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Abstract— The Partial Quadratic Eigenvalue Assignment Prob- The natural frequencies of the structure are related to the

lem is the problem of reassigning a small number of undesirable eigenvalues of P(\) and the mode shapesare just the
eigenvalues of a quadratic matrix pencil using feedback. The eigenvectors.

problem arises in controlling resonance in vibrating structures Wh tural f b | | t
and also in stabilizing control systems. The solution involves €n a halural frequency becomes equal or close 1o a

the computation of a pair of feedback matrices. For practical frequency of the external force acting upon the structure,
effectiveness, the magnitudes of the feedback norms need to besuch as, the earthquake, gusty winds or weights of the human
reduced and the conditioning of the closed-loop eigenvalues needshodies, a dangerous situation, called resonance, occurs causing
to be improved. o _ partial or complete destruction of the structure.
In this paper, we propose new optimization methods for solving o .
these problems. An important practical aspect of these methods A traditional approach to combat resonance is by the use of
is that the gradient formulas needed to solve the underlying passive damping. The damping is adjusted in an ad hoc way
unconstrained optimization problems are computed using only a so that resonant frequencies are eliminated. A more systematic
small number of eigenvalues and eigenvectors of the quadratic and mathematical approach is to use active controllers. In fact,
pencil, which are all that can be computed using the state-of-the- , e\ era| countries like Japan, which are prone to earthquakes,
art computational techniques. . . .
X buildings have been constructed with active controllers. The
idea behind the active controllers is to apply a control force
|. INTRODUCTION of the form: f(¢t) = Bu(t), where B is a given realn x m

. . : . matrix <n) andu(t) is a real vector given b
It its well-known that vibrating structures, such as bridges, (m < n) u(t) g y

highways, buildings, air and space crafts, etc., can be modeled T T
by a system of second-order differential equation of the form: u(t) =F" 4(t) + G* q(t). 2

. . Here, q(t) andg(t) are assumed to be known. F and G are
M §(t) + D g(t) + K q(t) = £(t) (1) constant realn x m) matrices, to be determined, called the

where M, D, K are constant reéh x n) matrices, q(t) and f(t) feedback matricedzrom (1) and (3), we obtain the equation

are real n vectors. M is called tmeass matrixD thedamping I TN - T _

matrix and K thestiffness matrixf(t) represents an external Fe(A) = Mi(H)+(D=B F)i(t)+(K=B GT)q(t) =0 (3)

force or an applied force, t represents time and n an integeie feedback matrices F and G are now determined such that

called the dimension of the system. from the spectrum of the associated closed-loop matrix pencil
In most applications, the matrices M, K and D are symmet-

ric, furthermore, M is positive definite and K positive semi- Pe(A\) = X>M + XD - B F') +(K-BG") =0 (4)

definite. . . :

The dynamics of the structures modeled by equation (1) dﬁethe_one that is obtained from the_ spectrum}h@) by_

governed by the eigenvalues and eigenvectors of the quadr5 Ielacmg the respnant or unstable elggr_]value_s with suitably

matrix polynomial ([12], [LO)P(\) = MA? + DA+ K. If M chosen ones while keeping the remaining eigenvalues and

is non-singular,P(\) has 2n eigenvalues which are the rootgssomated eigenvectors the samle_e last property will guar-
of the equationiet(P()\)) = 0. antee that no spurious modes will occur into the frequency

range of interest, which is a major concern for vibration
*The research of this author was supported by NSF Grant #DMS-05057&ngineers while modifying the coefficient matrices in this way.



The problem of finding F and G, is referred to as thartial for MNPQEVAP and RPQEVAP, respectively and in Section
guadratic eigenvalue assignment proble(@QEVAP). VI for the composite case. The other papers dealing with
In the multi-input case (i.e. whem > 1), the solution of parametric expressions for PEVAP and PQEVAP in quadratic
the PQEVAP is not unique. This fact can be exploited bsetting itself include, respectively , [11, 19] and [9,10,12,and
determining F and G in such a way that not oty(\) has 18]. But none of these papers address the minimum norm and
the desired spectrum but also the system has some additionalistness issues. The only paper dealing with robustness issue
desirable features, for example, smaller feedback matrices dod PQEVAP published so far is the paper [17]. The method
small condition number of the closed-loop eigenvalues. Tl this paper, unlike ours,is based on eigenvector selections
smaller norms of the feedback matrices lead to smaller contesid is not optimization-based. It is also not always guaranteed
signals and this in turn leads to lesser energy consumptimnconverge. The results on test problems of our algorithm
[16]. The problem of finding the feedback matrices sucdlor RPQEVAP are comparable with those of the eigenvector
that their norms are as small as possible is known as thelection method in [17].
minimum norm partial quadratic eigenvalue assignment )
problem (MNPQEVAP). Improving the conditioning of the Il. NOTATIONS:
closed-loop eigenvalues ensures that small changes in the datBhe following notations are established :

matrices do not lead to drastic changes in the closed-lodp= diag(Ai; Az, .., Aan)
eigenvalues. The problem of finding the feedback matricesthe matrix of eigenvalues of the open-loop peril\),
such that the conditioning of the closed-loop eigenvalues #s1 = diag(A1, Az, ..., Ap)

as good as possible is called tRobust Partial Quadratic = the matrix of open-loop eigenvalues to be reassigned,
Eigenvalue Assignment Problem (RPQEVAR)ne way to Az = diag(Apt1,...,Aan) o
solve these problems is to obtain a parametric family ef the matrix of open-loop eigenvalues to remain invariant,

feedback matrices and then choose the parametric matrix4g = diag(pi1, p2, -, pip)

a proper way to solve the problem under consideration. A the matrix of new eigenvalues to replace those\in
parametric Sylvester-equation approach was first developed¥r= (71, 2, - . ., T2n)

[3]for the complete pole assignment problem in the standardthe matrix of right eigenvectors of the penéi()),

first-order state space form and using this, minimum-nor®1 = (z1,%2,...,2p)

and robust pole assignment problems in first-order state spacéhe matrix of eigenvectors corresponding to the eigenvalues
form have been solved in [6], [16], [21]. In a recent papeki,---;Ap

[5], the authors have generalized this to solve MNPQEVAP X2 = (Zp+1,- - T2n)

quadratic setting, that is, without requiring any transformation the matrix of eigenvectors corresponding to the eigenvalues
to the standard first-order form. Note that computationallp+1; - - - > A2n,

such a transformation is not desirable, because it might nég¥lly = Frobenius norm of X.

inversion of the ill-conditioned mass matrix and furthermorédssumptions: The following assumptions, which are quite
the nice structures offered by a practical problem, such esasonable in practice, are made throughout the whole paper.
the symmetry, sparsity, definit_eness, etc., which are oftens) (AL A Ao} O { i, s ip} = .

assets for large-scale computations, are totally destroyed. The) A2, A N {1, Apg2s -y Aan } = &

present paper deals with RPQEVAP and also the composite3) ( ¢ {1, A, 0}

case of simultaneous reduction of the feedback norms and

the condition number of the closed-loop eigenvector matrix.!!l- A PARAMETRIC EXPRESSIONFOR THE FEEDBACK

Both MNPQEVAP and RPQEVAP are basically optimiza- MATRICES

tion problems. Specifically, they are nonlinear unconstrainedThe following theorem provides a parametric solution of
minimization problems. It is natural to solve these problentae PQEVAP. It is proved in [5]. Theorem 1 (Parametric

in an optimization setting. An advantage of doing so iExpression for Feedback Matrices)

that one can make use of some of the excellent numerit¢@t I' = {v1,v2,...,7,} € C™*P be such that ify; = i
optimization methods available now in optimization literaturthen v, = 7;. Let Z be the unique solution of the x p)

[1]. A challenge to use an existing optimization technique iSylvester equation

however, to develop a suitable gradient formula, needed for

implementations. For MNPQEVAP and RPQEVAP, ad addi- MZ - ZA} = —A X[ BT ®)
tional challenge is to develop such gradient formulas in ternthen the feedback matrices F and G that solve the PQEVAP
of only a limited small number of eigenvalues and eigenvectosge given byF = M X;A; 97 andG = —K X3 where®

of the associated quadratic matrix eigenvalue problems thaiobtained by solving the linear systeby = T.
only can be computed or measured, since it is not possible

to compute the whole spectrum and the eigenvectors of a IV. MINIMIZING THE FEEDBACK NORMS
large quadratic matrix pencil even using the state-of-the-Let I = 1S3 = L [|F|% + |[G|%] where
art matrix computational techniques[7,20]. Such computabfe= [GT FT].

gradient formulas are provided in Theorem 2, and Theorem 5,



SinceF andG are both function of the parametric matfix

the MNPQEVAP can be formulated as the problem of finding |
the matrixI" for which I is minimum. Theorem 4

Minimize: I = f(I'). If a (2n x p) matrix Q satisfiesQ (XX/Z\ = O(pxan—p):
The use of a well-known optimization technique, such as 2412

the Broyden-Fletcher-Goldfarb-Shanno (BFGS) method, [f[1€" there exists a(p x p) matrix ¥ such that
. . . . T _KX1
requires gradient evaluation. The following theorem, prove@! = ( ) v

in [4] and [5] shows how to do this evaluation in terms of the MX1 A
known quantities\;, A}, X7, and B . ]
Theorem 2 (Gradient Formula for I) From (6) and Theorem 4 we obtain:

QT PT}.,Let z satiify the Sylvester equation: N V1A, MX, A MX, AU,
MZ—-ZAN, = —A1 X7 BT'. If Zis invertible and if U satisfies HenceV; = —K X, ¥, = O, and

H / _ _ _ 71 H _ _
the Sylvester equatio|U — UA; = —Z7'CS" @ where, YViA, = MX;A U, = POy, whereP = MX,A; andQ =

Let S = [GT FT], P = MX;A;, Q = —KX; andC = ( Y, ) <KX1> \Il (le\pl>
= . 1: .

®Z =T. Then
(i) S =TZ-'C. —RX ; .
(i) vr (1) = 4[z71CSH — UA XT BT m LetWi =1, =YY - AYiTYih

and Wy = Ir,—, — X3 X5 — Ao XH X5A5. Then by (6) we
V. A GRADIENT BASED METHOD FORROBUST PARTIAL obtain:
QUADRATIC EIGENVALUE ASSIGNMENT (I - YHy) _ ( Wwh O(Px2np))
O( )

The robust partial quadratic eigenvalue assignment problem 2n—pxp) s

can be stated as the problem of finding the feedback matriqgserefore,(I — Y#Y)2 = < (W1)? O(pﬁn;p)) )

F and G, of the closed-loop pencil, such that O@n—pxp) (W)

hThe  closed loop  spectrum is the  sefhen J = /(I — YHY)2||i

{ul,ug, <oy Ups Ap-&-la Ap_;'_g, ey )\Qn} _ H(W1)2H2 + ||(W2)2H2

ii) The conditioning of the closed loop eigenvalues is as good T+ J (Fsa ) F

ﬁsisosnglet'o see [4] that the matrix of right ei envector&ow’ th; mat%ing is independent of’, A, A, are fixed
y 9 g matrices, and the matriX; is a function of the parametér.

of the (;/lfSEd-l)?gp pencil is the matri” given by Thus, J; is a function ofl" and J; is independent of".
Y =

YiAL XAy ) So, vr(Jz2) = 0.
whereY) = [y1,92,...,¥p], andy; is the right eigenvector Hence,/r(J) = vr(J1)-
of the pencil P.(\) corresponding to the eigenvalyg and Also, sinceJ, remains invariant, therefore, J is as small as
y; satisfies the equatiotM u? + Du; + K)y; = Bv; for possible whenever, is as small as possible. Thus in order to
i =1: p. By the Bauer-Fike theorem [7, 8]an overall measurgeterminel’ for which J is as small as possible, we determine
of the conditioning of the eigenvalues of the closed-looghe I" for which J; is as small as possible using the BFGS
matrix is provided by the condition number of the matrixnethod. This again requires a gradient formula ferwith
Y. Now, the conditioning of the eigenvalues of this matrixespect toT.
is best when Y is unitary or orthogonal since in this caskheorem 5 (Matrix Gradient formula for J;):
the two norm condition number of Y is 1 Thus we seek tbet 7, = I, — Y|V, — A Y{TY1AY,
determinel’ such that .J = (I = YHY)?||}, is as small as 7z, =1, - Y1y, — A,V A,
]E)ossmle_. This measure of robustness was _used b_efore in &% = 2275 + 727, + M Z2ZoN, + N, Z2Zi A,
or the first-order model. It has worked well in the first-orde ) .

sL th1 satisfy the Sylvester equation

case and also in the quadratic case, as shown by result % e T
our numerical examples here. A Uy = Ur Ay = Z5YV KX G- where, Oy = PP+

TN _ _ —
If Y were a unitary or orthogonal matrix then QQ P T MTX1A1 and @ = —KX;. Then ur(J1) =
2[U; A, XTB]

H
( Y ) . ( Xo ) — Opyro ©) Proof: From the definition of/; = H(W1)2||i, it follows that:
V1A, XoAs (px2n-p) Jy = tr[{(W1) 2} (W)?]
or, Y Xy + A YH XAy = O(pron—p). = tr[(W{")*(W1)?].

We now show that/ can be split into two partsg, and J, ThusJi = tr[Z} Z222]- o
such parameter matrik. For this, we need the following two S0, AJ1 = tr[ (AZ7)Z5 + Z7(AZ3) |
theorems, whose proofs are omit.ted here for space limitations. = 2 Ur[Z221AZy + Z2Z5AZ5) @)
In any case, they can be found in [4]. o "
7KX1 T X2 Again, AZl = —[ AYI Y1 + Yi AY1—|-
Theorem 3 ( ) . ( ) = O(px2n—p)-
1

: . ; 8
MX, A XoAy MAYPYIA, + A YTAYA. ®)



and, AZy = —[ AY{'Y, + YHAY;
+AAYEYIA + A Y AYIA).

Substituting equations (9) and (8) in equation (7) we
get: AJ_l = =2 t?"[Yl (21222 + Z%ZlA]_ZlQZQA/l +
MNZ2Z,M)AYHE + (222 + 227y + MZ2Z,N) +

N, Z2 2, M) Y AYY]

SAT == 2r[V Z3AY + Z3Y P AY)
= — 2r[Y1 Z3AY{] — 2tr[Z3 Y AY7).

We will now show that each of the terms[Z3Y; AY;] and

Next, considerr[Y; Z3AY{H].

tr[Y1 ZsAY{]

= tT[YiZg,(AYl)H]

= —trlV1 Z3(AZ)T (CTHP XT K] (by13)

= —tr[(CT Y XTKY1 Z5(AZ) "]

Since, A (AZ)— (AZ) N| =— Zs,

We have :

N(AZ)T —(AZ)T Ay = (Z5)1

Also note that the solution(AZ)H of the above Sylvester

tr[Y1Z3AY{] can be expressed in terms of the quantitiesquation can be written as

Ul,Fl,Xl and B.
First considertr[ZsY, AYy].
AY; = —KX;AV;.

Also, Z = (M X, A)TYiA, + (KX,)TY,
= P'YiA + Q™
=PT'PU; +QTQ I,
Thus,Z = Cq vy,
Hence, AV, = C;'AZ
Thus, AY; = —KX,C;*AZ
So, tr[ZsYHAY] = —tr[Zs YT KX, CT P AZ)

Now since Z satisfies the Sylvester equatidn Z —Z A} =

— M XTBT,
we have,

A (AZ) — (AZ) A} = — A\ XTB(AT).

(AZ)" = 37070 S (M) 258 (A,
Let Zg = (C; Y XTKY1 Z3.
Thus, tr[Y1Z3AY ]

— —tr[Ze(AZ)]

= —t’l" ZZ(S]I‘ ZG

7=0 k=0
p—1lp—1

= —tTZZ(SJk

=0 k=0

Y {23} (A)*

) {Ze} (A1) Z31).

Now, define the matriXJ; to be the unique solution of the
Sylvester equation
AUy — Ug A = —Zs.
Then tr[Y;Z3AYH)
= —tr[Ux(AT)? B¥ X, A4] (16)
= 7tT[BHX1/7\1U2(AF)H]

Also from the analytical solution of a Sylvester equation [MJFhusAjl 24r[U1 Ay XT BAT + BH X, A, Us(AT)H]
- 1

we can write:

p—1p—1

AZ= 3" i (M) (MXTB AT ) (A))F

=0 k=0

So, tr[ZsY7 AY;]
= —tr[ZsYTKX,C{ ' AZ)

p—1lp—1

— —tr ZZ Yik Z4(A1)j ZS (A/l)k]

u
>—AO
@TT
= o

= —757“[ Yik (A)FZy(A1)7 Zs)
0 k=0

=

=
Il

Where Zy = Z3Yi KXl and s = AlXiTB AT .

SinceU; satisfy the Sylvesteriequatlon
AN U — U A =— Z3YPKX,Ct
We can write

p—1p—

1
Yir (A)FZ4(Ay)7
7=0 k=0

So, finally we have;

tr[ZsY AY,] = tr[U; Ay X{ BAT

(15) A, Uy—-Uy Ay = ZsYHKX,Cy

sovr(Q) = 2[UA XT B)T

The above results lead to the following algorithm:

Algorithm 1: A Robust Partial Quadratic Eigenvalue
Assignment Algorithm
Inputs:

() The matricesM,D, andK; M >0, K = K*, D =
DT,
(i) The control matrixB of ordern x m (n < m).
(iii) A self conjugate set of complex numbefg, ..., i}
(iv) Tolerancee, and the maximum number of iterations,
Maxiter-

Output :

Real feedback matrices F and G such that the eigenvector

matrix Y of the closed loop pencil has minimal condition
number.

Step 0: Form the matrices\;, A}, X;, Cy. Setk = 1.

Step 1: Choose a matrik = {y1,72,...,7p} € C™*P such
that if ; = fip, theny; = 4;,. ComputeY;.

Step 2: Compute the solutionUl of the Sylvester equation
L. (This requireg 12 +41)p?



flops.) to scale their magnitudes. Thus the problem of one gradient
Step 3: Computérad = yr(J1). This requires(n?p + % + totally dominating the other in the calculation of the gradient
41)p® + 17p® + 2p*n flops of O can be avoided. After the constants C1 and C2 have been
If ||Grad| < e or if the number of iterations exceedchosen appropriately for a particular problem, the value of the
Max;er, 90 to step 5. Else, Go to Step 4 . constantx is varied between 0 and 1, to bring about different
Step 4: Compute a neWw using a gradient based optimizatioramounts of reduction in the feedback norms and the condition
method, set = k£ + 1 and repeat from Step 2. number of the eigenvector matrix.

Step 5: Record the minimum value obtained fér and

corresponding value df . For thisT' compute the matrices F Numerical Examples:

and G, using formulas in Theorem 1. Stop. The algorithms were tested on two test problems taken from
rLl?], [2]. In the following, the percentage reduction in the

Efficiency The cost of the algorithm is dominated by solutio : . .
y g y %Wbenlus norm is calculated dercentage Reduction=

of the Sylvester equation in Step 2 and the gradient evaluati e
of the Gradient in Step3. The flop-counts for these two stepg0 I where IN=Value of the norm with initiall
are given above.lt is to be noted that the matrices of tlaad FN:I\{/aIue of the norm with the final

Sylvester equation in Step2 are diagonal matrices. Similarly, for the condition number.
Computation of new' in Step 4: Accuracy= The Frobenius norm of the difference between
The function to be minimized is/; = H(Ip — Y{Y; — the desired and actual closed-loop eigenvalues.

A’lYlHYlAl)2Hi. Herel is a parameter anll; is a function ~ Problem 1:
of T. We denote the currerf by I',;; and the newl’ by M =4xI,n, D =4%I4xn

Cpew- ThenT',.,, can be obtained as follows: (1 -1 0 ... 0 0] [1 0]
i) Replacel'sq by I' = T'giq + o d; whered; is given by -1 2 -1 ... 0 0 0 0
d; = — D; Grad. Here Grad represents the current gradient o -1 2 ... 0 O s
and D; is the metric obtained as in the BFGS method. K=(. . . . . .|,B=
ii) Obtain the value Y; of Y; corresponding td", defined as : ' ' s ' o

; o o ... -1 2 -1 0 0
follows: R 00 0 -1 1
Let Y7 = {@\17@\27“'7@\17} and T’ = {;}/\1,’/)/\27...7:}/\17} then - 0 -1

7, satisfies the equatioVy2 + Dy; + K) §, — B 7; for With n = 10, there are 20 open-loop eigenvalues’ of which
the first six namely:

t=1:p. . . .
|||) Find [ = mina ||(Ip _ ?lHi}l _ Alli}lH}/}lAl)2H2F (Thls {—05 + 07375Z, —0.5 + 085182, —0.5 + 08090%}
is done by using the MATLAB functioriminbnd. are reassigned to :
V) Thew = Dotg + 1 d;. {—8 + .7375i, -8 + 0.8518i, —8 + 0.8090}, keeping other
eigenvalues unchanged.
VI. A GRADIENT BASED METHOD FORSIMULTANEOUS Problem 2:
IMPROVEMENT OFFEEDBACK NORMS AND CONDITION
NUMBER OF EIGENVECTOR MATRIX 40 -4 0
K=1|-40 80 —40
It is ideal to simultaneously improve both the feedback 0 —40 80
norms and the conditioning of the closed-loop eigenvalues.
In this case, the objective function to be minimized can be 1 2
represented as : B=|3 2| ,M=10I33,D =033
3 4

[(CD(a)I+ (C2)(A = a)di]
[(CD)(e) +(C2)(1 = a)]

0= (17)

The open-loop eigenvalues are:
. (£3.60304, £2.493997, £0.89011}.
wherel = §[|ISH% =L [IFI[Z+ [IGIIz] andJy = ||(I, — The first two eigenvalues+3.6039i} were reassigned to

YAY, — AYH Y A)? ﬁ? and C1, C2 and: are constants. {—1, —2}, the other eigenvalues were kept unchanged.

Note that. whern = 1. we have the minimum-norm problemThe results of our numerical experiments are tabulated in the

and whena = 0, we have the robust problem foIIowmgs._ _ _ _

The gradient of0 with respect tal’ can be computed as Comparison Of Algorithm 2 With the Qian-Xu method
[(C1)(@) v () + (C2)(1 — ) Tr (J1)] We now present the results obtained by using the Qian-Xu

vrO = method for Problems 1 and 2.

Note this method is only for condition number reduction only.

[(CD)(a) + (C2)(1 - a)]

r(I) is given by Theorem 2 angfr(J;) is given by Theorem
5. If the magnitudes of the elementsgt-(I) and</r(J;) are NOTE: Problem 1 was also tested for larger problems
widely disparate then the constants C1 and C2 may be chosénsizes ranging fromn = 200 to n = 900 with our



TABLE |

developed in terms of only a small number of eigenvalues
NUMERICAL RESULTS FORPROBLEM 1

that need to be reassigned and the associated eigenvectors,

Method Accuracy | Percentage without reducing the order of the model.These techniques
Norm Reduction 0107 gzgeggcnon are, therefore, implementable in practice even for large-scale
Condition Number Reduction | 0(10-°) | 97.85 structures. However, some more work still needs to be done.
(Algorithm 1) , . One of the underlying mathematical problems is how to choose
gf'”lll‘g:amnsegﬂz E‘f)‘r’]‘éﬁtlg’: 0(107%) | 99.99 the initial parametric matrix in each such algorithm so that
Numbersa = 0.2, convergence can be guaranteed. Some more research is in
Cl=0.5,02=10' order.
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