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Abstract

We propose a new algorithm for block-wise solution of the generalized Sylvester-
observer equation XA — FXFE = GC, where the matrices A, F/, and C are given,
the matrices X, I, and G need to be computed, and the matrix £ may be singular.
The algorithm is based on an orthogonal decomposition of the triplet (A, E,C') to
the observer-Hessenberg-triangular form. It is a natural generalization of the widely-
known observer-Hessenberg algorithm for the Sylvester-observer equation : X A —
FX = GC, which arises in state estimation of a standard first-order state-space
control system. An application of the proposed algorithm is made to state and velocity
estimations of second-order control systems modeling a wide variety of vibrating
structures. For dense un-structured data, the proposed algorithm is more efficient than
the recently proposed SVD-based algorithm of the authors, it is heavily composed of
BLAS-3 (Level 3 Basic Linear Algebra Subprograms) operations, which make the
algorithm an ideal candidate for high-performance computing.
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1 Introduction
The Sylvester matrix equation

XA-FX=G ey
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is well-known in both mathematics and control literature. In this equation, the ma-
trices A, F' and G are given and the matrix X needs to be determined. An important
variation of the Sylvester equation, called the Sylvester-observer equation:

XA—-FX =GC (2)

where the matrices A and C are given and X, F’, and G need to be determined, arises
in state-estimation of linear systems of the form

i(t) = Az(t) + Bu(t)

y = Cu(t) )

(see chapter 12 of [?] for details). We will assume here the most practical situation
that a part of the states (say r components of the vector z(t)) have been measured
and the remaining (n — r) components need to be determined. This is the case of a
reduced order observer. The dimension of the matrices in this case, are, respectively,
A e RW™n X ¢ R(n—r)xn’ F ¢ R(n—r)x(n—r)’ G c R(n—r)xr’ C € R™". We
also assume, without any loss of generality, that C' has full rank; that is rank(C) = r.
Equation (??) also arises in solutions of related problems of eigenvalue and partial
eigenvalue assignments [?, ?, ?] and in the study of sensitivity analysis of these prob-
lems [?2, 2, ?].

There now exist several numerically viable algorithms for solving these matrix
equations. They include (i) the well-known Hessenberg-Schur algorithm [?] for
the Sylvester equation, the Hessenberg-observer algorithm by Van Dooren [?], the
Hessenberg-observer algorithm by Carvalho and Datta [?], the SVD-based algorithm
by Datta and Sarkissian[?], the QR-based algorithm by Carvalho, Datta, and Hong
[?]. There also exist large-scale and parallel algorithms [?, ?, ?] for the Sylvester-
observer equation. The paper by Bischop, Datta, Purkayastha[?] has developed a
parallel algorithm and the paper by Calvetti, Lewis, and Reichel [?] has proposed
several important modifications of the the algorithm proposed by Datta and Saad [?]
for large-scale solution of the problem.

A generalized version of the Sylvester-observer equation, to be called the Gener-
alized Sylvester-observer equation or descriptor Sylvester-observer equation:

XA-FXE=GC 4)

where the matrices A, F, and C' are given, and X, F', and G need to be determined,
naturally arises [?, ?, ?] in state and velocity estimation of systems of the form:

Ei(t) = Ax(t) + Bu(t) (5)

y(t) = Cx(t),

called descriptor systems. Note that if the matrix E is non-singular, then this equation
reduces to the Sylvester-observer equation (??).

For the generalized Sylvester-observer equation (??), only one block-wise solu-
tion has been proposed so far : the recent Singular Value Decomposition (SVD) based
method [?]. Although this SVD method is numerically attractive, it is quite expensive,
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since it not only requires numerical solutions of several different Sylvester equations
of the type YA — FY E = J, but also SVD needs to be performed on each of those
solution matrices (Steps 5 and 6 of Algorithm 3.1 in [?]), and it is well-known [?] that
computing the SVD of a matrix is rather an expensive process.

In this paper, we propose another conceptually simple algorithm for solving (2?).
The algorithm is based on the observer-Hessenberg-triangular decomposition of the
triple (A4, F, C') (which is one of the orthogonal state-space reductions proposed in
[?] and implemented in [?]). Note that it is only natural to develop such an algorithm
for this problem because the observer-Hessenberg-triangular form of (A, E, C') im-
mediately generalizes the well-known observer-Hessenberg form of (A, C), which
has been an attractive tool for numerically solving major control problems [?]. Thus,
this new algorithm is a natural generalization of the widely-known algorithm of Van
Dooren [?] for solving (??). The results of numerical experiments on benchmark ex-
amples show that the proposed algorithm is more efficient than the SVD algorithm
when matrices are non-structured. Bedside the observer-Hessenberg-triangular de-
composition, the only other major computational requirement of this new algorithm
is solving several low-order algebraic linear systems with multiple right hand sides,
which really make the algorithm quite attractive for high-performance computing.
Since the reduction to observer-Hessenberg-triangular form is achieved by orthogo-
nal equivalence [?], the algorithm should have the same numerical effectiveness as of
the observer-Hessenberg algorithm for solving (2?).

The following Lemma generalizes the classical results in [?].

Lemma ??.1: Assume that the system (2?) is observable and C' has full rank 7.
If the matrix triplet (X, F,G), where X € R=r)xn p e R-r)x(n=r) G ¢
R("=")X" are computed as a solution of (2?), with the additional property that (F, G)
is controllable and F' € R(™~")*("=7) i5 a stable matrix (i.e, all eigenvalues of F' have
negative real parts), then

2(t) — XEx(t) — 0as — oo, (6)
where z(t) is the state variable of the controllable observer system, governed by
#(t) = Fz(t) + Gy(t) + X Bu(t) , 2(0) = 0. (7
Proof of Lemma: Define e(t) = z(t) — X Ex(t). Then
é(t) = 2(t) — XEi(t) = Fz(t) + GOz(t) + X Bu(t) — X (Az(t) + Bu(t)) = (8)
= Fz(t) — FXExz(t) = Fe(t).

Since F' is assumed to be a stable matrix, it follows that e(t) — 0 as ¢ — oo, and the
result follows. [
As a consequence of Lemma ??.1, an estimate () to the state vector (¢) can be

computed by solving
XE | . z(t) }
z(t) = ©
7 Jeo=[50)
as long as the computed matrix X has full rank n — r (will be shown in Section 2)
and rank(F) > n — r.



2 A Observer-Hessenberg-triangular Method for
Generalized Sylvester-observer Equation

Let A,E € R™"  C € R"™™", be such that the system (??) is observable and C
has full rank r. Let the matrices A and F be reduced to block Hessenberg-triangular
form via an orthogonal equivalence transformation. That is, orthogonal matrices U &
R™*™ and V' € R™*" are computed such that

UTAV = H
UTEV =T (10)
CV=C=[00 ... 0 Cy]

where (i) H is a block upper Hessenberg matrix with blocks H; ; € R™*";4,j =
1,...p;

(i1) The sub-diagonal blocks H; 1,7 =1,...,p — 1 have full column rank;

(i)ny <no <...<np=randni +no+ ... +np, =n;

(iv) T'is an upper triangular matrix;

(v) C1 has full column rank 7.

An algorithmic description for the block-wise computation of the matrices U and
V in (??) can be found in the work of Varga [?].

Using (??) in (??), and defining Y = XU, we obtain

YH-FYT=[0 0 ... 0 GCy |. (11)

The equation (??) is now solved, obtaining Y, F', and G with the additional prop-
erties that ' is stable and (F, ) is controllable. Finally, the matrix X is recovered

from Y as
X =vU". (12)

Development of the Method for Solving (2?):
The orthogonal state-space reduction (??) gives

Hi1 Hipo e Hlp Ty Tz ... Tlp
Too ... Th
H— H21 H22 ng : T — P
Hgg ng (13)
3 Hpp-1 Hpp Top
C=[00 ... 0 C].
Let F', Y, and G be conformably partitioned as
Fi
Fo1  Fh Yn Y2 ... Ylp Gy
F= ) ] , Y = Yoo ... Yo, | ,G=
N - Y Y. G
Froor Fuo aq  tap q
14

where eitherg = porq =p — 1.



For i = 1,...,p, setting the diagonal blocks Y;; € R™*™ as arbitrary non-
singular matrices of appropriate orders imply that matrix Y, once constructed, is sure
to have full rank.

The blocks Fj; of F' are chosen to be the quasi-diagonal matrices (having either
2 x 2 Schur bumps, corresponding to a pair of complex conjugate eigenvalues, or real
scalars, corresponding to real eigenvalue) that one wants to assign to the observer
system. Of course, particular choices can be made to ensure that F' remains a stable
matrix, as required for the construction of the observer.

Substituting (??) and (??) into (??) and comparing the corresponding blocks on
left- and right-hand sides, we obtain a set of equations which is then rearranged and
broken down into three sets of linear equations, for finding the unknown blocks of the
matrices F', Y and G, as follows:

eFori=2,...,¢q

Fi; 1Ti 1,1 =H;;1 (15)

eFori=1,2,...,qand j =1,...,p—1

J i J
YijnHip ==Y YaHg+ Y. Fi ) YTy (16)
k=i k=max(i—1,1) L=k

eFori=1,2,...,q

p i p
GiCh = YyuHy— Y. FuY YTy a7
k=i k=max(i—1,1) =k

Equation (??) is a linear system which is guaranteed to have solution since its coef-
ficient matrix H ;1 ; has a full column rank, for j = 1,2, ..., q. Therefore, as long
as (??) has n — r observed states, reduction (??) can be used to construct solution
matrices (X, F, G) to (??) as we are proposing. Moreover, since matrix Y will have
full rank by construction, matrix X defined in (??) will also have full rank.

Since it is assumed that rank(E) = n — r, from the strategy [?] of the reduc-
tion process(??), it follows that infinite controllable states of (??), if exist, would be
represented in the lower parts of the matrices H and 7', and therefore it follows that
Tpp € R™ " is the only diagonal block of 7" that could be singular. Therefore, the
reduction to observable staircase form (??) gives, for: = 2,3, ..., ¢, matrices H; ; 1
and 7;_1 ;—1 which have full rank. This also implies that, from (??), fori = 2,3, .. .q,
block F; ;1 has full rank.

The above discussion leads to the following algorithm:

Algorithm ??.1: The Observer-Hessenberg-Triangular Algorithm for the Gen-
eralized Sylvester-Observer Equation

Input: Matrices A, £ € R™"*", and C' € R"*" of the linear system (??) .

Output: Block matrices X, F, and G, such that F'is stable and XA — FXE = GC.
Assumptions: The system (??) is observable, and C has full rank. Also, either s = n
ors=n-—r.



Step 1: Reduce (A, F, C) to the observer-Hessenberg- triangular form (H,T,C).
Let U and V be the orthogonal matrices of this reduction and let n;,7 = 1,...,p be
the dimension of the diagonal blocks of the matrix H.
Step 2: Partition the matrices Y, F', and G in blocks conformably with the block
structure of H. Set ¢ = p if s = n; otherwise, set ¢ = p — 1. Let the matrix F' be
partitioned in blocks according to the partitioning of the top leftmost s X s sub-matrix
of matrix H.
Step 3: Fori =1,2,...,q, define diagonal block F;; € R™*™ to be a stable matrix
with eigenvalues disjoint from those of the pair (A, E).
Step 4: Set Y11 = Iy, xn, -
Step 5: Fori = 2,3,...,q, set Y;; = I,,,xp, and solve equation (??) for F;;_1 €
Rni XMi—1 .
Step 6: For: =1,2,...,q, do Steps 7 and 8.

Step 7: For j = ¢,¢+1,...,p — 1, solve the linear system (??) for Y ;1.

Step 8: Solve the linear system (??) for G;.
Step 9: Form the block matrices Y, F', and G from their computed blocks.
Step 10: Compute X = YU,

Important remarks on this algorithm:

1. If the above simple choices for non-singular diagonal blocks Y;;, ¢ =1,2,...,¢q
do not construct a controllable pair (F, G), then other choices can be considered
to achieve this goal.

2. Properties related to the observability of system (2?), through the orthogonal
reduction (??), can possibly reflect on ill-conditioning of sub-diagonal blocks
Hj 1, and therefore affect the performance of this algorithm.

Efficiency by Flop-count:
For simplicity, we will assume that ny = no = ... = n, = r where n = p - r.
We will also assume that ¢ ~ p, since ¢ = p — 1 in this algorithm.

° Ste%) 1, using routine TGO1ID (or TGO1AD) of the library SLICOT [?], requires
10n
=~ flops;
3 b

e Step 5 requires about nr? flops, taking advantage of the triangular nature of the
systems;

e Step 7 requires

p—1p—-1 p—1p—1
320+ S G-+ 1) 4200 + ) 3 S (1) ~ 20
i=1 j=i i=1 j=i
flops;
e Step 8 requires about
p—1 p—1
3(2r® +12) Z(p —i41)+2(2r% +1?) Z(l) ~ 3n’r

i=1 =1



flops;
e Step 10 requires about n> flops to compute X, since Y is upper triangular.

Therefore, the proposed algorithm requires approximately % flops.

3 The SVD-based Method

We would like to compare the efficiency and accuracy of our proposed Observer-
Hessenberg-Triangular algorithm with the SVD-based algorithm proposed earlier in
[?]. For this purpose, we reproduce the SVD algorithm briefly in the following. Let
the matrices F', G and X be partitioned as:

1 Fia
1A X 0
Fyo Fo3 Xl
F= CX=1|"?%],G= "
qul,qfl qul,q Xq Gq
Foq

(18)
where diagonal blocks Fy; € R"*™ 4 = 1,... ¢ of F, are chosen following the
same strategy described in Section ??.

Using (??) in (??) and equating the corresponding blocks on each side gives

GiC, i=1

XA—-F;X;E=1L1L;, = { Fo i XiiE. i=2....q 19)
Foreachi = 1,2,...,q, block Fy; is assigned with a prescribed spectrum and Y] is
computed to satisfy the generalized Sylvester equation:
N C, i=1

Let the Singular Value Decomposition (SVD) be given by YiT = UiEiV;T. Then
equation (??) becomes

Vis,Ur A — F; ,Vis,UL'E = .

and therefore

UFA — (S7'WVIE ,Vis)U'E = 27 Wi T, 1)

Thus, a solution of (??) can be computed as:
X;=Ul F =%7"VIE,Vi%,i=1,2,...,q (22)
Gi="V{  F, 1=Vl i=23 .4 (23)

Flop-count of the SVD Algorithm and comparison with Algorithm 2.1: It can
be shown that for unstructured dense matrices, the SVD algorithm in [?] requires
roughly % flops, which is about 3 times more expensive that Algorithm 2.1.
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Figure 1: Comparison of the Efficiency Between the SVD algorithm and Algorithm ??.1.

Requirements on the poles of the observer system: in order to guarantee existence
of the solution of (??), a requirement Q(A, E) (| 2(F') must be set. This means that
the spectra of the matrix F' (the desired poles of the observer system) must be set
away from the generalized eigenvalues of (A, F'). Similar requirement does not exist
for the proposed method.

3.1 A comparison of the CPU Time between the SVD algo-
rithm and Algorithm ??.1

A comparison of the efficiency between the SVD algorithm and Algorithm ??.1 was
made using a benchmark example from [?]. and the results are reported in Figure
??. The normalized CPU-time of both the algorithms were compared. This time
was calculated by dividing the actual CPU-time by the CPU-time to a call to the
the BLAS routine for multiplying two matrices of similar sizes. Benchmarks were
done in a SPARC Sun 6 environment under Gnu-Fortran 77, using LAPACK [?] and
SLICOT [?]. As is seen from Figure ??, Algorithm ??.1 requires less CPU-time than
the SVD algorithm.

4 [Estimating the State of a Vibrating System

Algorithm ??.1 can readily be applied to estimate the state and velocity vectors of a
second-order control system of the form:

M(t) + Dq(t) + Kq(t) = Bu(t)
y(t) = Cig(t) + C24(t)

where M, D, K € R"™" B € R"*™ and C4, Cy € R"™*",

It is well-known [?] that vibrating and structural dynamics systems, such as bridges,
highways, air and space crafts, among others, can be modeled as above. In general,
acceleration vector ¢(t) is easy to estimate. However, the velocity and displacement
vectors ¢(t) and ¢(t) are not easily measurable, though their knowledge is essential
to implement a feedback control law of the form:

(24)

u(t) = v(t) + Kiq(t) + K2q(t), (25)

Here K1, Ko € R™*™ are, respectively, the displacement and velocity feedback ma-
trices. This control law must be executed to meet certain design specifications for the
system, such as maintaining the stability, controlling dangerous vibrations like reso-
nance, among others (see [?]). Note that the matrices K1 and Ky can be computed
without the knowledge of the state vectors.



The system (??) can be cast into a descriptor system of the form
Eix(t) = Az(t) + Bou(t)
y(t) = Cu(t)

where z(t) = [ ¢(t) q(t) }T. This can be done in several ways. One of them that
preserves the symmetry when the original second-order system is symmetric can be
written as [?]:

E:[O M],A:[M _K],Boz[o],():[cg Ci]. @D

(26)

M D B

In order to estimate the states x(¢) of the system (??), the descriptor Sylvester-
observer equation (??) is solved with the matrices E, A, By, and C' defined by (??),
using Algorithm ??2.1. After solving (??) for matrices X, F', and (G, approximations
G(t) and d(t) of ¢(t) and ¢(t) can be found by solving, in the reduced-order case
(s = 2n —r), the system:

XE [ d) ] _ [ 2(t) ] -
=06 @

where z(t) € R® is the state of the observer system given by
2(t) = Fz(t) + Gy(t) + X Bou(t) (29)

satisfying any initial condition z(0) = 2.
For a related topic on functional observers for singular systems, see [?].

S Numerical Experiments

5.1 State Estimation of a Satellite System

This model is taken from [?]. A communication satellite of mass m orbits around the
earth with altitude specified by spherical coordinates r(t), 6(t), and ¢(t). The orbit
is controlled by three orthogonal thrusts: w,(t) , ug(t), and ug(t). The dynamics of
this model, given by the Newton’s Second Law, is

mit = mrf? cos® ¢ + mrd® — k/r? + u,
mr26 = —2mri0 + 2mr20¢sin ¢/ cos ¢ + rug/ cos ¢ (30)
mre = —mré? cos ¢sin ¢ — 2mip + Ug.
A stationary solution, corresponding to the desired circular equatorial orbit, is given
by
T T
[ 70(t) Bo(t) ¢o(t) | =[70 wot wo ] (31)
where 70, wp, and k are constants such that row3 = k/w3. Once in orbit, the satellite

will remain there if no disturbances happen. However, if it deviates from that orbit,
the thrusts are applied to push it back to the right place. Let

q(t) = [ r(t) —ro 0(t) — 6o o(t) — ¢o
9

]’ (32)



denote the deviation from the orbit. If the perturbation is very small, then equations
(??) can be linearized, and a control system (??) with three inputs and two outputs
can be derived, where

M:diag(m mr3 mro),B:diag(l 70 1)
—2mrowo
K= diag( —3mw8 0 mrowg ) , D=1 2mrowg

T

u(t) = [ ur(t) ug(t) ug(t) ]

Taking the parameters of this model to be m = 375.5 kg, 7o = 13400 m, and
wp = 0.2618 rad/sec, the corresponding system matrices in the descriptor form (?7?),
in the form given by (2?), are

0. 0. 0. 00038 0. 0.
0. 0. 0. 0. 6742478 0.
0. 0. 0. 0. 0. 50.317
_ 5
E=10"X1 4 0038 0. 0 0. —26.346 0.
0. 6742478 0. 26346 0. 0.
0. 0.  50.317 0. 0. 0.

A =10° x diag ( 0.0038 674247.8 50.317 0.0008 0.0 —3.4487 )
¢ [ 02500 0.1000 0.2500 0.4000 0.1000 0.2000
~ | 01000 02000 0.1000 0. 0.3000 0.

0. 0. 0. 1. 0. 017"
Bo=| 0. 0. 0. 0. 13400. 0.
0. 0. 0. 0. 0. 1.

The choice of matrices By and C make this system both controllable and observ-
able [?]. It can be shown that the associated quadratic pencil P(\) = A>M +AD+ K
has eigenvalues £0. , £0.26187 and +0.2618¢. Therefore, this system is not asymp-
totically stable.

In order to stabilize this system, we apply the state feedback control law (?7?),
with

—100.5304 —118169.1827 0.
Ky =10' | —1.4195 —906602.3462 0.
0. 0. —77328.6662

—12.1183 —30058.1247 0.
Ky = 10? 1.9895  —139516.5952 0.
0. 0. —50317.

With the matrices K and K5 as above, the eigenvalues of the closed-loop system are:
-1/3,-2/3,—-1,—4/3,—5/3 and —2.

We computed impulse responses of the system in three cases: (i) the open-loop
system ; (ii) the closed-loop system with actual states; (iii) the closed-loop system
with estimated states.

Solving the observer equation (??) gives
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0.5184 0. 0. —-0.8551 0. —0.0001
¥ — 0.8551 0. 0. 0.5184 0. 0.
—-0.8975 0. 0. —0.4410 O. 0.
0.4410 0. 0. —-0.8975 0. —0.0001
—7.0237 —0.1198 —-1.0194 6.5465
r_ —-0.1929 -7.9763 —8.3075 —1.2937
0. 0. —5.9851 0.0292
0. 0. 0.5009 —5.0149
0. 0.
0. 0

G= L Q(F)={ -5 -6 -7 -8

—5026.3685  —617.4799
2555.7662  —20804.2752

Figure ?? shows the norm of the impulse responses of the system in the three
cases defined above. The initial condition for the observer is z2(0) = 0. The plot
shows that the control using estimated states is slower than the one using the actual
states, but it is clearly successful in bringing the satellite back to the desired orbit.

Figure 2: Comparison of the Norms of the Impulse Responses for Experiment 5.1

5.2 State Estimation of a System with Singular Stiffness and
Damp

Consider a system described by (??) with

2. 1. 0. 0. —0.1 0. 2. 3.0
M=|1 2 0. |,D=|01 0. 02]|,K=|3 6 3
0. 0. 2. 0. —0.2 0. 0. 3. 6
0.3162 0. 0. 01 0. 0.
“=1 "0 03162 o.] ’02_[ 0. 0.1 o.}
—3.4641 0.
B= 0.  —3.4641
0. 0.

where M = M > 0, K = K" but DT = —D . Matrices D and K are singular, and
system is not asymptotically stable. Furthermore, it can be shown that the associated
pencil P(A\) = A2M + AD + K has eigenvalues A = +0,\ = +2.1469i, A\ =
+1.3193: (rounded to 4 figures). It is aimed to stabilize this system with

14142 0. 0. 0.7071 0. 0.
Kv=1""0 " 295 o.] ’K2_[ 0.  1.2247 0.

so that the eigenvalues of the closed loop system are A = —1.5765 £ 2.3476¢, A =
—0.5795 £ 1.8520¢, —0.0747 £ 1.6342¢ (rounded to 4 figures).
Reduction to (??) through
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M 0 -D —-K ~ B
SRR L
C = [ Cy C4 ]
gives
i 0. 0.1000 0. —2. =3. 0. ]
—0.1000 0. —-0.2000 —-3. —6. -3.
A 0. 0.2000 0. 0. -3. —6.
2. 3. 0. 0. 0. 0.
3. 6. 3. 0. 0. 0.
i 0. 3. 6. 0. 0. 0. |
(2. 1. 0. 0. 0. 0.7 [ —3.4641 0. i
1. 2. 0. 0. 0. O. 0. —3.4641
0. 0. 2. 0. 0. 0. ~ 0. 0.
E= 0. 0. 0. 2. 3. 0. |~ B= 0. 0.
0. 0. 0. 3. 6. 3. 0. 0.
| 0. 0. 0. 0. 3. 6. | L 0. 0 i
- 0.1000 0. 0. 0.3162 0. 0.
0. 0.1000 0. 0. 0.3162 0.

where E7 = E but AT = —A. Now both E and A are singular.
Solving the observer equation (??) through Algorithm ??.1 gives

—1.4161 —0.5653 0.2798 0.3223 0.3755 —0.2159
X - —0.9309 —1.9657 0.9486 0.7432 0.8336 —0.5624
0.3779  0.6176 —0.7346 1.7717 1.9248 —1.4655
—0.1453 —0.6904 0.0312 0.4259 0.5735 —-0.1307
—0.1000 0. 0. 0.
o —0.1801 —0.2000 0. 0.
0. —1.8884 —0.3000 0.
0. 0. —0.7482 —0.4000
14.8788 22.3182
a— 28.0657 42.0985
24.4010 36.6015
32.7670  49.1505

where we have chosen the eigenvalues of matrix F' (and therefore those of the ob-
server system) to be in the set {—0.1, —0.2, —0.3, —0.4}.

Figure ?? shows the norm of the impulse responses of the system in the three cases
defined in the first experiment. The initial condition for the observer is z(0) = 0. The
plot shows that the control using estimated states is slower than the one using the

actual states, but it is clearly successful.

Figure 3: Comparison of the Norms of the Impulse Responses for Experiment 5.2
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6 Summary and Conclusion

Implementation of a state-feedback control law in a control system requires the knowl-
edge of the states variables. However, in a practical situation, only a part of the
states is measurable and others must be estimated. A well-known approach for state-
estimation is via solution of a Sylvester-observer equation and a widely-known al-
gorithm for solution of this equation is the Hessenberg-observer algorithm due to
Van Dooren. Although several generalizations of this algorithm and also specialized
algorithms for large-scale solution and high performance computing of this equa-
tion now exist, no block-wise solution for the generalized Sylvester-observer equa-
tion (GSOBE), that arises in the state estimation of descriptor control systems, have
been proposed until recently. In 2001, a SVD-based algorithm was developed for
this problem by Carvalho and Datta. In this paper, a new algorithm, based on the
generalized observer-Hessenberg form, due to Varga, is proposed for GSOBE. The
algorithm clearly generalizes the Observer-Hessenberg algorithm for the Sylvester-
observer equation and is much more efficient than the SVD algorithm. Some of the
distinguished features of this new algorithm are that its implementation and numer-
ical performance rely heavily in Basic Linear Algebra Subroutines (BLAS) Level-3
computations. The last feature makes it very suitable for high-performance comput-
ing. There are only a very few high-performance and large-scale algorithms available
for control problems and indeed, control theory lags behind other areas of science
and engineering in this respect. Thus this new algorithm should be of instant wel-
come. A natural application of the algorithm is made to state and velocity estimations
in second-order models of vibrating structures. Development of an estimation algo-
rithm that works directly with a second-order model without requiring transformation
of the model to a state-space form, is currently being investigated.
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