jå^{€.ò

ë

VuY+P)TaM+Wa^‰ÃsY„Ta^‰M2O	\

jå^h^{€²ò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O­®À^‰T_¯ S;YZW_T_^`YZg¥SK^h°+M+T_^hOKb;\NYZO;d jå^h^‰^{€”T_¯KQ£‚0‹oi”\.W_QsUFS9Q†P9g

T_^h°+Q†g‰ó2•

jå]5€

ë

Q†S5QsY„T%]k•øÏ0• z;j}Y2€NT_M�PRM+ƒ�SKf=TaQÄT_¯KQ�M2WFTa¯KM+O;M+Waƒ�Y+g5]5Y+U_^hU¥VåM2W¥T_¯KQ…O0fKghgÐg•U_S;Y+PRQÄMZV

A \KT_¯;YZTJ^hU†\K®ÀWa^•TaQÂTa¯KQ…SKWaM+b2WaY+ƒ�U†Ç˜vzù�RMR�ÝŠ¬0~%vzù�RMR�ÝŠ¬±«N~zYZO5d“vzù�RMR}•ïZ	éN•

j}P†€œLNM+ƒ�S;Y+W_QXTa¯KQ�WaQ†U_fKg•TDU¥MZV%Q†Y2PD¯“M+V˜Ta¯KQÄT_¯;W_Q†Q…SKW_M2b+WDYZƒ�U�^‰Oœ]9MZTa¯œPRY+U_Q†U�VåM2WÀT_¯;Q

T_QsUÆTÅd;Y„TaY—b2^‰°2QRO“]5Q†g‰M„®…•

@Nn0•†q9b¢m“ª=qsª
x

ju^`€

A =

0

B
B
@

0 0 1 1
0 0 0 0
1 1 1 0
1 1 1 0

1

C
C
A ;

jå^h^`€ A = t�WDYZO5d=M+ƒ�ghó�b+QRO;QRWDY„T_Qsd²ƒ�Y„TaW_^‰Ž•M+V–M2Wad=Q†W�]psK•

_ š	y`š LNM+ƒ�SKf=TaQ�T_¯KQ�¬„ªKv�Â“MZV5Q†Y+PD¯�MZVKTa¯KQNVåM+ghg‰M„®À^hOKbXƒ�YZT_Wa^hPRQ†U˜f;U_^‰OKb�jå^{€�]•t

ö

Q
tj4­PiM2ƒ›g

ƒ�Y+O;d�¬„ªKv”Â­j{T_¯5Y„TNf5UFQsUŒT_¯;QÂU_^‰OKb2fKg`YZWÊ°„YZghfKQsUÊMZVltX€ÊYZO5dœjå^h^`€5]•t

ö

Q
tj4 PRM+ƒ�ƒ�YZO;d;U
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[Q; R; E ] = qr (A) Ta¯;Y„T¥PiM2ƒ—S;f=T_QsUŒT_¯;QÄò

ë

VuY2P)T_M2W_^hÃ†YZT_^hM+O�MZV A f;UF^hOKb”PRM+ghfKƒ�O²SK^h°#g

M+T_^hOKb;\KY+O;d¶jå^h^‰^{€�]•t

ö

QJt%4 LNM2ƒ�ƒ�Y+O;d [Q; R] = qr (A) •

@�n0•RqÁb¢m“ª=q†ª

ju^`€^@�©–n¯ßœªK©–ªKv1A­ª=q†¬„r#\ á

a�b

D>E��/A

šzy`è9ã„~9®À^‰T_¯ n = 100; YZO5d c = 0:2:

jå^h^`€^t 15� 10 ƒ�YZT_Wa^•Ž A PRW_QsY„TaQ†d“Y+UNVåM+ghg‰M„®JU†Ç A = xyT ; ®À¯KQRWaQ

x = WaM+f;O;däj 10� WDYZO;d?j�r�{=\”rs€F€i\ y = WaM+f;O;däj 10� WDYZO;däj�rPsK\”rs€F€i•

_ š	yhâ

ñ

Wa^‰T_QNY%]•t

ö

Q
tj4äS;W_M2b+WDYZƒc\sp2tPZ	•ïZ	éN\±T_MXPiM2ƒ—S;f=T_Q (AT A) � 1
f;UF^hOKbÅT_¯KQ�UF^hOKb+f;ghY+W

°„Y+g‰fKQ—d=Q†PRM+ƒ�S9M2U_^•Ta^‰M2O	\5Y+O;d“T_QsUÆTX^•TX®À^•Ta¯œT_¯KQ 8 � 8 dœrMR>n.nB¬sq2A¿ª=qR¬„r#\Œ•ÂLNM2ƒ�S;YZWaQ

ó2M+fKW%WaQ†U_fKg‰TaU–®À^•Ta¯”Ta¯KM2U_Q�M+]=TDYZ^hOKQ†d�]0ó…W_fKO;OK^‰O;biZKªK¬±p2tPZKª=¬ÂVåW_M2ƒ ]•t

ö

L�¬o]k\„®À¯K^`PD¯

^`UÀ];Y2UFQsd•M2Oœò

ë

VuY+PiT_M2W_^hÃ†YZT_^hM+O	•

_ š	yhè Q	QRT A ]5Q…Y 20� 20 dœrMR#nNn2¬±q¨A¿ª=qR¬„r#\ YZO;d•]•]9QXY�°+QsP)T_M2WNb2QROKQ†WaYZT_Qsd²UFf5PD¯�T_¯;YZT

Y+g‰gzQ†OBT_Wa^‰QsU¥MZV–T_¯KQ…°2Q†P)TaM+W x MZV Ax = b Y+W_QÄQsì2f5YZgŠT_M r2•

‚=M+gh°+Q Ax = b f;U_^hOKbçju^`€¥ò

ë

VuY+PiT_M+Wa^hÃ†Y„Ta^‰M2O²YZO;d@jå^h^`€N‚0‹ji�•;LNM+ƒ�S;YZWaQÀTa¯KQÂY2PRPif;WaY2Pió+\

h5M+S>g7PiM2fKOBT%Y+O;d”Q†ghY+S;U_Q†d”T_^hƒ—Q¥®À^‰T_¯—T_¯;M2U_QNM2]=TaY+^‰OKQsd”]0ó¨R}ruv–•ïu	•†«–«çVåWaM+ƒa]•t

ö

L�¬o]

M2WÀf;U_^‰OKbL]•t

ö

QJt%4 PiM+ƒ�ƒ�YZO5d Anb•


