An Optimization Approach for Minimum
Norm and Robust Partial Quadratic
Eigenvalue Assignment Problems for

Vibrating Structures

Sanjoy Brahma *,

& Department of Mathematics, Cleveland State University, Cleveland, Ohio 44115

Biswa Datta, IEEE Fellow

b Department of Mathematical Sciences, Northern Illinois University, DeKalb,

Illinois 60115

Abstract

The Partial Quadratic Eigenvalue Assignment Problem (PQEVAP) concerns the
reassignment of a small number of undesirable eigenvalues of a quadratic matrix
pencil, while leaving the remaining large number of eigenvalues and the correspond-
ing eigenvectors unchanged. The problem arises in controlling undesirable resonance
in vibrating structures and in stabilizing control systems. The solution of this prob-
lem requires computations of a pair of feedback matrices. For practical effectiveness,

these feedback matrices must be computed in such a way that their norms and the
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condition number of the closed-loop eigenvector matrix are as small as possible.
These considerations give rise to Minimum Norm Partial Quadratic Eigenvalue As-
signment Problem (MNPQEVAP) and Robust Partial Quadratic Eigenvalue Assign-
ment Problem (RPQEVAP), respectively. In this paper we propose new optimization
based algorithms for solving these problems. The problems are solved directly in a
second-order setting without resorting to a standard first-order formulation so as to
avoid the inversion of a possibly ill-conditioned matrix and the loss of exploitable
structures of the original model. The invariance of the large number of eigenvalues
and eigenvectors by application of feedback is guaranteed by a proven mathemat-
ical result. Furthermore, the gradient formulas needed to solve the problems by
existing optimization techniques are computed using only the few eigenvalues and
eigenvectors of the associated quadratic pencil that can be computed using the
state-of-the-art computational techniques. Above all, the proposed methods do not
require the reduction of the model order or the order of the controller, even when the
underlying finite element model has a very large degree of freedom. These attrac-
tive features, coupled with minimal computational requirements, such as solutions
of small diagonal Sylvester equations and small algebraic linear systems, make the
proposed algorithms ideally suited for application to large real-life structures. Nu-
merical results show significant improvement in feedback norms and in the condition
number of the closed-loop system. Also, the closed-loop eigenvalues have acceptable

accuracy.
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1 Introduction

It is well-known that vibrating structures, such as bridges, high rise buildings,
aircrafts, spacecrafts, etc.—, may be modeled by a second-order linear matrix

ordinary differential equation of the form:

M q(t) + D q(t) + K q(t) = £(t), (1)

where M, D, K are constant real (n x n) matrices, q(t) and f(t) are real n
vectors. The matrix M is called the mass matriz, D is called the damping
matriz and K is called the stiffness matriz. The vector f(t) represents an
external force, t represents time and n is an integer, called the degrees of
freedom (DOF) of the system. In many applications, the matrices M, K and
D are symmetric; furthermore, M is positive definite and K is positive semi-
definite. We make the same assumptions about M, K and D.

The dynamics of the structures modeled by Eq. (1), are governed by the
eigenvalues and eigenvectors of the quadratic matrix polynomial P()\) (see

Refs. [1-3]) where
P\) = MM+ DA+ K (2)
The matrix polynomial P()\) is called the open-loop pencil and its eigenvalues

are called the open-loop eigenvalues. If M is non-singular, P(A) has 2n eigen-

values which are the roots of the equation det(P(\)) = 0.
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In some cases we find that a small number of open-loop eigenvalues are undesir-
able, because their presence has a damaging effect on the system. Undesirable
resonance in vibrating structures is a case in point. It is well known that if a
vibrating structure is acted on by external forces that are vibratory in nature
whose frequencies are equal to or close to the natural frequencies of the vibrat-
ing structure then the vibrations get greatly amplified. This phenomenon is
called resonance. It is widely believed that the collapses of the Tacoma Bridge
in Washington, the Broughton Bridge in UK and the dangerous wobbling of
the Millennium foot Bridge in London were caused by resonance. Now, the
natural frequencies of a vibrating structure are closely related to the open loop

eigenvalues.

Vibrations can be controlled either by using passive control devices such as
shock absorbers or vibration dampers or by applying a feedback control force
by means of active controllers. Passive control devices are widely used because
of their simplicity, low cost and easiness of use. However they have some
practical limitations. On the other hand, because of the advances in sensors
and actuators, the use of active vibration control is becoming more and more
popular. Indeed, many structures in several countries have been recently built
using active controllers. It may be noted that the Kyobashi Seiwa Building
built in 1989 in Tokyo was the first building to be constructed with an active

control system.



To implement an active control strategy, feedback control gains must be com-
puted in real time. So it is crucial that such gains are computed in an efficient
and numerically robust way. Suppose that a control force of the form Bu(t),
(see Refs. [3,25]) is applied to the structure. Here B is a given real n x m

matrix (m < n) and u(t) is a real m-vector given by

u(t) = F' 4(t) + G q(t), (3)

and F and G are unknown, constant, real, (n x m) matrices called the feedback
matrices. We assume that q(t) and ¢(t) can be measured. From Egs. (1) and

(3), we obtain the closed-loop system:

M(t) + (D = B F')(t) + (K = B G")q(t) = f(1). (4)

The dynamics of this closed-loop system are determined by the eigenvalues

and eigenvectors of the quadratic matrix polynomial:

PN =MNM +XD-BF" +(K-BG") =0, (5)

The quadratic matrix polynomial P.(\) is called the closed-loop pencil and
its eigenvalues are called the closed-loop eigenvalues. Now, since the natural
frequencies are closely related to the open loop eigenvalues, in order to pre-
vent resonance, the feedback matrices F and G are determined such that the
closed-loop spectrum is the one that we obtain from the open-loop spectrum
by replacing the small number of resonant eigenvalues, by suitably chosen

ones while keeping the remaining eigenvalues and associated eigenvectors un-



changed. The last property, known as the no spill-over property, guarantees
that the large number of unassigned modes will not themselves become resonant
or unstable. The problem of finding F and G is referred to as the Partial

Quadratic Eigenvalue Assignment Problem (PQEVAP).

The partial pole assignment problem was first introduced by Porter and Crosley
(see Ref. [26]) for the first-order model. The problem was later studied by
Datta and Sarkissian (see Ref. [9]), and Saad (see Ref. [27]), and Datta and
Saad (see Ref. [28]), also for the first-order system. One way of solving the
PQEVAP is to transform the quadratic control problem to a standard first-
order state-space problem and then apply one of the of the excellent meth-
ods, now available in the literature (see Ref.[4]), for the standard complete
pole-placement or partial pole-placement problem. However, there are several
computational concerns with this approach. For instance, it would require
inversion of the mass matrix, which may be ill-conditioned. Also, this trans-
formation would destroy all the exploitable structures inherent in most practi-
cal problems, such as—symmetry, positive definiteness, sparsity, bandness, etc.
Furthermore, since the existing eigenvalue assignment methods are designed
for only small and dense problems, the order of the second-order finite ele-
ment model, which is usually very large, must be reduced, and this process
will invariably give rise to instability due to controllability and observability

spill-overs. Moreover, the target eigenvalues and eigenvectors computed from



a reduced-order model often very much differ from those of the original model.
Similarly, the state-of-the-art independent Modal Space-Control (IMSC) ap-
proach (see Ref. [11]) for vibration control, also suffers from practical engineer-
ing and computational limitations. The basic idea behind IMSC is to decouple
the problem into two independent problems, solve these independent problems
individually, and then piece the solutions together to get the solution of the
original problem. The open-loop decoupling requires the complete knowledge
of the eigenvalues and eigenvectors of the open-loop pencil, whereas the state-
of-the-art computational techniques for quadratic eigenvalue problem, such as
the Jacobi-Davidson method (see Ref.[10]), are capable of computing only a
small number of extremal eigenvalues and eigenvectors. The closed-loop de-
coupling, on the other hand, requires some stringent requirements on sensors
and actuators (see Ref.[11]). In view of these considerations, for a numerically
effective solution of the PQEVAP, it is imperative that the problem be solved
i quadratic setting using only the small number of eigenvalues and eigenvec-
tors that are computable or measurable in a vibration laboratory, and without
any a priori model reduction. Furthermore, in the absence of computational
techniques for computing the whole spectrum and the associated eigenvectors
of a quadratic matrix pencil, the no spill-over property in a practical compu-

tational setting, must be established with the help of a mathematical theory.

In the multi-input case (i.e. when m > 1), the solution of the PQEVAP is

not unique. For practical effectiveness, we can take advantage of this fact by



determining F and G in such a way that not only P.(\) has the desired spec-
trum but also the system has some additional desirable features. An important
practical consideration in the design of a vibration control system is to ensure
robustness, that is insensitivity of the closed-loop eigenvalues to small pertur-
bations in data. To achieve this, the feedback matrices should be computed
in such a way that their norms are as small as possible and the closed-loop
eigenvector matrix has the minimum condition number (see Ref. [4]). The
smaller feedback norms also lead to smaller control signals which in turn lead
to lesser energy consumption and lesser noise amplification (see Ref. [5]). The
problem of finding the feedback matrices such that the closed-loop pencil has
the desired spectrum and the feedback norms are as small as possible is known
as the Minimum Norm Partial Quadratic Eigenvalue Assignment
Problem (MNPQEVAP) and the problem of finding the feedback matrices
such that the closed-loop pencil has the desired spectrum and the condition-
ing of the closed-loop eigenvalues is as good as possible is called the Robust

Partial Quadratic Eigenvalue Assignment Problem (RPQEVAP).

These are clearly optimization problems. To solve them in an optimization
setting, a parameterized family of feedback matrices must be generated and
then the parametric matrix has to be chosen appropriately. In this paper we
use a quazi Newton optimization algorithm (see Ref. [12]). A gradient formula

is necessary for this. Usually, computing gradient formulas is a straight forward



task. But in this case an additional challenge is to compute them in terms of

the small number of computable eigenvalues and eigenvectors.

A direct and partial-modal approach for solving the PQEVAP was first pro-
posed in the single-input case by Datta, Elhay, and Ram (see Ref. [2]) and
then generalized to the multi-input case by Datta and Sarkissian (see Ref.
[9]) and by Datta, Elhay, Ram (see Ref. [21]) but without any reference to
the Sylvester equation. These papers, however, did not consider the aspects
of minimizing feedback norms and closed-loop conditioning of the PQEVAP.
Such problems were considered, for the first-order control systems, by Keel,
Fleming, and Bhattacharyya (see Ref. [7]) Cavin III, and Bhattacharyya (see
Ref. [8]) and Varga (see Ref. [5]). The only paper that has been published so
far that deals solely with the robustness issue for PQEVAP is by Qian and Xu
(see Ref. [17]). This algorithm is not optimization-based. Also, optimization-
based algorithms for minimum-norm and robust eigenvalue assignment in the
cubic case (that is when the underlying eigenvalue problem is for cubic ma-
trix polynomials, rather than quadratic), have been developed by Datta, Lin,
and Wang (see Refs. [18, 19]). However, implementation of these algorithms

require complete knowledge of the open-loop eigenvalues and eigenvectors.

The major contributions of this paper are as follows:

e A parameterized algorithm for generating a family of feedback matrices for

the PQEVAP via Sylvester matrix equations has been developed. The no



spill-over property is guaranteed by establishing mathematical results.

e Gradient formulas for the MNPQEVAP, RPQEVAP and also for the prob-
lem of simultaneously reducing the feedback norms and the closed-loop con-
dition number, have been developed. Such gradient formulas are essential
for the quasi-Newton optimization method (BFGS method) employed in

this paper.

The parametric expressions for feedback matrices and the gradient formulas
for the optimization problems were computed in terms of only the of the small
number of eigenvalues of the open-loop pencil that were to be reassigned and the
corresponding eigenvectors. Our Sylvester equation approach for parameter-
ized solutions turn out to be crucial for the development of gradient formulas.
Numerical experimental results show that the considerable reductions in both
the feedback norms and the closed-loop condition numbers can be achieved
by our algorithms. The accuracy of the closed-loop eigenvalues is acceptable
as well. Our results on RPQEVAP show that these are quite comparable with
those obtained by Qian and Xu. This paper contains a detailed discussion on
results relating to the RPQEVAP. A preliminary version of this paper has
appeared (see Ref.[15]). In this paper the results for MNPQEVAP have just

been stated without proof, the proofs may be found in Refs. [14, 23].

To conclude this section, we make the following observations :
(i) Implementation of the control law in Eq. (3) requires the complete knowl-

edge of the state and velocity vectors. However, in practice some of these may
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not be measurable. The non-measurable ones must be estimated by construct-
ing suitable observers for a second-order control system. In a recent paper by
Carvalho and Datta (see Ref. [29]), a numerically effective algorithm has been
proposed for state and velocity vector estimation of a second-order control
system via its transformation to a descriptor control system.

(ii) Our results apply only to finite-element models having a finite number of
DOF. However, it might be possible to use our scheme for vibration control in
real-life models such as a beam or a plate that have infinite number of DOF,
in conjunction with some passive control device. It is also worth mentioning in
this context that Datta and Sarkissian(see Ref.[30]) have developed a scheme
for feedback control in distributed gyroscopic systems and applied it to partial
pole assignment, corresponding to the lowest frequencies of small oscillations
of a traveling string. Further research on developing such schemes for other

distributed parameters systems is in order.

2 Notations and assumptions

The following notations are established :

A = diag(M, Mgy ..oy o)

= the matrix of eigenvalues of the open-loop pencil P()),
A1 = diag(Ai, Aoy ..., Np)

= the matrix of eigenvalues to be reassigned,
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Ao = diag(Mps1, - -, A2n)

= the matrix of eigenvalues to remain invariant,

A% = diag(pa, p2, - - -, fip)

= the matrix of new eigenvalues to replace those in Ay,

X = (z1,%9,...,Tap)

= the matrix of right eigenvectors of the pencil P(}),

X1 = (21,29,...,2p)

= the matrix of eigenvectors corresponding to the eigenvalues Aj, ..., A\,

Xo = (Tps1,- -, Tan)

= the matrix of eigenvectors corresponding to the eigenvalues A\, i1, ..., Aop,

|X||g = Frobenius norm of X.

Assumptions The following assumptions, which are quite reasonable in prac-

tice, are made throughout the whole paper.

{)\1,)\2,...,)\2n}m{[Ll,[l,z,...,ﬂp} :gba (6&)
{0 A2, N {1, A2, - Ao = 0, (6b)
0 §é {)\17)\27-"7)\;0}' (6C>

3 Some eigenvalue-eigenvector properties of the quadratic matrix

pencil

In this section we present some useful properties of the quadratic matrix pen-

cils P(A\) and P.(\) which we use later in this paper.
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Theorem 3.1

(i) A scaler A € C' is an eigenvalue of the quadratic pencil P(\) = MM? +

D)\ + K with right eigenvector x iff A is an eigenvalue of the matrix

O(nxn) ](nxn)

~M*K —M~'D

with right eigenvector

AT
(ii) The eigenvalues of the closed loop pencil
P.A)=M XN+ (D-BF')\+ (K- BGT)

are the same as the eigenvalues of the matrix A=A-BF , where, F =

(_GT - FT)a
O(nxm)
and B =
M-'B

i X
Also, the matrix of right eigenvectors of A is the matrix Y = ,

YiN, X5,

where, Y1 = [y1,¥2,...,Yp), and y; is the right eigenvector of the pencil P.(\)

corresponding to the eigenvalue p;.
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Proof: Since A is an eigenvalue of the matrix pencil P()\) with right eigen-
vector z we have (MA? + D\ + K)x = 0.

Thus

This proves result (i).
By result (i) it follows that the eigenvalues of P.(\) are the same as the

eigenvalues of the matrix

O(nxn) I(nxn)

~M~Y(K — BGT) —M~(D — BFT)

and the matrix of right eigenvectors of the matrix A — B F is the matrix

i Xp

YA, XA,

Orthogonality properties of the eigenvectors of a quadratic matriz pencil

Generalizing the well-known orthogonality properties of the eigenvectors of
a symmetric matrix and of a symmetric definite linear pencil of the form
(K—AM) (see Ref. [20]), three orthogonality relations for the quadratic matrix

pencil were derived by Datta, Elhay and Ram (see Ref. [2]). The relations were
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further modified by Datta and Sarkissian (see Ref. [1]). One of these relations,

which is stated below, is used in this paper.

Theorem 3.2

Let M = MT >0, K = KT > 0 and suppose A; and A, have disjoint spectra.

Then
M XTM XAy — XTK X, =0. (9)
Proof: See Refs. [2,23].

The above orthogonality relation can be rewritten as:

Corollary 1

KX, Xy
= Opxan—p)- (10)

MX1A1 XQAQ

This corollary can be used to prove the following result:

Corollary 2

X
If a (2n X p) matrix Q satisfies Q = O(px2n—p), then there exists a

Xy
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(p X p) matrix ¥ such that

~-KX,
QT = U, (11)

MX, A

Proof: See Ref. [23]

4 A parametric expression for the feedback matrices

As a first step towards solving the RPQEVAP and the MNPQEVAP in an
optimization setting, we proceed to obtain a parametric solution of the of
the PQEVAP in terms of a parametric matrix I'. Then in the following sec-
tions we describe how to choose I' appropriately to solve the MNPQEVAP
and RPQEVAP. One of the best-known numerical optimization schemes, the
Broyden-Fletcher-Goldfarb-Shannon (BFGS) is used to solve the optimization

problems. For more on the BFGS method, see Refs. [12, 13].

Theorem 4.1 (Parametric expression for feedback matrices)

Let I' = {m1,72, ..., %} € C™*? be such that if y1; = fi, then v; = ;. Let Z

16



be the unique solution of the (p x p) Sylvester equation:

MZ—ZN = —ANXTBT. 12
1 1

Then feedback matrices F and G that solve the PQEVAP are given by

F=MXAN®"and G = —-KX,®7, (13)

where ® is obtained by solving the linear system:

®Z =T, (14)

Moreover, for every non-zero I' satisfying the above relation, the matrices F
and G are real. Proof. The proof comes in four parts.

Part I Proof of the no-spill-over property

Here we prove that if the matrices F' and G are chosen as above and ® is any
non-zero (m X p) matrix, then the eigenvalues of the closed-loop pencil would
include A\,11, Apt2, . . ., Aoy With corresponding eigenvectors 1, Tpy2, - - ., Ton.
That is, with such choices of F' and G, there will be no spill-over.

Proof: We need to show that:

MX,A5 + (D — BFT)X5Ay + (K — BGT) X, = 0. (15)

Eq. (15) can be rewritten as :

MXyA5 + DXoAy + KXy — B[FT X5Ay + GT X5) = 0. (16)

Now, since the matrices (A1, X7) and (As, X5) are partial eigenvalue and cor-

17



responding eigenvector matrices, we have:

MXA?+ DX, A + KX, =0, (17)

So, by virtue of Eq. (18), we need only show:

B[FTX5A; + GTX,] = 0. (19)

It is easy to see that this relation follows immediately by substituting the ex-
pressions of the feedback matrices F' and G and then using the orthogonality

relation in Theorem 3.1.

Part IT Partial assignment of the spectrum

Here we show that if ® is chosen according to the criterion stated in the

theorem then the spectrum of the closed-loop pencil will include p1, pto, . . ., ftp

and the eigenvectors corresponding to these eigenvalues will be y1, s, ..., yp.

Proof :

Let Y1 = [y1, %2, - .., yp|, where y; is the eigenvector associated with ;.

In order to show that the closed-loop pencil has the eigenvalues fi1, 12, . . ., 14

with y1,92,...,y, as the corresponding eigenvectors, we need to show that
MY1A? + (D — BFT)YiA, + (K — BGT)Y; = 0. (20)

18



This means that we have to show that:

MYA? + DY/A| + KV,

= B[FTY,\, + GTY),

(21)
= BO[AL X] MY1A] — XT KV,
= BdZ,
where,
Z = MX]MYN, — XTKY,. (22)
Suppose we choose ® such that & Z = I', where,
I'={v,7%,...,7} is chosen arbitrarily.
Then, we must show that:
MY1A? + DY N, + KY; = BT, (23a)
or, (Mpj + Dp; + K)y; = By; for (j=1:p). (23b)

By assumption (6a) it follows that p; (for j = 1 : p) is not an eigenvalue of
P(N).

Hence, det(M 5 + Dy + K) # 0. (24)
This means that y;’s are uniquely determined by the Eq. (23b). Thus for our
choice of F, G, Y7 and ® Eq. (20), is satisfied.
Part III Solution of the Sylvester equation (12) is unique

We now prove that Z is the unique solution of the Sylvester equation

MZ— ZN, = —A XTHT.
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Pre-multiplying both sides of Eq. (23b) by —A; X7 we get

—MXTMYIA? — A X] DA, — M X{ KY, = —A X] BT. (25)

Now eliminating D from this equation using Eq. (17) we obtain

~MXIBT = AN Z — ZA]

Also, by virtue of the assumption (6a) the diagonal matrices A; and A} have
no eigenvalues in common, thus the Sylvester Eq. (12) has a unique solution.
Part IV Feedback matrices are real

Finally, we show that if I' is chosen such that if p; = fi, then ; = 73 then, F
and G are real.

Since {p1, fiz, - -, f1p} is a self-conjugate set, A} can be obtained from A} by
interchanging certain pairs of columns and the corresponding rows.

Thus, there exists a permutation matrix P, such that

Again, by virtue of the condition that if u; = fiy then v; = 4; it follows that
" can be obtained from I' by interchanging the same pairs of columns as was

done to obtain A} from A;. Thus,

Also, since {A1, Ao, ..., A\, } is also a self-conjugate set, there exists a permu-
tation matrix P, such that
A = P\ P (28)

20



We know that if A is a real matrix then the eigenvectors of A, associated with

complex-conjugate eigenvalues are themselves complex-conjugate.

Thus,
}71 :Y1P1 and Xl :X1P2. (29)
From above it follows
7 = MX)"MY N, — (X)'KY, = Pl ZP, (30)
and
D =P, (31)

These relations imply that /' = F and G = G.

It may be noted that although there does not exist a numerically verifiable
necessary and sufficient condition for the non singularity of the solution Z of
Eq. (12), (as also observed in Ref. [6]), for most non null choices of the matrix

I', the matrix Z is non singular.

5 Minimizing the feedback norms

Let [ = I1S]1% = : IIF|%+  ||G]|3] where S = [GT FT]. Since F and G are
functions of I' only, the problem of minimizing I can be posed as:

Minimize: T = f(T).

This is an unconstrained optimization problem. To solve this problem using the
Broyden-Fletcher-Goldfarb-Shannon (BFGS) algorithm we require an analytic

expression for the gradient of I with respect to I'. We denote this gradient
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by svr(l). Such a gradient formula is obtained in terms of only the known

quantities, namely, Ay, A}, X7, and B.

Below we just state the result without proof. The proof can be found in Refs.
[14] and [15]. For easy reference, we first state a result on the solution of a
Sylvester equation (see Ref. [22]) that was used to derive our gradient expres-
sion for MNPQEVAP and will also be used to obtain the gradient formula for

RPQEVAP later in this paper.

Theorem 5.1

Suppose the Sylvester equation

AX —XB=C (32)

has a unique solution. Let «(t) and 3(t) be coprime monic polynomials having
degrees p and v respectively such that a(A)C' = 0 and C(B) = 0. Then a

unique solution of the Sylvester equation can be represented in the form :

vop

X=> > yA7'CB, (33)

j=14=1

where (v;;)'s are certain scalars of no significance to us.
Corollary 5.1 Suppose m = n and the matrices A and B have n distinct

eigenvalues, with no eigenvalues in common. Then for an arbitrary n x n
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matrix C, a unique solution of the Sylvester equation

BY —YA=C (34)

is given by

vi; B (—=C) AT (35)

1

r=y

n n
j:l 1=

Theorem 5.2 (Gradient formula for T)

Suppose F and G are defined as in the previous theorem. Let S = [ GT F71],
P=MXA,Q=-KX;,and C =[ QT PT]. Let Z satisfy the Sylvester

equation:

AN Z — Z N, =— ANXTBT.

Suppose that Z is invertible and U satisfies the Sylvester equation:

NU—-UAN= Z'0S"0, (36)
where ®Z =TI". Then
(i) S=TZ"'C, (37a)
1
(i) vr (I) = 5[ z7tes? —un XTB )T, (37b)

Proof: See Refs. [14, 15, 23]
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6 A gradient-based method for robust partial quadratic eigenvalue

assignment

By the Bauer-Fike theorem (see Ref. [20]), an overall measure of the condition-
ing of the eigenvalues of the closed-loop matrix is provided by the condition
number of the matrix Y. Now, the conditioning of the eigenvalues of this ma-
trix is best when Y is unitary or orthogonal since in this case the condition
number of Y (with respect to 2-norm) is 1. Thus we seek to determine I' such
that J = H(I — Y Y)QHjT is as small as possible. This measure of robust-
ness was used before by Keel, Fleming, Bhattacharyya, (see Ref. [7]) for the
first-order model. It has worked well in the first-order case and also in the

quadratic case, as shown by results of our numerical examples here.

If Y were a unitary or orthogonal matrix then

= O(px2n—p), (38)

YiA X5,

or, leHXQ + /_X/1Y'1HX2A2 = O(p><2n—p).

We now show that J can be split into two parts J; and Js.

From Eq. (38) and Corollary 2 we obtain:
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Y; ~-KX, ~KX, ¥,

= Uy = (39)
leAll MXlAl MX1A1\I/1
Hence,
Y = —KX, 0, = QU (40)
and
ViA, = MX AU, = PUy, (41)

where P = M X A; and Q = —KXj;.
Let W1 = Ip - }/1H}/1 - A&Y}HYiAl

and Wy = I, _, — XX, — Ay XH XyM\;. Then by Eq. (38) we obtain:

Wy O(px2nfp)
(I-YHYy)= . (42)

O@n—pxp) W2

Therefore,
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Then

J =@ =y, =[], + [ = 2+ g (say). (44)

2
F

It may be noted, Eq. (38) relates Y1, Xo, Ay, and A}. Now, Y1 = [y1, y2, . .., Up]
is determined by the choice of I' = {71, 72,...,7,} since y;s satisfy the equa-
tion (Muj2+Duj+K)yj = B~; for (j = 1:p). I is chosen by the user, whereas
(M ,u? + Dyp;+ K) and B involve quantities that are given in the problem. The
matrix A is also given. Since one of the objectives of the problem is to work
without any knowledge of the matrices X5 and Ag, Eq. (38) cannot be directly
utilized in choosing I'. It is possible that for the optimal I' Eq. (38) will not
be exactly satisfied. If V¥ Xy + A" YT XoA, = Wi, then the exact expression

for J is
2 2 2 2
T =Wl = Wl + Wl + Wl (45)
where W, = (W1)? + WaWH Wy = (Wy)? + WHEW;, W = Wi W3 + W3,
W, = WZ{I W1+W2Wf . In this equation W3 and W5 are unknown. By assuming
Eq. (38) to be true we obtain Eq. (44), which is a simple approximation of

this equation and this permits us to obtain the necessary gradients of J in

terms of only those quantities that are known.

Now, the matrix X5 is independent of I'; A}, Ay are fixed matrices; and the
matrix Y7 is a function of the parameter I'. Thus, J; is a function of I' and J,

is independent of T'.
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SO7 VF(JQ) =0.
Hence, by Eq. (44)

vr(J) = vr(J). (46)

Also, since J; remains invariant, therefore, J is as small as possible when .J;
is as small as possible. Thus in order to determine I' for which J is as small
as possible, we determine the I' for which J; is as small as possible using the
BFGS method. For this we obtain the gradient of J; with respect to T

Theorem 6.1 (Matrix gradient formula for J):

Let Z, = I, — Y{Y; — MY YIA,
Zy=1,—YHY, — N[YHY Ay,
Zg = Z%ZQ + Z2221 + AlZ%ZgA/I + /7\1122221/7\1 s

Let U; satisfy the Sylvester equation
N U — U A =—-Z3YPKX,Crt (47)

where, C; = PTP +Q7Q, P = M XA, and Q = —KX;.
Then,

vr(J1) = 2[U; A XTB]T. (48)

From the definition of J; = H(Wl)Q‘ ;, it follows that:

Ty = tr[{ (W)} (W)?]

= tr[(W{")*(W1)?].
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Thus Jy = tr[Z} Z3).

So, AJy = tr[ (AZ})Z3 + Z3(AZ3) ]

=2 tr[Z32\AZ) + 73 2N 7] (49)

Again, AZ, = —[ AY'Y, + YTAY, + A AY YA

(50)
+A YAV A
and, AZy = —[ AY'Y; + YEAY, + N AYHY A
(51)
+A Y EAYIA).
Substituting Eqgs. (51) and (50) in equation (49) we get:
AJy = =2r[Yi(Z3 2y + Z3 72\ M Z2 ZoN) + N Z3 7, M) AY
+ (2224 2272, + M Z2 2N + N Z2 7, A YT AY]
AT = = 2r VI ZsAYHE + Z3YEAY]
(52)

= — 2tr[Y1 ZsAY "] — 2tr[ZsYH AY,).

We will now show that each of the terms ¢r[Z3Y;# AY;] and tr[Y; Z3AY/H] can
be expressed in terms of the quantities Uy,I'1, X7 and B.

First, consider tr[ZsY” AY]].

Recall, Z = (M X A)" Vi + (KX,)TY,
= PN, + Q™Y
=PTPV, +QTQ V¥,
Thus, Z = C; ¥;. (53)

Hence, AV, = C;'AZ (54)
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Thus,AY; = —KX|A¥, = —KX,C;{'AZ (55)
SO, tT[Zg}/lHA}/l] = —tT[ngHK)leflAZ]

Now since Z satisfies the Sylvester equation

MZ—-7Z N = — AN X]IBT,

we have,
A (AZ) — (AZ) N} = — Ay X] B(AT). (56)

Also the analytical solution of the above Sylvester equation can be written as:

—1p—1
AZ = ZZ Vi (A1) (A X{B AL ) (A" (57)

7=0 k=0

So, tr[ZsYHAY]

= —tr[Zs YK X,C{ A Z),

p—1lp—1 A (58>
= —tr[3 3 e Za(ArY (=Zs) (A7),

j=0k=0
—1p—1

Z Z Vit ( Z4 A1)] Zs).
7=0 k=0
Where, Z4 = Zg}qHKchfl and Z5 = AleTB AT .
Since U, satisfies the Sylvester equation

All U1 — U1 Al - - ZBKHKXICI_17

we can write
—1p—1

Z > e (M) Za(Ar). (59)
7=0 k=0
So, finally we have;
tr[ZsY T AY1] = tr[Uy Ay X BAT. (60)
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Next, consider tr[Y; ZsAY].

tT’[YiZgAYlH]
= tr[Y1Z5(AY}) "],

(61)
= —tr[Y1Z3(AZ)"(CT)" X K], (using 55)

= —tr[(C7YIXTKY, Z5(AZ)").

Since, N (AZ)—(AZ) N =— Z;,
We have :
AN (AZY — (AZ)HA, = (Z5)H.

Also the solution (AZ)H of the above Sylvester equation can be written as

p—1p—1

(AT =373 6;(A)) ZE (A" (62)

§=0 k=0

Let Zg = (Cy YA XTKY 1 Z3.

Then tr[Y1ZsAY{]

= —tr[Zs(AZ)1],

p—1p—1 - B (63)
= —tr[z Z5jk Zg (M) {287} (M),

j=0 k=0
—1p—1

= —tr| Z > 8(M) {Ze} (A ZE).

=0 k=0

Now, define the matrix U; to be the unique solution of the Sylvester equation

AU; — UsA, = — Zs. (64)
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Then, tr[Y;ZsAY],
= —tr[U(AT) BT XA, (65)
== —tT[BHXlA/XlUQ(AF)H]

Thus by Eq. (52)

AJy = 2tr[U A X] BAT + B XA Uy (AT)H], (66)

which gives us

vr(Ji) = 2[U A XTI BT (67)

The above results lead to the following algorithm.

Algorithm 1: A Robust Partial Quadratic Eigenvalue Assignment Algorithm
Inputs:

(i) The matrices M, D, and K; M >0, K = KT, D= DT.

(ii) The control matrix B of order n x m (n < m).

(iii) A self-conjugate set of complex numbers {1, ..., 1, }.

(iv) Tolerance € and maximum number of iterations, Max;s,.

Output :
Real feedback matrices F and G such that the eigenvector matrix Y of the

closed loop pencil has improved condition number.
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Step 0: Form the matrices Ay, A}, Xy, C;. Set k = 1.

Step 1: Choose a matrix I' = {y1,72,...,7} € C™*? such that whenever
My = Hks V5 = V-

Step 2: Compute the unique solution Z of the Sylvester equation A1 Z—ZA\] =
— M XTBT. If cond(Z) is large, take another T

Step 3: Compute Y] and the solution U; of the Sylvester equation: A} Uy —
Ui A= Z3YHKX,Crt

Step 4: Compute Grad = <yr(J1). If |Grad||, < e or if the number of itera-
tions exceed Maw;.,, go to step 5. Else, go to Step 4 .

Step 4: Compute a new I' using a gradient based optimization method, set
k =k + 1 and repeat from Step 2.

Step 5: Record the minimum value obtained for J; and corresponding value
of I' . For this I' compute the matrices F and G using formulas in Theorem

4.1. Stop.

Computation of new I' in Step 4:

The function to be minimized is J; = H([p - Yy, — A'lYlHY1A1)2H;. Here I’
is a parameter and Y] is a function of I'. We denote the current I' by I' ;4 and
the new I' by I',,e,. Then T, can be obtained as follows:

i) Replace ',y by [ = Loiq + o d;j where d; is given by d; = — D, Grad.
Here Grad represents the current gradient, D; is the metric obtained as in the

BFGS method and « is a scaler.
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ii) Obtain the value Vi of Vi corresponding to T, as follows:

Let Y1 = {G1, 0o, . .. ,UJp} and T = {%,%,... ,Jp} then obtain g; by solving
the Sylvester equation (Mpu? + Du; + K) §J; = B 5; for i =1 : p.

i) Find 1 = min, | (Z, — ¥7¥1 — M¥#¥1A,)2[ . (This is obtained by using
the MATLAB function fminbnd).

iV) Fnew = Fold + ) dj.

Efficiency:
The cost of the algorithm is dominated by solution of the Sylvester equation in
Step 2 and the gradient evaluation of the Gradient in Step 3. The flop-counts

for these two steps are of O(p?) only.

7 A gradient based method for simultaneous improvement of feed-

back norms and condition number of eigenvector matrix

We have so far discussed feedback norm minimization and the minimization
of the conditioning of the closed loop eigenvector matrix separately. The ques-
tion naturally arises whether these two aspects can be combined in one setting.
That is, can the feedback norms and the condition number of the closed loop
eigenvector matrix be improved simultaneously? This problem has been con-
sidered by Varga (see Ref [5]) in the case of the first order model. Following

Varga, we now consider the following objective function for the quadratic pen-
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cil:

eI+ (C2)(1 — )]
v [(C1)(a) + (C2)(1 — )] (68)

2
(IFI5+ G and Jy = ||(1,~Yi#Yi—AYTVIA 2|

Lo a2
where [ = §[||S||F =1
and C1, C2 and « are constants. Note that when o = 1, we have the minimum-
norm problem and when o = 0, we have the robust problem.

The gradient of @ with respect to I' can be computed as follows (see Ref [23]

for details):

(D)) 7 (1) + (O — a) 7 (1)
vr(0) = (©D)(a) + (C2)(1 — )] (69)

vr(I) is given by Theorem 5.2 and </r(J;) is given by Theorem 6.1, respec-
tively. If the magnitudes of the elements of s/r(I) and /r(J;) are widely
disparate then the constants C1 and C2 need to be chosen to scale their mag-
nitudes, to prevent one gradient totally dominating the other in the calculation
of the gradient of Q. After the constants C1 and C2 have been chosen appro-
priately for a particular problem, the value of the constant « is varied between
0 and 1 to bring about different amounts of reduction in the feedback norms

and the condition number of the eigenvector matrix.

8 Results of Numerical Experiments:

The results on our numerical experiments are presented in tabular format

below. The problems are taken from Refs. [2,24]. Table 1, Table 2, Table 3,
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Table 4, Table 5 contain, respectively, the results of Problem 1, Problem 2
(i), Problem 2(ii), Problem 2 (iii), and Problem 3. Table 6 contains results of
comparisons of our Algorithm 1 with those of the Qian-Xu method. Some of
these results are also presented in graphic form in Figure 1. In the following,

the percentage reduction in the Frobenius norm is calculated as follows:

IN —FN

Percentage reduction in the Frobenius norm = 100 x N

where IN = Value of the norm with initial I' and
FN = Value of the norm with the final T'.
The Percentage Reduction in the Condition Number is similarly de-

fined.

Accuracy= The Frobenius norm of the difference between the desired closed-

loop eigenvalues and the actual closed-loop eigenvalues obtained for optimal

.

Verifying the Sensitivity of the Closed-loop Eigenvalues under Small
Perturbations:

To verify the robustness of our solutions to the partial eigenvalue assignment
problem, we perturb the stiffness matrix K and then compute the closed loop
eigenvalues corresponding to the feedback matrices F and G (obtained for the
optimal I" for the unperturbed problem) keeping M, D and B unchanged. The
rationale for leaving the mass and stiffness matrices unperturbed is that the
mass matrix is usually accurately determined and the damping matrix is hard

to estimate in practice. On the other hand, the stiffness matrix K is often not
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determined accurately. We then calculate the norm (Accuracy with per-
turbed K) of the difference of the matrices of the closed loop eigenvalues
under perturbation obtained as described and the corresponding closed loop

eigenvalues actually obtained for the unperturbed problem.

Problem 1:

1.4685 0.7177 0.4757 0.4311

0.7177 2.6938 1.2660 0.9676

0.4757 1.2660 2.7061 1.3918

0.4311 0.9676 1.3918 2.1876

1.7824 0.0076 —0.1359 —0.7290

0.0076  1.0287 —0.0101 —0.0493

—0.1359 —0.0101 2.8360 —0.2564

—0.7290 —0.0493 —0.2564 1.9130
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1.3525 1.2695 0.7967 0.8160

1.2695 1.3274 0.9144 0.7325

0.7967 0.9144 0.9456 0.8310

0.8160 0.7325 0.8310 1.1536
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0.3450 0.4578

0.0579 0.7630

0.5967 0.9990

0.2853 0.3063




The open-loop eigenvalues are:

{—0.0861 £+ 1.62427, —0.1748 £+ 1.19224, —0.4480 £ 0.2465¢, —0.1022 £ 0.8876: }.

The first two eigenvalues {—0.0861 £ 1.6242i} were reassigned to {—8 =+

1.6242i}, the other eigenvalues were kept unchanged.

Problem 2:

M=4xI,un, D=4%I11xn

1—10...00_ _10_
12 -1...0 0 0 0
0 -12...0 0

K — B=
0 0 ..-12 1 00
0 0..0-11 0 -1

(Case i) With n = 8, there are 16 open-loop eigenvalues of which the first
four,viz., {—0.5+£0.8438i, —0.5+0.7769:} are reassigned to {—3+0.8438i, —5+

0.7769i}, keeping other eigenvalues unchanged.

(Case ii) With n = 10, there are 20 open-loop eigenvalues of which the first

six, viz., {—0.5 £ 0.7375¢, —0.5 £ 0.8518i, —0.5 £ 0.80907} are reassigned to
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{—8+4.7375i, —8+0.8518i, —84+0.8090}, keeping other eigenvalues unchanged.

(Case iii) With n = 200, there are 400 open-loop eigenvalues of which the
first six, viz., {—0.5 £ 0.86607, —0.5 + 0.86597, —0.5 4 0.8657:} are reassigned
to {—1 4 0.86607, —1 £ 0.8659i, —1 £ 0.8657:}, keeping other eigenvalues un-

changed.

Problem 3:

40 —40 0
K=1_40 80 —40
0 —40 80
12
B=|3,|M=10I33D =033
34

The open-loop eigenvalues are {£3.6039i, £2.49399i, +0.8901¢}. The first two
eigenvalues {£3.6039i} were reassigned to {—1,—2}, the other eigenvalues

were kept unchanged.
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4 \ 08
4 -
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Fig. 1. Closed loop eigenvalues for problem 2(ii):(a) Desired eigenvalues, (b) Eigen-
values for optimal I for unperturbed problem, (c) Eigenvalues for the I" in case (b)
under 100 random perturbations of order 0.01, (d) Eigenvalues for the I' in case (b)

under 100 random perturbations of order 0.001
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Note on convergence of Algorithm 1:

For the five problems the optimal I' was obtained after 2, 2, 8, 2 and 5 sweeps
respectively. We set ¢ = 107 for problems 1 and 2(i) and ¢ = 107® for the
remaining three problems. In most cases the algorithm stopped when the num-
ber of iterations equalled Max;.,. The solution is dependent on the choice of
the initial I' and the initial metric Dy . For some choices of I' and Dy the

condition number did not decrease.

Comparison of algorithm 1 with the Qian-Xu method

We now present the results obtained by using the Qian-Xu method for Prob-

lems 1 and 2. Note this method is for condition number reduction only.

Table 6: Results of the Qian-Xu method

A comparison of the two methods show that they produce almost the same
accuracy, and condition number reduction in both cases are comparable. How-
ever since our method is optimization based, this method is also suitable for
large-scale computations using specialized large scale optimization techniques.
Furthermore our method can also handle simultaneous minimization of both
feedback norms and the closed-loop eigenvector conditioning. It may be noted
in the context of comparison that the "accuracy” measure is computed differ-

ently in the Quain-Xu paper.
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Conclusion

The problem of designing a robust active controller for a vibrating structure
modeled by a system of second-order matrix differential equations is the one
in which a feedback controller has to be constructed such that the feedback
matrices have minimum norms and the condition number of the closed-loop
eigenvector matrix is as small as possible to ensure that the closed loop eigen-
values are not sensitive to small perturbations of the data. Mathematically,
this leads to minimum-norm and robust partial quadratic eigenvalue assign-
ment problems (MNPQEVAP and RPQEVAP). Basically these problems are
optimization problems, and one special advantage of solving these problems in
an optimization setting is that an excellent numerical optimization technique,
such as the BFGS method, can be profitably used. However, a bottleneck in
using this technique is deriving parametric expressions for feedback matrices
and developing appropriate gradient formulas. In case of the problems under
consideration here, a further computational challenge is to develop such gradi-
ent formulas using only a few eigenvalues and the corresponding eigenvectors
of the associated quadratic eigenvalue problem, since in practice it is impossi-
ble to compute all the eigenvalues and eigenvectors of a large quadratic matrix
pencil even with the state-of-the-art computational techniques. In the present
paper and in another recent one, (i) parametric expressions for feedback ma-
trices via Sylvester equations have been derived, and (ii) appropriate gradient

formulas both for minimum-norm and robust eigenvalue assignment problems
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have been developed using only the small number of eigenvalues that need to
be reassigned and the associated eigenvectors. These techniques are, therefore,
implementable in practice even for large-scale structures. However, some more
work still needs to be done. One of the underlying mathematical problems is
how to choose the initial parametric matrix in each such algorithm so that
convergence can be guaranteed within a reasonable number of steps. It is to
be noted in this context that the underlying optimization problems are diffi-
cult and further research is needed and currently underway for finding local

and global solutions.
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Table 1: Numerical Results for Problem 1

Results of the three algorithms for Problem 1 Perturbation results for Algorithm 1
Algorithm Accuracy  Percentage Norm of AK Accuracy with
Reduction perturbed K

(i) Norm Reduction(I) O(10~14) 99.99 0.3181 0.1687

(ii) Condition Num- O(10~14) 99.74 0.0172 0.0109

ber Reduction(CN) 0.0024 0.0015
(Algorithm 1)

(iii) Simultaneous Re- 0(10713) 99.99(1) 3.0672¢ — 004  1.9691e — 004

duction of Norms and 99.28(CN) 357096 — 005  2.2926¢ — 005

Condition Numbers
2.8591e — 006 1.8360e — 006

for a = 04,01 =

50, C2 = 0.5
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Table 2: Numerical results for problem 2(i)

Results of the three algorithms for Problem 2(i) Perturbation results for Algorithm 1

Algorithm Accuracy  Percentage Norm of AK Accuracy with
Reduction perturbed K

(i) Norm Reduction(I) 0(10~1%) 99.94 0.1101 0.0312

(i) Condition Num- O(10~14) 99.66 0.0253 0.0072

ber Reduction(CN) 0.0058 0.0017

(Algorithm 1)

(iii) Simultaneous Re-  O(107'%) 99.98(1) 5.7261e — 004  1.6406e — 004

duction of Norms and 98.68(CN) 55691 — 005  7.3413¢ — 006

Condition Numbers
5.5808e — 006 1.5991e — 006

for a = 04,C1 =

106, Cc2 =1
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Table 3: Numerical results for problem 2(ii)

Results of the three algorithms for Problem 2(ii)

Perturbation results for Algorithm 1

Algorithm Accuracy  Percentage Norm of AK Accuracy with
Reduction perturbed K

(i) Norm Reduction(I) 0(1079) 99.92 1.9438¢ — 001  7.4819¢ + 000
(i) Condition Num- 0(1075) 99.39 1.4198¢ — 002 2.8098¢ + 000
ber Reduction(CN) 1.0908¢ — 004  4.5488¢ — 001
(Algorithm 1)
(iii) Simultaneous Re- 0(1079) 99.99(1) 3.3279¢ — 005  2.3029e — 001
duction of Norms and 98.94(CN) 5 9808¢ — 006 2.5192¢ — 002
Condition  Numbers

6.0432e — 007 5.5007e — 003
for a = 04,C1 =
10°, C2=1
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Table 4: Numerical results for problem 2(iii)

Results of the three algorithms for Problem 2(iii)

Perturbation results for Algorithm 1

Algorithm Accuracy  Percentage Norm of AK Accuracy with
Reduction perturbed K

(i) Norm Reduction(T) 0(1072) 99.97 3.1643e + 000  1.2004e + 000
(ii) Condition Num- 0(10%) 99.32 1.4159¢ — 001  3.1010e — 001
ber Reduction(CN) 3.0841c — 002 2.294de — 001
(Algorithm 1)
(iii) Simultaneous Re- 0(1072) 99.99(1) 1.2178¢ — 003  1.0295e — 001
duction of Norms and 96.89(CN)  58063¢ — 004  9.2491¢ — 002
Condition  Numbers

2.0837¢ — 005  1.3234e — 001
for a = 04,C1 =
1017, c2=1
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Table 5: Numerical results for problem 3

Results of the three algorithms for Problem 3

Perturbation results for Algorithm 1

Algorithm Accuracy  Percentage Norm of AK Accuracy with
Reduction perturbed K

(i) Norm Reduction(I) O(10~14) 99.79 0.0693 0.0143
(ii) Condition Num- 0(10713) 99.96 0.0182 0.0037
ber Reduction(CN) 0.0015 0.0003
(Algorithm 1)
(iii) Simultaneous Re- ~ O(10719) 98.93(I) 2.6739¢ — 004  5.4816e — 005
duction of Norms and 97.86(CN) 9 9863¢ — 005  4.6869¢ — 006
Condition =~ Numbers

5.5511e — 009  1.1379e — 009

for a = 04,C1 =

107, C2=1
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Table 6: Numerical results of the Qian-Xu Method

Prob. Percentage Reduction Accuracy
1 97.5151 5.8042e — 010
2(i) 99.61 1.8195
2(ii) 98.56 8.3242¢ — 008
2(iii) 98.14 0.0525
3 99.45 2.1915e — 014
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